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I INTRODUCTION
Since its appearance in string theory [117, 118, 132, 43, 140], in elementary particle physics
[94, 149] and in quantum field theory [156, 154, 155, 102], supersymmetry has become a
central issue in the quest for unification of the fundamental forces of Nature.
Mathematically, supersymmetry transformations fall in the category of graded Lie
groups, with commuting and anticommuting parameters [12, 37]. In addition to the
generators of Lorentz transformations and translations in a D-dimensional space-time,
the supersymmetry algebra contains one or more spinor supercharges (”simple” or ”N -
extended” supersymmetry). As a consequence of the particular algebraic structure,
Wigner’s analysis of unitary representations [161] can be generalized to the supersym-
metric case [136, 116, 76, 66], giving rise to the notion of supermultiplets which combine
bosons and fermions.
Although theoretically very appealing, no explicit sign of such a Bose-Fermi symmetry
has been observed experimentally. This does not prevent experimental physicists to put
supersymmetric versions of the standard model [119, 103] to the test [127, 128]. So far
they turn out to be compatible with data.
On a more fundamental level, in the context of recent developments in string/brane
theory [139, 141, 95, 129], supergravity in eleven dimensions [116, 40] seems to play an
important role. Such a string, or membrane theory is expected to manifest itself in a four
dimensional point particle limit as some locally supersymmetric effective theory.
The basic structure of a generic D = 4, N = 1 effective theory is provided by su-
pergravity [50, 75] coupled to various lower spin multiplets. The off-shell supergravity
multiplet is usually taken to be the one with minimal auxiliary field content [147, 67], the
so called minimal supergravity multiplet4.
Chiral multiplets are expected to appear in the form of some nonlinear sigma model.
Supersymmetry requires a Ka¨hler structure [164]: the complex scalar fields of the chiral
multiplets are coordinates of a Ka¨hler manifold [74, 9, 4, 8]. At the same time they may
be subject to Yang-Mills gauge transformations, requiring the coupling to supersymmetric
Yang-Mills multiplets [70, 135].
4Other possibilities, such as the new minimal supergravity multiplet [3, 145] and the non-minimal
supergravity multiplet [23, 144] are less popular [124, 125, 126] in this context.
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The general theory, combining minimal supergravity, chiral matter and supersym-
metric Yang-Mills theory has been worked out in [40, 42, 38, 39]. In this construction,
generalized rescalings, compatible with supersymmetry, had to be carried out to establish
the canonical normalization of the Einstein term. In its final form, this theory exhibits
chiral Ka¨hler phase transformations. Alternatively, using conformal tensor calculus and
particular gauge conditions [110, 109], the cumbersome Weyl rescalings could be avoided.
But string/membrane theory requires more fields and more structures - linear multi-
plets [71, 143] and 3-form multiplets [82], together with Chern-Simons terms of the gauge
and gravitational types should be included. They are relevant for string corrections to
gauge couplings [52, 5, 28, 112, 142, 48, 49, 27, 47], in particular non-holomorphic gauge
coupling functions, and for effective descriptions of gaugino condensation [162], as well as
for a supersymmetric implementation of the consequences of the Green-Schwarz mecha-
nism [96] in an effective theory [32, 69].
It is clear that a systematic approach should be employed to cope with such complex
structures. This report provides a presentation of the geometric superspace approach.
The notion of superspace is based on the concept of superfields [134, 71, 138]: space-
time is promoted to superspace in adding anticommuting parameters and superfields are
functions of space-time coordinates and the anticommuting coordinates. Supersymmetry
transformations are realized as differential operations involving spinor derivatives.
Implementing the machinery of differential geometry, like differential forms, exterior
derivatives, interior product, etc. on superspace gives rise to superspace geometry. In
this framework supersymmetry and general coordinate transformations are described in
a unified way as certain diffeomorphisms. Both the graviton and its superpartner, the
gravitino, are identified in the frame differential form of superspace.
The superspace formulation of supergravity [157, 100, 158, 159, 101, 163] and su-
persymmetric gauge theory [150, 151] is by now standard textbook knowledge [80, 153].
A characteristic feature of this formulation is that the structure group in superspace is
represented by the vector and spinor representations of the Lorentz group.
This superspace geometry may be modified by adding a chiral U(1) to the structure
group transformations, accompanied by the corresponding gauge potential differential
form. Associated with this Abelian gauge group is an unconstrained pre-potential super-
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field. By itself, this structure is called U(1) superspace [105], it allows to obtain the known
supergravity multiplets mentioned above: minimal, new minimal and non-minimal, upon
applying suitable restrictions [115].
The superspace description of the supergravity-matter coupling is obtained from U(1)
superspace as well: in this case the chiral U(1) is replaced by superfield Ka¨hler transfor-
mations. At the same time the unconstrained pre-potential is identified with the superfield
Ka¨hler potential [21, 18, 98, 99]. In this formulation, called Ka¨hler superspace geometry,
or UK(1) superspace geometry, the Ka¨hler phase transformations are implemented ab ini-
tio at a geometric level, the Ka¨hler weights of all the super- and component fields are
given intrinsically and no rescalings are needed in the construction of the supersymmetric
action. The Ka¨hler superspace formulation is related to the Ka¨hler-Weyl formalism [152]
in a straightforward way [18].
The construction of the general supergravity/matter/Yang-Mills system using the
Ka¨hler superspace formulation is the central issue of this report.
In section II we review rigid superspace geometry in some detail, including supersym-
metric gauge theory. Notational details are presented in appendix A. Section III contains
a detailed account of the Ka¨hler superspace construction. A collection of elements of U(1)
superspace can be found in appendix B. A more general setting which includes Ka¨hler
gauged isometries is treated in appendix C. Derivation of the superfield equations of
motion is reviewed in appendix D
In section IV we define component fields, their supersymmetry transformations and
construct the complete component field action. The Ka¨hler superspace formulation is par-
ticularly convenient when the supergravity/matter/Yang-Mills system is to be extended
to contain linear multiplets, Chern-Simons forms and 3-form multiplets, as explained in
detail in sections V and VI. Appendices E and F contain complements to these sections.
This report is not intended to provide a review of supersymmetry and its applications.
It is rather focused on a quite special issue, the description of D = 4, N = 1 supergravity
couplings in geometric terms, more precisely in terms of superspace geometry. We have
made an effort to furnish a self-contained and exhaustive presentation of this highly
technical subject.
Even when restricted to D = 4, N = 1, there are many topics we have not mentioned,
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among them supersymmetry breaking, quantization, anomalies and their cohomological
BRS construction, conformal supergravity or gravitational Chern-Simons forms.
Similar remarks apply to the bibliography. The references cited are rather restricted
to those directly related to the technical aspects of differential geometry in superspace
applied to supergravity couplings. Even though we cannot claim to have a complete
bibliographical list and apologize in advance for any undue omissions.
4
II RIGID SUPERSPACE GEOMETRY
We gather, here, some of the basic features of superspace geometry which will be useful
later on. In section II-1 we begin with a list of the known off-shell multiplets in D =
4, N = 1 supersymmetry, recall the properties of rigid superspace endowed with constant
torsion, and define supersymmetry transformations in this geometric framework. Next
supersymmetric Abelian gauge theory is reviewed in detail in section II-2 as an illustration
of the methods of superspace geometry and also in view of its important role in the context
of supergravity/matter coupling. Although very similar in structure, the non-Abelian case
is presented separately in section II-3. In section II-4 we emphasize the similarity of Ka¨hler
transformations with the Abelian gauge structure, in particular the interpretation of the
kinetic matter action as a composite D-term.
II-1 Prolegomena
II-1.1 D = 4, N = 1 supermultiplet catalogue
Since the supersymmetry algebra is an extension of the Poincare´ algebra, Wigner’s anal-
ysis [161] can be generalized to classify unitary representations [136, 116, 76, 66] in terms
of physical states. On the other hand, field theories are usually described in terms of local
fields. As on-shell representations of supersymmetry combine different spins, resp. helici-
ties, supermultiplets of local fields will contain components in different representations of
the Lorentz group. A multiplet of a given helicity content can have several incarnations in
terms of local fields. In the simplest case, the massless helicity (1/2, 0) multiplet may be
realized in three different ways, the chiral multiplet, sometimes also called scalar multiplet
[156], the linear multiplet [71, 143] or the 3-form multiplet [82], which will be displayed
below. At helicity (1, 1/2) only one realization is known: the usual gauge multiplet [155].
The (3/2, 1) multiplet has a number of avatars as well [122, 123, 81, 87, 83]. Finally the
(2, 3/2) multiplet, which contains the graviton, is known in three versions: the minimal
multiplet [147, 67], the new minimal multiplet [3, 145] and the non-minimal multiplet
[23, 144]. This exhausts the list of massless multiplets in D = 4, N = 1 supersymmetry in
the sense of irreducible multiplets. The massive multiplet of spin content (1, 1/2, 1/2, 0)
which will be presented below may be understood as a combination of a gauge and a
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chiral multiplet. We just display the content of some of the off-shell supermultiplets that
we shall use in the sequel, indicating the number of bosonic (b) and fermionic (f) degrees
of freedom (the vertical bar separates auxiliary fields from physical ones)
• The chiral/scalar multiplet
φ ∼ (A , χα | F )

A 2b complex scalar
χα 4 f Weyl spinor
F 2b complex scalar
The conjugate multiplet φ¯ ∼ (A¯ , χ¯α˙ | F¯ ), consists of the complex conjugate com-
ponent fields. It has the same number of degree of freedom.
• The generic vector multiplet
V ∼
(
C ,
ϕα
ϕ¯α˙
, H , Vm ,
λα
λ¯α˙
, D
)

C 1b real scalar
ϕα, ϕ¯
α˙ 4 f Majorana spinor
H 2b complex scalar
Vm 4b real vector
λα, λ¯
α˙ 4 f Majorana spinor
D 1b real scalar
This vector multiplet can occur in two ways in physical models: as a massive vector
field and its supersymmetric partners or as a gauge multiplet. In the massive vector
case all dynamical fields have the same mass, the Majorana spinors, ϕα, ϕ¯
α˙ and
λα, λ¯
α˙ combine into a Dirac spinor; the auxiliary sector contains one real and one
complex scalar.
6
Vmassive ∼ (C , Vm , Ψ | H , D)

C 1b real scalar
Ψ 8 f Dirac spinor
Vm 4b real vector
H 2b complex scalar
D 1b real scalar
The gauge multiplet contains less dynamical degrees of freedom due to gauge trans-
formations which have the structure of scalar multiplets. One is left with a massless
vector, a Majorana spinor (the gaugino) and an auxiliary scalar
Vgauge ∼
(
Vm ,
λα
λ¯α˙
| D
)
Vm 3b gauge vector
λα, λ¯
α˙ 4 f Majorana spinor
D 1b real scalar
• The 2-form (or linear) multiplet
Llinear ∼
(
L ,
Λα
Λ¯α˙
, bmn
)
L 1b real scalar
Λα, Λ¯
α˙ 4 f Majorana spinor
bmn 3b antisym. tensor
The number of physical degrees of freedom of bmn is 3 = 6− 4 + 1. This multiplet
contains no auxiliary field.
• The 3-form (or constrained chiral) multiplet
C(3) ∼
(
Y ,
ηα
η¯α˙
, Clmn | H
)

Y 2b complex scalar
ηα, η¯
α˙ 4 f Majorana spinor
Clmn 1b antisym. tensor
H 1b real scalar
The number of physical degrees of freedom of Clmn is 1 = 4− 6 + 4− 1.
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Although this section is devoted to rigid superspace, to be complete, we include here the
list of multiplets appearing in supergravity :
• The minimal multiplet (12 + 12)
(
em
a ,
ψm
α
ψ¯mα˙
| ba , M
)

em
a 6b graviton
ψm
α, ψ¯mα˙ 12 f gravitino
ba 4b real vector
M 2b complex scalar
• The new minimal multiplet (12 + 12)
(
em
a ,
ψm
α
ψ¯mα˙
| Vm , bmn
)

em
a 6b graviton
ψm
α, ψ¯mα˙ 12 f gravitino
Vm 3b gauge vector
bmn 3b antisym. tensor
• The non-minimal multiplet (20 + 20)
(
em
a ,
ψm
α
ψ¯mα˙
| ba , ca , χα
χ¯α˙
,
Tα
T¯ α˙
, S
)

em
a 6b graviton
ψm
α, ψ¯mα˙ 12 f gravitino
ba 4b real vector
ca 4b real vector
χα, χ¯
α˙ 4 f Majorana
Tα, T¯
α˙ 4 f Majorana
S 2b complex scalar
In this report we will only be concerned with the minimal supergravity multiplet.
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We conclude the list of known N = 1 supermuliplets with the (3/2, 1) multiplet [122,
46, 68, 72]. It describes physical states of helicities 3/2 and 1, its off-shell realization
contains 20 bosonic and 20 fermionic component fields.
• The (3/2,1) multiplet (20 + 20)
(
Bm ,
Γm
α
Γ¯mα˙
| ρα
ρ¯α˙
, P , J , Ya , Tba ,
Σα
Σ¯α˙
)

Bm 3b gauge vector
Γm
α, Γ¯mα˙ 12 f Rarita-Schwinger
ρα, ρ¯
α˙ 4 f Majorana
P 1b real scalar
J 2b complex scalar
Ya 4b complex vector
Tba 6b antisym. tensor
Σα, Σ¯α˙ 4 f Majorana
The component field content displayed here corresponds to the de Wit-van Holten mul-
tiplet [46]. It is related to the Ogievetsky-Sokatchev multiplet [122] by a duality relation
[111, 84], similar to that between chiral and linear multiplet. Superspace descriptions are
discussed in [87, 83, 84].
II-1.2 Superfields and multiplets
The anticommutation relation,
{Qα, Q¯α˙} = 2(σaǫ)αα˙Pa, (II-1.1)
which relates the generators Qα and Q¯
α˙ of supersymmetry transformations to translations
Pa in space-time is at the heart of the supersymmetry algebra. Superspace geometry, on
the other hand, is based on the notion of superfields which are functions depending on
space-time coordinates xm as well as on spinor, anticommuting variables θα and θ¯α˙. Due to
the anticommutativity, superfields are polynomials of finite degree in the spinor variables.
Coefficients of the monomials in θα, θ¯α˙ are called component fields.
9
Supersymmetry transformations of superfields are generated by the differential oper-
ators
Qα =
∂
∂θα
− iθ¯α˙(σ¯mǫ)α˙α
∂
∂xm
, (II-1.2)
Q¯α˙ =
∂
∂θ¯α˙
− iθα(σmǫ)αα˙
∂
∂xm
(II-1.3)
which, of course, together with Pa = −i∂/∂xa satisfy (II-1.1) as well. A general superfield,
however, does not necessarily provide an irreducible representation of supersymmetry.
The differential operators
Dα =
∂
∂θα
+ iθ¯α˙(σ¯
mǫ)α˙α
∂
∂xm
, (II-1.4)
Dα˙ =
∂
∂θ¯α˙
+ iθα(σmǫ)α
α˙ ∂
∂xm
, (II-1.5)
anticommute with the supersymmetry generators, i.e. they are covariant with respect to
supersymmetry transformations and satisfy, by definition, the anticommutation relations
{Dα, Dα˙} = 2i(σmǫ)αα˙
∂
∂xm
, (II-1.6)
{Dα, Dβ} = 0, {Dα˙, Dβ˙} = 0. (II-1.7)
These spinor covariant derivatives can be employed to define constrained superfields which
may be used to define irreducible field representations of the supersymmetry algebra.
The most important ones are
• The chiral superfields φ, φ¯ are complex superfields, subject to the constraints
Dα˙φ = 0, Dαφ¯ = 0. (II-1.8)
They are usually employed to describe supersymmetric matter multiplets.
• The superfields W α, Wα˙, subject to the constraints
DαWα˙ = 0, D
α˙W α = 0, (II-1.9)
DαWα = Dα˙W
α˙, (II-1.10)
are related to the field strength tensor and play a key role in the description of
supersymmetric gauge theories.
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• The linear superfield L, subject to the linearity constraints5
D2L = 0, D¯2L = 0. (II-1.11)
As explained above, it describes the supermultiplet of an antisymmetric tensor or
2-form gauge potential, as such it plays a key role in describing moduli fields in
superstring effective theories.
• The 3-form superfields Y, Y , are chiral superfields (Dα˙Y = 0, DαY = 0) with a
further constraint
D2Y − D¯2Y = 8i
3
εklmnΣklmn, (II-1.12)
with Σklmn, the field strength of the 3-form. These superfields are relevant in the
context of gaugino condensation and of Chern-Simons forms couplings.
The superfields L and W α, Wα˙ are invariant under the respective gauge transformations,
they can be viewed as some kind of invariant field strengths. As is well known, geometric
formulations of 1-, 2- and 3-form gauge theories in superspace exist such that indeed
W α, Wα˙, L and Y , Y are properly identified as field strength superfields with (II-1.9) -
(II-1.12) constituting the corresponding Bianchi identities.
II-1.3 Geometry and supersymmetry
In order to prepare the ground for a geometric superspace formulation of such theories
one introduces a local frame for rigid superspace. It is suggestive to re-express (II-1.4) -
(II-1.7) in terms of supervielbein (a generalization of Cartan’s local frame) and torsion in
a superspace of coordinates zM ∼ (xm, θµ, θ¯µ˙), derivatives ∂M ∼ (∂/∂xm, ∂/∂θµ, ∂/∂θ¯µ˙)
and differentials dzM ∼ (dxm, dθµ, dθ¯µ˙). The latter may be viewed as the tangent and
cotangent frames of superspace, respectively. The supervielbein 1-form of rigid superspace
is
EA = dzMEM
A, (II-1.13)
5With the usual notations D2 = DαDα and D¯
2 = Dα˙D
α˙, which will be used throughout this paper.
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with
EM
A =

δm
a 0 0
−i(θ¯σ¯aǫ)µ δµα 0
−i(θσaǫ)µ˙ 0 δµ˙α˙
 . (II-1.14)
The inverse vielbein EA
M , defined by the relations
EM
A(z)EA
N(z) = δM
N , EA
M(z)EM
B(z) = δA
B,
reads
EA
M =

δa
m 0 0
i(θ¯σ¯mǫ)α δα
µ 0
i(θσmǫ)α˙ 0 δα˙µ˙
 . (II-1.15)
The torsion 2-form in rigid superspace is defined as the exterior derivative of the vielbein
1-form:
dEA = TA =
1
2
EBECTCB
A. (II-1.16)
Now, for the differential operators DA = (∂/∂x
a, Dα, D
α˙) we have
DA = EA
M∂M , (II-1.17)
(DC , DB) = −TCBADA, (II-1.18)
with the graded commutator defined as (DC , DB) = DCDB − (−)bcDBDC with b = 0 for
a vector and b = 1 for a spinor index. The fact that the same torsion coefficient appears
in (II-1.18) and in (II-1.18) reflects the fact that dd = 0 in superspace. To be more precise
consider the action of dd on some generic 0-form superfield Φ. Application of d to the
expression dΦ = EBDBΦ, in combination with the rules of superspace exterior calculus,
i.e. ddΦ = dEBDBΦ = E
BECDCDBΦ + (dE
A)DAΦ, and the definitions introduced so
far gives immediately
ddΦ =
1
2
EBEC
(
(DB, DA)Φ + TCB
ADAΦ
)
, (II-1.19)
12
establishing the assertion. A glance at the differential algebra of the DA’s, in particular
(II-1.6), shows then that the only non-vanishing torsion component is
Tγ
β˙a = −2i(σaǫ)γ β˙. (II-1.20)
Given the relation between supersymmetry transformations and the ”square root”
of space-time translations (II-1.1), we would like to interpret them as diffeomorphisms
in superspace. The action of diffeomorphisms on geometric objects such as vector and
tensor fields or differential forms is encoded in the Lie derivative, which can be defined in
terms of basic operations of a differential algebra (suitably extended to superspace), i.e.
the exterior derivative, d, and the interior product, ιζ , such that
Lζ = ιζd+ dιζ. (II-1.21)
The interior product, for instance, of a vector field ζ with the vielbein 1-form is
ιζE
A = ζMEM
A = ζA. (II-1.22)
The definition of differential forms in superspace (or superforms) and the conventions for
the differential calculus are those of Wess and Bagger [153] -cf. appendix A-1 below for
a summary. Then, on superforms d acts as an anti-derivation of degree +1, the exterior
derivative of a p-form is a (p+1)-form. Likewise, ιζ acts as an anti-derivation of degree
−1 so that the Lie derivative Lζ , defined by (II-1.21), does not change the degree of
differential forms. This geometric formulation will prove to be very efficient to construct
more general supersymmetric or supergravity theories involving p-form fields.
For the vielbein itself, combination of (II-1.16) and (II-1.22) yields
LζE
A = dζA + ιζT
A. (II-1.23)
On a 0-form superfield, Φ, the Lie derivative acts according to
LζΦ = ιζdΦ = ζ
ADAΦ = ζ
M∂MΦ. (II-1.24)
The Lie derivative Lξ with respect to the particular vector field
ξM = (iθα(σmǫ)α
α˙ξ¯α˙ + iθ¯α˙(σ¯
mǫ)α˙αξ
α , ξµ , ξ¯µ˙), (II-1.25)
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leaves the vielbein 1-form (II-1.13), (II-1.14) invariant, i.e.
LξE
A = 0. (II-1.26)
This is most easily seen in terms of ξA = ιξE
A, which is explicitly given as
ξA = (2i(θσaξ¯) + 2i(θ¯σ¯aξ) , ξα , ξ¯α˙). (II-1.27)
Recall that LξE
A = dξA+ ιξT
A. This shows immediately that for the spinor components
the equation is satisfied, because ξα is constant and T α vanishes. As to the vector part
one keeps in mind that in dξa = EBDB ξ
a only the derivatives with respect to θ, θ¯
contribute and compare the result
dξa = 2iEα(σaǫ)α
α˙ξ¯α˙ + 2iEα˙(σ¯
aǫ)α˙αξ
α
to the expression for the interior product acting on T a = 2iEβ˙E
γ(σaǫ)γ
β˙, i.e.
ιξT
A = 2iEγ(σaǫ)α
α˙ξ¯α˙ + 2iEα˙(σ¯
aǫ)α˙αξ
α.
The Lie derivative of a generic superfield Φ in terms of the particular vector field ξA
defined in (II-1.27) is given as
LξΦ = ξ
ADAΦ = (ξ
αQα + ξ¯α˙Q¯
α˙)Φ, (II-1.28)
reproducing the infinitesimal supersymmetry transformation with Qα and Q¯
α˙ as defined
in (II-1.2) and (II-1.3).
• Supersymmetry transformations can be identified as diffeomorphisms of parameters
ξα, ξ¯α˙ which leave E
A invariant.
Combining such a supersymmetry transformation with a translation of parameter εa, we
obtain
LεΦ + LξΦ = ε
a∂aΦ+ ξ
ADAΦ
= (εa + ξa)∂aΦ + ξ
αDαΦ+ ξ¯α˙D
α˙Φ. (II-1.29)
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The transformations with the particular choice εa = −ξa of a ξ dependent space-time
translation, will be called super-translations. They are given as
δΦ =
(
ξαDα + ξ¯α˙D
α˙
)
Φ. (II-1.30)
These special transformations will be used in the formulation of supersymmetric theories
(and in particular in supergravity [163]). Let us stress that for θ = θ¯ = 0, supersymmetry
transformations and super-translations coincide. The components of a superfield are
traditionally defined as coefficients in an expansion with respect to θ and θ¯. In the
geometric approach presented here, component fields are defined as lowest components
of superfields. Higher components are obtained by successive applications of covariant
derivatives and subsequent projection to θ = θ¯ = 0. Component fields defined this way
are naturally related by super-translations. The basic operational structure is the algebra
of covariant derivatives.
II-2 Abelian Gauge Structure
II-2.1 Abelian gauge potential
In analogy to usual gauge theory, gauge potentials in supersymmetric gauge theories are
defined as 1-forms in superspace
A = EAAA = E
aAa + E
αAα + Eα˙A
α˙. (II-2.1)
The coefficients Aa, Aα, A
α˙ are, by themselves, superfields. Since we consider here an
Abelian gauge theory, A transforms under gauge transformations as
A 7→ A− g−1dg. (II-2.2)
The gauge transformation parameters g are 0-form superfields and the invariant field
strength is a 2-form,
F = dA =
1
2
EAEBFBA. (II-2.3)
Observe that, following (II-1.16) a torsion term appears in its explicit expression:
FBA = DBAA − (−)abDAAB + TBACAC . (II-2.4)
15
By definition, (II-2.3), the field strength satisfies the Bianchi identity
dF = 0. (II-2.5)
Consider next a covariant (0-form) superfield Φ of weight w(Φ) under Abelian super-
field gauge transformations, i.e.
Φ
g7→ gw(Φ)Φ. (II-2.6)
Its covariant (exterior) derivative,
DΦ = EADAΦ, (II-2.7)
is defined as6
DΦ = dΦ+ w(Φ)AΦ. (II-2.8)
Covariant differentiation of (II-2.7) yields in turn (w(DΦ) = w(Φ))
DDΦ = w(Φ)F Φ, (II-2.9)
leading to the graded commutator
(DB,DA)Φ = w(Φ)FBA Φ− TBACDCΦ. (II-2.10)
Super-translations in superspace and infinitesimal superfield gauge transformations, g ≈
1 + α, with α a real superfield, change A and Φ into A′ = A+ δA and Φ′ = Φ + δΦ such
that
δA = ιξF − d(α− ιξA) (II-2.11)
and
δΦ = ιξDΦ+ w(Φ)(α− ιξA)Φ. (II-2.12)
The combination of a super-translation and of a compensating gauge transformation of
superfield parameter α = ιξA gives rise to remarkably simple transformation laws. This
parametrization is particularly useful for the definition of component fields and their su-
persymmetry transformations. We shall call these special transformations: Wess-Zumino
transformations, they are given as
δWZΦ = ιξDΦ, δWZA = ιξF. (II-2.13)
6If Φp is a p-form, we define it as DΦp = dΦp + (−)pw(Φp)AΦp.
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Let us stress that the formalism developed here is well adapted to describe supersymmetry
transformations of differential forms.
So far, Φ was considered as some generic superfield. Matter fields are described in
terms of chiral superfields. In the context of a gauge structure the chirality conditions
are most conveniently defined in terms of covariant derivatives. A superfield φ is called
covariantly chiral and a superfield φ¯ is called covariantly antichiral, if they satisfy the
conditions
Dα˙φ = 0, Dαφ¯ = 0. (II-2.14)
Observe that usually they are supposed to have opposite weights w(φ¯) = −w(φ). Consis-
tency of the covariant chirality constraints (II-2.14) with the graded commutation relations
(II-2.10) implies then
F β˙α˙ = 0, Fβα = 0. (II-2.15)
Moreover, due to the (constant) torsion term in (II-2.4), i.e.
Fβ
α˙ = DβA
α˙ +Dα˙Aβ − 2i(σaǫ)βα˙Aa, (II-2.16)
the condition
Fβ
α˙ = 0 (II-2.17)
amounts to a mere covariant redefinition of the vector superfield gauge potential Aa. Given
the constraints (II-2.15) on Fβα and F
β˙α˙, the properties of the remaining components Fβa,
F β˙a and Fba of the superfield strength FBA are easily derived from the Bianchi identities
(II-2.5) which read7: ∮
(CBA)
(DCFBA + TCB
DFDA) = 0. (II-2.18)
It turns out that the whole geometric structure which describes supersymmetric gauge
theories can be formulated only in terms of the superfields Wα and W
α˙ such that
Fβa = +iσaββ˙ W
β˙ , (II-2.19)
F β˙a = −iσ¯β˙βa Wβ, (II-2.20)
Fba =
1
2
(σ¯ba)
β˙
α˙D
α˙Wβ˙ −
1
2
(σba)β
αDαW
β. (II-2.21)
7
∮
(CBA)
stands for the graded cyclic permutation on the super-indices CBA, explicitly defined as:∮
(CBA)
CBA = CBA+ (−)a(c+b)ACB + (−)(b+a)cBAC.
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Furthermore the Bianchi identities imply the restrictions (II-1.9), (II-1.10). In this sense
these equations have an interpretation as Bianchi identities, providing a condensed version
of (II-2.18).
II-2.2 Solution of constraints and pre-potentials
Equation (II-2.18) is the supersymmetric analogue of the geometric part of Maxwell’s
equations
∂cFba + ∂aFcb + ∂bFac = 0, (II-2.22)
which are solved in terms of a vector potential, Aa, such that Fba = ∂bAa − ∂aAb. In
the supersymmetric case a similar mechanism takes place, via the explicit solution of the
constraints (II-1.9), (II-1.10). To be more precise these solutions can be written in terms
of superfields T and U as
Aα = −T−1DαT = −Dα log T, (II-2.23)
Aα˙ = −U−1Dα˙U = −Dα˙ logU. (II-2.24)
Indeed one obtains from (II-2.19), (II-2.20)
Wα = +
1
8
D¯2Dα log(TU
−1), W α˙ = +
1
8
D2Dα˙ log(TU−1), (II-2.25)
which is easily seen to satisfy (II-1.9), (II-1.10). The superfields T and U are called pre-
potentials; they are subject to gauge transformations which have to be consistent with the
gauge transformations (II-2.2) of the potentials. However due to the special form of the
solutions (II-2.23), (II-2.24), we have the freedom to make extra chiral, resp. antichiral,
transformations, explicitly
T 7→ P T g, (II-2.26)
U 7→ Q U g. (II-2.27)
The new superfields P and Q parametrize so called pre-gauge transformations which do
not show up in the transformation laws of the potentials themselves due to their chirality
properties
DαP = 0, D
α˙Q = 0. (II-2.28)
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The terminology originates from the fact that, due to the covariant constraints, the gauge
potentials can be expressed in terms of more fundamental unconstrained quantities, the
pre-potentials, which in turn give rise to new gauge structures, the pre-gauge transforma-
tions.
The pre-potentials serve to mediate between quantities subject to different types of
gauge (pre-gauge) transformations g (P and Q ) and we can build combinations of these
which are sensitive to all these transformations. For instance, the composite field T a U b
transforms under gauge and pre-gauge transformations as follows
(T a U b) 7→ (T aU b) PaQb ga+b (II-2.29)
Now if we consider a generic superfield Φ of weight w(Φ) as in (II-2.6) and define
Φ(a, b) = (T a U b)
−w(Φ)
Φ, (II-2.30)
this new superfield Φ(a, b) is inert under g superfield gauge transformations if a+ b = 1,
but still transforms under chiral and antichiral superfield gauge transformations Q and
P as
Φ(a, b) 7→ [g(a+b−1)PaQb]−w(Φ) Φ(a, b). (II-2.31)
Φ(a, b) will be said to be in the (a, b)-basis with respect to P and Q superfield pre-gauge
transformations. It is convenient to introduce the corresponding definitions for the gauge
potential as well
A(a, b) = A+
(
T aU b
)−1
d
(
T aU b
)
= A+ a d log T + b d logU. (II-2.32)
It should be clear that F (a, b) ≡ dA(a, b) = F = dA, in any basis and thus that the
superfields W α,Wα˙ are basis independent. It is interesting to note that we can write
Aα(a, b) = (a− 1
2
)Dα log T + (b− 1
2
)Dα logU − 1
2
Dα logW
Aα˙(a, b) = (a− 1
2
)Dα˙ log T + (b− 1
2
)Dα˙ logU +
1
2
Dα˙ logW, (II-2.33)
where the superfield W = (T U−1) is inert under g gauge transformations (II-2.29), basis
independent and transforms as
W 7→ PW Q−1. (II-2.34)
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Therefore, we can gauge away the T and U terms in the expressions for Aα(a, b) and
Aα˙(a, b), but not the W one. The covariant derivative in the (a, b)-basis is then defined
as
DΦ(a, b) = dΦ(a, b) + w(Φ) A(a, b) Φ(a, b), (II-2.35)
and transforms in accordance with (II-2.30):
DΦ(a, b) = (T aU b)−w(Φ)DΦ. (II-2.36)
Again DΦ(a, b) is inert under g gauge transformations if a + b = 1, so hereafter we will
stick to this case and omit the label b, unless specified. Observe now that
(a, b) = ( 1
2
, 1
2
) ⇒ Aα( 12) = −
1
2
Dα logW, A
α˙( 1
2
) = +
1
2
Dα˙ logW,
(a, b) = (1, 0) ⇒ Aα(1) = 0, Aα˙(1) = +Dα˙ logW,
(a, b) = (0, 1) ⇒ Aα(0) = −Dα logW, Aα˙(0) = 0. (II-2.37)
The three particular bases presented in (II-2.37) are useful in different situations. Later on,
in the discussion of Ka¨hler transformations and in the construction of supergravity/matter
couplings, we shall identify spinor components of the Ka¨hler U(1) connection with spinor
derivatives of the Ka¨hler potential, namely
Aα =
1
4
DαK, A
α˙ = −1
4
Dα˙K. (II-2.38)
Such an identification is easily made in the ( 1
2
, 1
2
) base, called the vector basis: setting
W ≡ exp(−K / 2), (II-2.39)
we obtain (II-2.38). Moreover, if we parametrize P = exp(−F¯ /2) and Q = exp(F/2)
(we take F¯ and F since K is real) we obtain, given (II-2.34),
K 7→ K + F + F¯ , (II-2.40)
the usual form of Ka¨hler transformations. A generic superfield Φ, in this base, transforms
as
Φ( 1
2
) 7→ e− i2w(Φ) ImF Φ( 1
2
). (II-2.41)
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In addition for the connection we obtain
A( 1
2
) 7→ A( 1
2
) +
i
2
d ImF, (II-2.42)
where the vector component is, using (II-2.17),
A( 1
2
)a =
i
16
σ¯α˙αa [Dα, Dα˙] K. (II-2.43)
In other contexts (anomalies and Chern-Simons forms study) the (0, 1) and (1, 0)
bases are relevant; we name them respectively chiral and antichiral bases. Indeed, let
us consider the covariant chiral superfield φ, with w(φ) = +w, in the (0, 1)-basis the
superfield φ(0) = U−wφ transforms under Q-transformations only,
φ(0) 7→ Q−wφ(0), (II-2.44)
whereas the gauge potential has the property Aα˙(0) = 0. Then, in this basis, the covariant
chirality constraint for φ, (II-2.14), takes a very simple form for φ(0): Dα˙φ(0) = 0. Anal-
ogous arguments hold for φ¯, with weight w(φ¯) = −w, in the (0, 1)-basis, i.e. Dαφ¯(1) = 0.
So it is φ(0) and φ¯(1) which are actually the ”traditional” chiral superfields, our φ and φ¯
are different objects, they are covariant (anti)chiral superfields. We emphasize this point
because to build the matter action coupled to gauge fields we shall simply use the density
φ¯φ = φ¯(1)Wwφ(0) = φ¯(1) e2wV φ(0), (II-2.45)
where we have defined
W ≡ e2 V . (II-2.46)
We thus recover the standard formulation of the textbooks in terms of non-covariantly
chiral superfields φ(0), φ¯(1), with V the usual vector superfield; this is illustrated in
section II-2.4. The chiral and the antichiral bases are related among themselves by means
of the superfield W , φ(0) =Ww φ(1).
Similarly, A(1) and A(0) are related by a gauge-like transformation
A(0) = A(1) − W−1dW. (II-2.47)
Finally, the basis independent superfields W α and Wα˙ are easily obtained as
Wα =
1
4
D¯2DαV, W
α˙ =
1
4
D2Dα˙V, (II-2.48)
which is nothing but the solution to the reduced Bianchi identities (II-1.9), (II-1.10).
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II-2.3 Components and Wess-Zumino transformations
Component fields are systematically defined as lowest components of superfields, expan-
sion in terms of anticommuting parameters is replaced by successive application of covari-
ant derivatives. In this approach the component fields of a chiral multiplet φ of weight w
are defined as
φ = A(x), Dα φ =
√
2χα(x), DαDα φ = −4F (x), (II-2.49)
whereas those of the gauge supermultiplet are identified as
Am = iam, W
β˙ = iλ¯β˙ , Wβ = −iλβ , DαWα = −2D. (II-2.50)
Their Wess-Zumino transformations are obtained from (II-2.13) in identifying Φ succes-
sively with φ, Dαφ and DαDαφ. We obtain
δWZ A =
√
2 ξχ , (II-2.51)
δWZ χα = +i
√
2 (ξ¯σ¯mǫ)αDmA+
√
2 ξαF , (II-2.52)
δWZ F = i
√
2 (ξ¯σ¯m)αDmχα + 2iw
(
ξ¯λ¯
)
A . (II-2.53)
The covariant derivatives arise in a very natural way due to our geometric construction;
they are given as
DmA = (∂m + iwam)A, Dmχα = (∂m + iwam)χα, (II-2.54)
DmA¯ = (∂m − iwam)A¯, Dmχ¯α˙ = (∂m − iwam)χ¯α˙. (II-2.55)
As to the gauge supermultiplet, the supersymmetry transformation of the component field
gauge potential Am is obtained from the Wess-Zumino transformation of the 1-form A in
(II-2.13), projected to the lowest vector component, with the result
δWZ am = i(ξσmλ¯) + i(ξ¯σ¯mλ). (II-2.56)
The corresponding equations of the gaugino component fields are obtained replacing Φ
with Wα and W
α˙
δWZ λ
α = −(ξσmn)αfmn + iξαD, (II-2.57)
δWZ λ¯α˙ = −(ξ¯σ¯mn)α˙fmn − iξ¯α˙D, (II-2.58)
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where fmn = ∂man − ∂nam = −iFmn and we used the Abelian versions of (B-5.20),
(B-5.21). Finally, for the auxiliary component we have
δWZD = −ξσm∂mλ¯+ ξ¯σ¯m∂mλ. (II-2.59)
Observe that these are the supersymmetry transformations which would have been ob-
tained in the Wess-Zumino gauge of the traditional approach. This is due to the definition
of Wess-Zumino transformation in terms of particular compensating gauge transforma-
tion. In this way the Wess-Zumino gauge is realized in a geometric manner.
We should like to comment briefly on the implementation of R-transformations [137],
[59], [60], [61], related to a phase freedom on the superspace anticommuting coordinates,
in the language employed here. As the role of θ, θ¯ is now taken by the covariant spinor
derivatives, we assign to the latters R-parity charges of opposite sign to those of the
corresponding θ’s. This way it is easy to recover the usual arguments in the discussion of
properties and consequences of R-transformations in supersymmetric theories.
II-2.4 Component field actions
We have seen how component fields and their Wess-Zumino transformations are obtained
from the algebra of covariant superspace derivatives and projections to lowest superfield
components. This kind of mechanism is applied to the construction of supersymmetric
component field actions as well.
Let us explain this with the example of the kinetic action of the chiral matter multiplet.
The key idea is to consider the D-term of the gauge invariant superfield φφ¯, given as the
lowest component of the superfield D2D¯2φ¯φ. To be exact, this definition differs from the
earlier one by a total space-time derivative, irrelevant in the construction of invariant
actions. The explicit component field action is obtained expanding the product of spinor
derivatives and using the Leibniz rule. When acting on φ or φ¯ individually the ordinary
covariant derivatives, DA, transmute into gauge covariant derivatives, DA, giving rise to
the expansion
D2D¯2(φ¯φ) = φD2D¯2φ¯+ 2(Dαφ)DαD¯2φ¯+ (D2φ)D¯2φ¯ . (II-2.60)
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At this point the algebra of covariant derivatives intervenes. The relations
DαD¯2φ¯ = −4iσaαα˙DaDα˙φ¯− 8wWαφ¯ , (II-2.61)
D2D¯2φ¯ = 16DaDaφ¯− 16wWα˙D¯α˙φ¯− 8w φ¯DαWα , (II-2.62)
illustrate how gauge covariant derivatives will appear in the component field way in a
completely natural way by construction. This should be contrasted with the method
using explicit expansions in the anticommuting coordinates of superspace. In the approach
pursued here, the component field action is simply obtained from combining (II-2.61) and
(II-2.62) with (II-2.60) and projecting to lowest components, with the result
1
16
D2D¯2(φ¯φ) = −DmADmA¯− i
2
(χσmDmχ¯+ χ¯σ¯mDmχ)
+FF¯ + wDAA¯ + iw
√
2
(
A¯λχ−Aλ¯χ¯) . (II-2.63)
In this approach D2D¯2 plays the role of the volume element of superspace. Again, as
in the derivation of the Wess-Zumino transformations (II-2.52), (II-2.53), the covariant
spacetime derivatives appear in a very natural way as a consequence of use of covariant
differential calculus, without recourse to the introduction of the vector superfield V . The
relation between the present formulation and the traditional one is established in section
II-2.2.
The kinetic terms of the gauge multiplet are derived from the superfield W αWα and
its complex conjugate Wα˙W
α˙. As W αWα is chiral, and Wα˙W
α˙ antichiral, this will be
achieved by a F-term construction. The relevant superfields we have to consider are
therefore D2(W αWα) and D¯
2(Wα˙W
α˙). In the explicit evaluation we will make use of
certain superfield building blocks, which are the Abelian flat superspace versions of (B-
5.20), (B-5.21) and (B-5.28), (B-5.29). Simple spinor derivatives of the gaugino superfields
are given as
DβWα = −(σbaǫ)βαFba − ǫβαD, (II-2.64)
Dβ˙Wα˙ = −(ǫσ¯ba)β˙α˙Fba + ǫβ˙α˙D, (II-2.65)
with
D = −1
2
DαWα,
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the D-term superfield. Double spinor derivatives arising in the construction are
D2Wα = 4iσ
m
αα˙∂mW
α˙, D¯2W α˙ = 4iσ¯mα˙α∂mWα. (II-2.66)
It is then straightforward to derive
D2(W αWα) = −2F baFba + 8iW ασaαα˙∂aW¯ α˙ − 4D2 − iεdcbaFdcFba (II-2.67)
D¯2(Wα˙W
α˙) = −2F baFba + 8iW¯α˙σ¯aα˙α∂aWα − 4D2 + iεdcbaFdcFba. (II-2.68)
Projection to lowest components identifies the component field kinetic terms of the gauge
multiplet in8
− 1
16
(D2W αWα+ D¯
2Wα˙W
α˙) = −1
4
fmnfmn− i
2
λσm∂mλ¯− i
2
λ¯σ¯m∂mλ+
1
2
D2, (II-2.69)
whereas the orthogonal combination yields a total space-time derivative.
So far, we have illustrated the construction of the component field Lagrangian for a
chiral matter multiplet with an Abelian gauge multiplet. The discussion of the F-term
construction of mass term and self-interactions of the matter multiplet, arising from the
chiral superpotential and its complex conjugate will be postponed to more interesting
situations.
As is clear from its supersymmetry transformation law, the component field D may
be added to the supersymmetric action - this is the genuine Fayet-Iliopoulos D-term. In
the terminology employed here, it arises from projection to the lowest component of the
D-term superfield
D = −1
8
DαD¯2DαV. (II-2.70)
From this point of view, gauge invariance
V 7→ V + i (Λ− Λ¯) , (II-2.71)
is ensured due to the fact that chiral and antichiral superfields are annihilated by the
superspace volume element DαD¯2Dα = D¯α˙D
2D¯α˙.
8The gauge coupling g may be restored explicitly: rescaling the components of the gauge multiplet by
g and the pure gauge action by g−2.
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As we have noted above, the kinetic term of the chiral matter multiplet may be viewed
as a D-term as well, identifying V with φφ¯. In this case the gauge invariance (II-2.71)
indicates that the addition of holomorphic or anti-holomorphic superfield functions F (φ)
or F¯ (φ¯) will not change the Lagrangian.
We have described here the simplest case of a supersymmetric gauge theory, a single
chiral multiplet interacting with an Abelian gauge multiplet.
Mass terms and self-interactions of the chiral multiplet, on the other hand, would arise
from a F-term construction applied to φ2 and φ3 and their complex conjugates, for power-
counting renormalizable theories, or to holomorphic and antiholomorphic functions W (φ)
and W (φ¯) in more general situations. In the simplest case of a single chiral superfield
with non-vanishing Abelian charge, as discussed here, this kind of superpotential terms
are incompatible with gauge invariance. The construction of a non-trivial invariant su-
perpotential requires several chiral superfields with suitably adjusted weights under gauge
transformations.
For the sake of pedagogical simplicity, we will now describe the superpotential term
for a single chiral superfield, restricting ourselves to the case of a self-interacting scalar
multiplet in the absence of gauge couplings.
The F-term construction amounts to evaluate D2W and project to lowest superfield
components, resulting in
− 1
4
D2W (φ) = −1
2
∂2W
∂A2
(χχ) +
∂W
∂A
F, (II-2.72)
for W and
− 1
4
D¯2W (φ¯) = −1
2
∂2W
∂A¯2
(χ¯χ¯) +
∂W
∂A¯
F¯ . (II-2.73)
In the component field expressions, the holomorphic function W is to be considered as a
function of the complex scalar A and correspondingly W as a function of A¯. Combining
the superpotential terms with the kinetic terms (II-2.63), for w = 0, and eliminating the
auxiliary fields, F, F¯ , through their algebraic equations of motion, F = −∂W/∂A¯, we
obtain the on-shell Lagrangian
− ∂mA∂mA¯− i
2
(χσm∂mχ¯+ χ¯σ¯
m∂mχ)− 1
2
∂2W
∂A2
(χχ)− 1
2
∂2W
∂A¯2
(χ¯χ¯)− ∂W
∂A
2
, (II-2.74)
26
for a single self-interacting scalar multiplet, the last term being just the usual scalar
potential contribution.
II-3 Supersymmetric Yang-Mills Theories
The interplay between chiral, antichiral and real gauge transformation formulations, as
encountered in the Abelian case, persists in the case of supersymmetric Yang-Mills theory.
These properties are not only of academic interest, but quite useful, if not indispensable
in contexts like Chern-Simons couplings or supersymmetric chiral anomalies.
The 1-form Yang-Mills gauge potential is now Lie algebra valued,
A = EAAA = EAA(r)A T(r), (II-3.1)
the generators T(r) fulfill the commutation relations[
T(r),T(s)
]
= ic(r)(s)
(t)T(t). (II-3.2)
Under a gauge transformation, parametrized by a matrix superfield g , the gauge potential
A transforms as
A 7→ g−1Ag − g−1dg . (II-3.3)
Observe that this corresponds to a gauge transformation in the real basis, i.e. the param-
eters of the gauge transformations are real unconstrained superfields. The covariant field
strength is defined by
F = dA+AA, (II-3.4)
and transforms covariantly,
F 7→ g−1Fg . (II-3.5)
Its components are given by
FBA = DBAA − (−)abDAAB − (AB,AA) + TBACAC , (II-3.6)
exhibiting now, in addition to the derivative terms and the torsion term, the graded
commutator (AB,AA).
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Due to its definition, the field strength, F , satisfies Bianchi identities
DF = dF −AF + FA = 0. (II-3.7)
Consider next generic superfields Φ and Φ¯ of gauge transformation
Φ¯ 7→ Φ¯g , Φ 7→ g−1Φ, (II-3.8)
so that Φ¯Φ is invariant. Covariant exterior derivatives DΦ = EADAΦ are defined as
DΦ¯ = dΦ¯ + Φ¯A, DΦ = dΦ−AΦ. (II-3.9)
Double exterior covariant derivatives
DDΦ¯ = +Φ¯F , DDΦ = −FΦ,
give rise to
(DB,DA)Φ = −FBAΦ− TBACDCΦ. (II-3.10)
(DB,DA)Φ¯ = + Φ¯FBA − TBACDCΦ¯. (II-3.11)
In this framework, matter fields are described by covariantly chiral superfields, i.e. we
specialize the generic superfields Φ and Φ¯ to matter superfields φ and φ¯, which still trans-
form under (II-3.8), but are required to be covariantly chiral and antichiral, respectively,
i.e.
Dα˙φ = 0, Dαφ¯ = 0. (II-3.12)
Compatibility of these conditions with the graded commutation relations (II-3.10) and
(II-3.11) above suggest to impose the constraints
F β˙α˙ = 0, Fβα = 0, (II-3.13)
called representation preserving constraints. Furthermore, in view of the explicit expres-
sion
Fβα˙ = DβAα˙ +Dα˙Aβ −
{Aβ,Aα˙}− 2i(σcǫ)βα˙Ac, (II-3.14)
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the constraint
Fβα˙ = 0, (II-3.15)
just corresponds to a linear covariant redefinition of the vector component, Aa, of the
connection superfield. For this reason it is called a conventional constraint.
As in the Abelian case, the constraints are solved in terms of pre-potentials. The
representation preserving constraints (II-3.13) suggest to express the spinor components
of A as
Aα = −T −1DαT , Aα˙ = −U−1Dα˙U , (II-3.16)
in terms of pre-potential superfields U and T . Their gauge transformations should be
adjusted such that they reproduce those of the gauge potentials themselves, that is
T 7→ P T g , U 7→ Q U g . (II-3.17)
Here, P and Q denote the pre-gauge transformations and are respectively antichiral and
chiral superfields.
Recall that A is the gauge potential in the real basis of gauge transformations; by
construction, it is inert under the chiral and antichiral pre-gauge transformations. On
the other hand, pre-potential dependent redefinitions of A, which have the form of gauge
transformations,
A(1) = T AT −1 − T d T −1, (II-3.18)
A(0) = U AU−1 − UdU−1, (II-3.19)
give rise to new gauge potentials which are inert under the original g gauge transforma-
tions and transform under chiral, resp. antichiral gauge transformations, i.e.
A(1) 7→ P A(1)P−1 − PdP−1, (II-3.20)
A(0) 7→ QA(0)Q−1 −QdQ−1. (II-3.21)
The connections A(1) = EAAA(1) and A(0) = EAAA(0) take a particularly simple form
Aα˙(1) = −WDα˙W−1, Aα(1) = 0, Aαα˙(1) = i
2
DαAα˙(1), (II-3.22)
Aα(0) = −W−1DαW, Aα˙(0) = 0, Aαα˙(0) = i
2
Dα˙Aα(0), (II-3.23)
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expressed in terms of the combination
W = T U−1 (II-3.24)
with gauge transformations
W 7→ PWQ−1. (II-3.25)
The corresponding change of basis on the covariant chiral and antichiral superfields φ
and φ¯ is achieved via the redefinitions which have the form of gauge transformations as
well, such that
φ(1) = T φ, φ¯(1) = φ¯ T −1, (II-3.26)
φ(0) = U φ, φ¯(0) = φ¯U−1. (II-3.27)
In this case, we also obtain particularly simple chirality conditions for φ(0) and φ¯(1). The
invariant combination φ¯φ behaves under this change of bases as
φ¯φ = φ¯(1)W φ(0). (II-3.28)
The right hand side of this equation corresponds to the traditional formulation in terms
of simply chiral, resp. antichiral fields, explicitly
Dα˙φ(0) = 0, Dαφ¯(1) = 0. (II-3.29)
The superfield W provides the bridge between the chiral and antichiral bases. Setting
W = exp 2V , we recover the usual description of supersymmetric Yang-Mills theories.
As before, the components of the field strength Fβa, F β˙a and Fba can be expressed in
terms of two superfields Wα, W α˙ and their spinor derivatives, namely
Fβa = +iσaββ˙W β˙ , (II-3.30)
F β˙a = −iσ¯β˙βa Wβ , (II-3.31)
Fba = 1
2
(ǫσba)
βαDαWβ + 1
2
(σ¯baǫ)
β˙α˙Dα˙Wβ˙ . (II-3.32)
The gaugino superfields Wα and W α˙ fulfill
DαW α˙ = 0, Dα˙Wα = 0, (II-3.33)
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DαWα = Dα˙W α˙, (II-3.34)
as a result of Bianchi identities.
The superfields Wα andW α˙ are the building blocks of the kinetic terms for the super-
symmetric Yang-Mills action. Recall the field content of the Yang-Mills gauge multiplet:
it consists of the gauge potentials am(x), the gauginos λ(x), λ¯(x), which are Majorana
spinors, and the auxiliary scalars D(x). All these component fields are Lie-algebra val-
ued, they are identified in the gaugino superfields Wα and Wα˙, subject to the constraint
conditions (II-3.33), (II-3.34).
The component fields are defined as lowest components of superfields; for the gauge
potential we have
Am = iam, (II-3.35)
whereas the gaugino component fields are defined as the lowest components of the gaugino
superfields themselves,
Wα = −iλα, W α˙ = iλ¯α˙. (II-3.36)
The Yang-Mills field strength f mn = ∂man − ∂nam − i[am,an] and the auxiliary field
D(x) appear at the linear level in the superfield expansion
DβWα = −i(σmnǫ)βα f mn − ǫβαD(x),
Dβ˙Wα˙ = −i(ǫσ¯mn)β˙α˙ f mn + ǫβ˙α˙D(x), (II-3.37)
this means that the auxiliary field is identified as
DαWα = Dα˙W α˙ = −2D(x). (II-3.38)
The Lagrangian for pure Yang-Mills gauge theory is then given by (we often use the
shorthand notation W2 =WαWα and W2 =Wα˙W α˙)
L = − 1
16
D2 tr
(W2)− 1
16
D¯2 tr
(
W2
)
. (II-3.39)
As in the Abelian case, the gauge invariant product φ¯φ provides both the kinetic terms
for matter superfields and their minimal supersymmetric coupling to Yang-Mills fields.
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II-4 Supersymmetry and Ka¨hler Manifolds
As explained by B. Zumino, supersymmetric non-linear sigma models have necessarily
a Ka¨hler structure [164]. The complex scalars of the chiral matter multiplets have an
interpretation as complex coordinates of a Ka¨hler manifold and the supersymmetric com-
ponent field Lagrangian is given as9
LKa¨hler = − gi¯ ηmn ∂mAi ∂nA¯¯ − i
2
gi¯
(
χiσmDmχ¯¯
)
+
i
2
gi¯
(Dmχiσmχ¯¯)
+
1
4
Ri¯ıj¯
(
χiχj
)
(χ¯ı¯χ¯¯) + gi¯ F
iF¯ ¯. (II-4.1)
As a function of the scalar fields Ai and A¯¯, the Ka¨hler metric gi¯ derives from a Ka¨hler
potential. The covariant derivatives
Dmχiα = ∂mχiα + Γikl ∂mAk χlα, Dmχ¯¯α˙ = ∂mχ¯¯α˙ + Γı¯ k¯l¯ ∂mAk¯ χ¯l¯α˙, (II-4.2)
contain the Levi-Civita symbols (gi¯ı,k denotes the derivative of gi¯ı with respect to A
k)
Γikl = g
i¯ıgkı¯,l , Γ
ı¯
k¯l¯ = g
i¯ıgik¯,l¯ , (II-4.3)
whereas the quartic spinor terms exhibit the curvature tensor of the Ka¨hler manifold,
Ri¯ıj¯ = gi¯ı,j¯ − gkk¯ Γkij Γk¯ ı¯¯. (II-4.4)
The auxiliary fields, here, correspond to those of the diagonalized version in [164]; more
details will be given below. The supersymmetry transformations of the chiral multiplet,
which leave the action invariant are given as
δAi =
√
2 ξχi , (II-4.5)
δχiα = +i
√
2 (ξ¯σ¯mǫ)α ∂mA
i +
√
2 ξαF
i , (II-4.6)
δF i = i
√
2 (ξ¯σ¯m)αDmχiα. (II-4.7)
9For the sake of clarity, we consider, here, only matter multiplets without gauge couplings. Cou-
plings to Yang-Mills theory will be constructed later on, in the context of the complete super-
gravity/matter/Yang-Mills system in section IV, and gauged isometries described in appendix C.
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As pointed out by B. Zumino in the same paper, the structure of the supersymmetric
non-linear sigma model is most conveniently understood in the language of superfields.
As he explained, the lowest component of the superfield
LKa¨hler = 1
16
DαD¯2DαK(φ, φ¯),
reproduces exactly the component field Lagrangian given above. In other words, the
kinetic Lagrangian may be understood as a Fayet-Iliopoulos D-term. The Ka¨hler metric,
defined as the lowest superfield component of (using the same symbols for the component
and the superfield)
gkk¯ =
∂2K
∂φk∂φ¯k¯
, (II-4.8)
the Levi-Civita symbol and the Ka¨hler curvature appear in the process of successive ap-
plication of spinor derivatives and subsequent projection to lowest components. Chirality
of the matter superfields and the fact that the differential operator DαD¯2Dα = Dα˙D
2Dα˙
annihilates chiral superfields, imply invariance under the superfield Ka¨hler transforma-
tions
K(φ, φ¯) 7→ K(φ, φ¯) + F (φ) + F¯ (φ¯). (II-4.9)
This shows that, in fact, the Ka¨hler manifold is spanned by the chiral resp. antichiral
matter superfields φi and φ¯¯, i.e. a mapping from superspace into the Ka¨hler manifold.
Complex structure on the one hand, in Ka¨hler geometry and chirality conditions on the
other hand, in supersymmetry, give rise to intriguing analogies [98].
In the following we will elaborate somewhat more on these geometric superspace as-
pects, which will be of essential importance later on in the context of supergravity/matter
coupling. The properties of the pre-potential V in the ( 1
2
, 1
2
) basis of Abelian gauge the-
ory -cf. section II-2.2- suggest to interprete K(φ, φ¯) as a particular, superfield dependent,
pre-potential10.
10It should however be noted that, in distinction to section II-2.2, there are no phase transformations
on the matter fields corresponding to Ka¨hler transformations. In the language of section II-2.2, all the
matter fields have weight zero. Non trivial Ka¨hler phase transformations will only appear later on in the
coupling of matter to supergravity.
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Replacing the unconstrained pre-potential V by the Ka¨hler potential K(φ, φ¯) we de-
fine11
Aα = +
1
4
DαK = +
1
4
KkDαφ
k, (II-4.10)
Aα˙ = −1
4
Dα˙K = −1
4
Kk¯D
α˙φ¯k¯. (II-4.11)
Here Kk resp. Kk¯ denote derivatives of the Ka¨hler potential with respect to the superfield
coordinates φk and φ¯k¯. Following the construction in Abelian gauge theory we define
furthermore
Aαα˙ =
i
2
(DαAα˙ +Dα˙Aα) . (II-4.12)
This corresponds to a conventional constraint. Substituting for Aα and Aα˙ yields
Aa =
1
4
(
Ki∂aφ
i −K¯∂aφ¯¯
)
+
i
8
σ¯α˙αa gi¯Dαφ
iDα˙φ¯
¯. (II-4.13)
The expressions for Aα, A
α˙ and Aa can be subsumed compactly in superform language,
A =
1
4
(Kidφ
i −K¯dφ¯¯) + i
8
Eaσ¯α˙αa gi¯Dαφ
iDα˙φ¯
¯. (II-4.14)
Let us note that this potential, A, transforms as it should (i.e. as a connection) under
Ka¨hler transformations,
A 7→ A + i
2
d ImF. (II-4.15)
We can now apply the machinery of Abelian gauge structure in superspace to determine
the component field action as the corresponding D-term. First, applying the exterior
derivative to A gives the composite field strength 2-form
F = dA =
1
2
gi¯ dφ
idφ¯¯ +
i
8
d
(
Eaσ¯α˙αa gi¯Dαφ
iDα˙φ¯
¯
)
. (II-4.16)
As in the generic Abelian case, the coefficients of F are expressed in terms of a single
Weyl spinor and its complex conjugate, in particular
Fβa = +
i
2
σaββ˙X¯
β˙, F β˙a = − i
2
σ¯β˙βa Xβ. (II-4.17)
11Normalizations are chosen for later convenience in the supergravity/matter system.
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On the one hand Xα and X¯
α˙ are given in terms of the Ka¨hler potential
Xα = −1
8
D¯2DαK, X¯
α˙ = −1
8
D2Dα˙K, (II-4.18)
on the other hand, identifying (II-4.17) in (II-4.16), we obtain
Xα = − i
2
gi¯ σ
a
αα˙ ∂aφ
iDα˙φ¯¯ +
1
2
gi¯Dαφ
i F¯ ¯, (II-4.19)
X¯ α˙ = − i
2
gkk¯ σ¯
a α˙α ∂aφ¯
¯Dαφ
i +
1
2
gi¯D
α˙φ¯¯ F i. (II-4.20)
Here we used the definitions
F i = −1
4
DαDαφi, F¯ ¯ = −1
4
Dα˙Dα˙φ¯¯ (II-4.21)
with second covariant derivatives defined as
DBDαφi = DBDαφi + ΓiklDBφkDαφl, (II-4.22)
DBDα˙φ¯¯ = DBDα˙φ¯¯ + Γ¯k¯l¯DBφ¯k¯Dα˙φ¯l¯, (II-4.23)
assuring covariance with respect to Ka¨hler transformations and (ungauged) isometries of
the Ka¨hler manifold. Observe that, in terms of these definitions, the component field La-
grangian will come out to be diagonal in the auxiliary fields [164]. Due to their definition,
the superfields Xα, X¯
α˙ have the following properties
Dα˙Xα = 0, DαX¯
α˙ = 0, (II-4.24)
DαXα = Dα˙X¯
α˙. (II-4.25)
It is then easy to obtain the superfield expression of the Ka¨hler D-term
− 1
2
DαXα = −ηabgi¯ ∂bφi ∂aφ¯¯ − i
4
gi¯ σ
a
αα˙D
αφiDaDα˙φ¯¯
− i
4
gi¯ σ
a
αα˙D
α˙φ¯¯DaDαφi + gi¯F iF¯ ¯
+
1
16
Ri¯ıj¯D
αφiDαφ
j Dα˙φ¯
ı¯Dα˙φ¯¯, (II-4.26)
with covariant derivatives defined above in (II-4.22), (II-4.23) and the curvature tensor
given in (II-4.4). Projection of this last equation to lowest superfield components results
in the component field Lagrangian (II-4.1). The construction presented here will be
generalized later on and applied to the full supergravity/matter/Yang-Mills system.
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III MATTER IN CURVED SUPERSPACE
The formulation of supersymmetry as a local symmetry naturally leads to supergravity,
where the graviton, of helicity 2, has a fermionic partner, the gravitino, of helicity 3/2.
The corresponding local fields are the vierbein em
a(x) and the Rarita-Schwinger field
ψm
α(x), ψ¯mα˙(x). As mentioned in section II-1.1, the different D = 4, N = 1 supergravity
multiplets (minimal, new minimal and non-minimal) all contain the graviton and the
gravitino, but differ by their systems of auxiliary fields.
In the geometric formulation of supergravity, the vierbein em
a(x) is generalized to
the frame superfield EM
A in superspace, describing the graviton and the gravitino in a
unified way. The three different supergravity multiplets, as well as the coupling of minimal
supergravity to matter, which will be presented here, are then derived from a superspace
geometry in suitably choosing the structure group and torsion constraints.
The choice of a structure group, which we take to be the product of Lorentz and chiral
U(1) transformations, already determines the properties of superspace geometry to a large
extent.
Further specification derives from requiring appropriate covariant constraints on the
torsion and curvature tensors, which, given the extension of the notion of space-time to
superspace, acquire a plethora of new components. One distinguishes between geomet-
ric and dynamical constraints. Geometric constraints help to restrict the properties of
superspace geometry without leading to any dynamics, i.e. to any equation of motion.
Dynamical constraints may then be imposed as further restrictions which imply equations
of motion.
Geometric constraints come in two categories: first, the so-called conventional con-
straints which are used to absorb part of the torsion in covariant redefinitions of the
Lorentz and U(1) connection and of the frame of superspace; second, the so-called rep-
resentation preserving constraints, which arise from consistency conditions for covariant
chiral superfields (essential for the description of supergravity/matter couplings) with
their commutation relations.
Different supergravity multiplets (minimal, new minimal or non-minimal) are obtained
from different kinds of geometric constraints.
As emphasized in the introduction, we will only consider the minimal multiplet of
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supergravity, whose superspace description is briefly recalled in section III-1.
We will then show in some detail how supergravity/matter/Yang-Mills couplings are
obtained from a unified geometric setting by including superfield Ka¨hler transformations
in the structure group.
In section III-2 we show explicitly how this formulation can be obtained from the
conventional one, [40, 42, 38, 39], by means of field dependent superfield rescalings. This
leads in a natural way to the identification of the supergravity/matter system as a special
case of U(1) superspace geometry whose structure is reviewed in section III-3. In section
III-4, we identify Ka¨hler superspace as a special case of U(1) superspace geometry, define
supergravity transformations and present invariant actions and equations of motion at
the superfield level.
III-1 Minimal Supergravity
In supergravity, the dynamical degrees of freedom are the graviton and the gravitino.
They are identified as the local frame of space-time or vierbein, em
a(x), and the Rarita-
Schwinger [133] field ψm
α(x), ψ¯mα˙(x). The supergravity action [50, 75] is then defined as a
certain combination of the Einstein and Rarita-Schwinger actions, invariant under space-
time dependent supersymmetry transformations relating the graviton and the gravitino.
The commutators of these transformations only close on-shell, i.e. modulo equations of
motion. In minimal supergravity [147, 67], a complex scalar M , M¯ and a real vector ba
are added as auxiliary fields to avoid the appearance of the equations of motion at the
geometric level and to define an off-shell theory.
The formulation of supergravity in superspace [2, 157] provides a unified description of
the vierbein and the Rarita-Schwinger fields. They are identified in a common geometric
object, the local frame of superspace,
EA = dzMEM
A(z) , (III-1.1)
defined as a 1-form over superspace, with coefficient superfields EM
A(z), generalizing
the usual frame, ea = dxmem
a(x), which is a space-time differential form. Vierbein and
Rarita-Schwinger fields are identified as lowest superfield components, such that
em
a(x) = Em
a ,
1
2
ψm
α(x) = Em
α ,
1
2
ψ¯mα˙(x) = Emα˙ . (III-1.2)
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Correspondingly, as in ordinary gravity, one introduces super-coordinate transformations,
thus unifying the usual general coordinate transformations and the local supersymmetry
transformations as their vector and spinor parts, respectively. Local Lorentz transforma-
tions act through their vector and spinor representations on Ea and Eα, Eα˙.
Covariant derivatives with respect to local Lorentz transformations are constructed by
means of the spin connection, which is a 1-form in superspace as well,
φB
A = dzMφMB
A(z) . (III-1.3)
It takes values in the Lie algebra of the Lorentz group such that its spinor components
are given in terms of the vector ones as
φβ
α = −1
2
(σba)β
α
φba , φ
β˙
α˙ = −
1
2
(σ¯ba)β˙ α˙ φba . (III-1.4)
These are the basic geometric objects in the superspace description of supergravity. The
covariant exterior derivative of the frame in superspace,
TA = dEA + EBφB
A , (III-1.5)
defines torsion in superspace as a 2-form
TA =
1
2
EBECTCB
A . (III-1.6)
Likewise, the covariant expression
RB
A = dφB
A + φB
CφC
A , (III-1.7)
defines the curvature 2-form in superspace,
RB
A =
1
2
ECEDRDC B
A . (III-1.8)
It is a special feature of supergravity that the curvature tensor is completely expressed
in terms of the torsion and its derivatives [53]. We do not intend here to give a complete
and detailed review of this geometric structure; for a detailed exposition we refer to [153].
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Recall that superspace torsion is subject to covariant constraints [88, 160] which im-
ply that all the coefficients of torsion are given in terms of the covariant supergravity
superfields
R , R† , Ga , Wγβα
⌣
, W
γ˙β˙α˙
⌣
, (III-1.9)
and their covariant derivatives. To be more explicit, the non-vanishing components of
superspace torsion are
Tγ
β˙a = −2i(σaǫ)γ β˙ , (III-1.10)
Tγbα˙ = −iσbγα˙R† , T γ˙ αb = −iσ¯γ˙αb R , (III-1.11)
Tγb
α =
i
2
Gc(σcσ¯b)γ
α +
3i
2
δγ
αGb , T
γ˙
bα˙ = − i
2
Gc(σ¯cσb)
γ˙
α˙ −
3i
2
δγ˙ α˙Gb , (III-1.12)
As for Tcb
α and Tcbα˙, they will be interpreted later on as the covariant Rarita-Schwinger
field strength superfields. They involve the superfields Wγβα
⌣
and W
γ˙β˙α˙
⌣
called Weyl tensor
superfields, because they occur in the decomposition of these Rarita-Schwinger superfields
in very much the same way as the usual Weyl tensor occurs in the decomposition of the
covariant curvature tensor.
The auxiliary component fields mentioned above appear as lowest components in the
basic superfields R, R† and Ga such that
M(x) = −6R , M(x) = −6R† , ba = −3Ga . (III-1.13)
Consistency of the superspace Bianchi identities with the special form of the torsion
components displayed so far implies the chirality conditions
DαR† = 0 , Dα˙R = 0 , (III-1.14)
DαWγ˙β˙α˙
⌣
= 0 , Dα˙Wγβα
⌣
= 0 , (III-1.15)
as well as the relations
DαR = Dα˙Gαα˙ , Dα˙R† = −DαGαα˙ . (III-1.16)
Moreover
D2R + D¯2R† = −2
3
R+ 4GaGa + 32R†R , (III-1.17)
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where R ≡ Rabab is the curvature scalar superfield. This relation is at the heart of
the construction of the supersymmetric component field action. On the other hand, the
orthogonal combination
D2R− D¯2R† = 4iDaGa , (III-1.18)
is a consequence of (III-1.16), it has an intriguing resemblance with the 3-form constraint
in superspace -cf. (VI-1.2).
The component field Lagrangian is obtained from the superspace integral [158]
Lsupergravity =
∫
E, (III-1.19)
where
∫
E stands for
∫
d2θd2θ¯E, and E denotes the superdeterminant of EM
A. Integration
over d2θd2θ¯ yields the usual curvature scalar term, −1
2
eR, together with all the other terms
necessary for the supersymmetric completion, with the usual canonical normalization.
III-2 Superfield Rescaling
In the conventional superfield approach [152] to the coupling of matter fields to super-
gravity, the superspace action for the kinetic terms is taken to be
Lkin = −3
∫
Ee−
1
3
K(φ,φ¯). (III-2.1)
Given (III-1.19) we may hope that, by a suitable modification of the superspace geometry,
the factor exp(−K(φ, φ¯)/3) can be absorbed into E; however this will be possible only
if there are symmetries which allow such a modification, so let us analyze the situation
in that respect. Supersymmetry transformations as well as general coordinate transfor-
mations are encoded in the diffeomorphisms of superspace; precisely the action (III-2.1)
is invariant under super-diffeomorphisms and thereby under supersymmetry and general
coordinate transformations. The superspace geometry relevant to (III-2.1) is that of the
so-called minimal supergravity multiplet. The structure group in superspace in this case
is the Lorentz group. By construction, (III-2.1) is Lorentz invariant.
In addition to super-diffeomorphisms and Lorentz transformations, which are symme-
tries of the kinetic action (III-2.1), superspace geometry allows also for a generalization of
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dilatation transformations to the supersymmetric case, which are known as super-Weyl or
Howe-Tucker transformations [106]. These are defined as transformations of the frame in
superspace and of the Lorentz superfield connection which respect the torsion constraints
and reduce to ordinary dilatations when supersymmetry is switched off.
As a result, for the minimal supergravity multiplet, they change the frame of super-
space in such a way that
EM
a 7→ EMaeΣ+Σ (III-2.2)
EM
α 7→ e2Σ−Σ
(
EM
α +
i
2
EM
b(ǫσb)
α
α˙Dα˙Σ
)
, (III-2.3)
EMα˙ 7→ e2Σ−Σ
(
EMα˙ +
i
2
EM
b(ǫσ¯b)α˙
αDαΣ
)
. (III-2.4)
The chirality conditions
DαΣ = 0, Dα˙Σ = 0, (III-2.5)
of the superfield parameters Σ and Σ are a characteristic feature of the superspace geom-
etry of minimal supergravity i.e. of the torsion constraints which model it.
As a consequence of (III-2.2) - (III-2.4), the superdeterminant of the frame in super-
space is subject to the following super-Weyl transformations:
E 7→ E e2 (Σ+Σ). (III-2.6)
Since the Ka¨hler potential K(φ, φ¯) is inert under super-Weyl transformations, (III-2.6)
indicates that the kinetic action (III-2.1) is not invariant.
However, K(φ, φ¯) is subject to Ka¨hler transformations
K(φ, φ¯) 7→ K(φ, φ¯) + F (φ) + F¯ (φ¯), (III-2.7)
which by themselves are not an invariance of (III-2.1) either. Then, it is easy to see that
the kinetic superfield action is Ka¨hler invariant, if together with (III-2.7), a compensating
super-Weyl transformation [152] of parameters
Σ =
1
6
F (φ), Σ =
1
6
F¯ (φ¯), (III-2.8)
is performed.
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In this way a Ka¨hler invariant action in superspace is obtained which contains the
kinetic terms for supergravity and matter superfields and leads to the correct result in
the flat superspace limit.
On the other hand, the component field action which derives from (III-2.1) in the
conventional approach, yields the correctly normalized Einstein action only after a field
dependent rescaling of the component fields [153]. The correct Ka¨hler transformations of
the various component fields are then identified on the rescaled fields.
These complications can be avoided, however, if one starts right away from Ka¨hler
superspace as explained below. In particular, Ka¨hler transformations are then consistently
introduced at the superfield level. Another way to understand this is to perform the
rescalings directly in terms of superfields: this will give the explicit relation between
the conventional superfield approach described just above and our Ka¨hler superspace
construction.
The aim is therefore to absorb the exponential of the Ka¨hler potential in (III-2.1)
by means of a superfield rescaling of the frame in superspace. The first attempt might
have been to employ a super-Weyl transformation. However, this does not work because
the combination, Σ + Σ, of chiral and antichiral superfield in (III-2.6) is not sufficient
to absorb the more general real superfield K(φ, φ¯) in (III-2.1). On the other hand, the
chirality (resp. anti-chirality) conditions on Σ (resp. Σ) are consequences of the invariance
of the torsion constraints under the transformations (III-2.2) - (III-2.4). If one is willing
to give up this requirement, more general rescalings are possible, at the price of changing
the torsion constraints and thus the superspace structure. We are therefore led to study
more general transformations of the frame (and of the Lorentz connection) together with
their consequences for the corresponding coefficients of the torsion 2-form. To be more
precise, note that the arbitrary transformations of the vielbein EM
A and of the Lorentz
connection φMB
A
E ′M
A
= EM
AXA
A, (III-2.9)
φ′MB
A
= φMB
A + χMB
A, (III-2.10)
change the torsion coefficients as
T ′CB
A
= (−)c(b+b)X−1CCX−1BB(TCBAXAA +DCXBA − (−)cbDBXCA)
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+X−1C
C
χCB
A − (−)cbX−1BB χBCA. (III-2.11)
For our present purpose it is sufficient to consider the superfield rescalings
XB
A =
 δb
aXX¯ Xb
α Xb α˙
0 δβ
αX 0
0 0 δβ˙ α˙ X¯
 . (III-2.12)
The superfield X and its complex conjugate X¯ are arbitrary, furthermore
Xb
α =
i
2
(ǫσb)
α
α˙X¯
−1Dα˙(XX¯), (III-2.13)
Xb α˙ =
i
2
(ǫσ¯b)α˙
αX−1Dα(XX¯). (III-2.14)
Observe that (III-2.12) - (III-2.14) differ from (III-2.2) - (III-2.4) only by the fact that X
and X¯ are, contrary to Σ and Σ, not subjected to any restrictions12. What are the effects
of the superfield rescalings (III-2.12) - (III-2.14) on the various torsion coefficients? First
of all, note that these transformations leave the torsion constraints
Tγβ
a = 0, T γ˙β˙a = 0, (III-2.15)
Tγβα˙ = 0, T
γ˙β˙α = 0 (III-2.16)
and
Tγ
β˙ a = −2i(σaǫ)γ β˙ (III-2.17)
unchanged. It is well known that the torsion constraints
Tγb
a = 0, T γ˙ b
a
= 0 (III-2.18)
and
Tcb
a = 0, (III-2.19)
12 (III-2.2) - (III-2.4) can be obtained from (III-2.12) - (III-2.14) by restricting X and X¯ to be given
as X = exp(2Σ− Σ) and X¯ = exp(2Σ− Σ).
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allow to determine the Lorentz connection in superspace completely in terms of EM
A.
Likewise, the requirement that (III-2.18) and (III-2.19) are left invariant under (III-2.12)
- (III-2.14) determines χC b
a in terms of X and X¯ ,
χγba = 2(σba)γ
ϕ(XX¯)−1Dϕ(XX¯), (III-2.20)
χγ˙ ba = 2(σ¯ba)
γ˙
ϕ˙(XX¯)
−1Dϕ˙(XX¯), (III-2.21)
χcba = ηca(XX¯)
−1Db(XX¯)− ηcb(XX¯)−1Da(XX¯)
+
1
2
ǫdcba(XX¯)
−1Dϕ(XX¯)(ǫσd)ϕϕ˙(XX¯)−1Dϕ˙(XX¯). (III-2.22)
This means that XB
A and χCB
A are now completely fixed in terms of the unconstrained
superfields X and X¯.
However, the remaining torsion constraints,
Tγβ
α = 0, T γ˙β
α
= 0 (III-2.23)
and
Tγ
β˙
α˙ = 0, T
γ˙β˙
α˙ = 0, (III-2.24)
are no longer conserved by the superfield rescalings (III-2.12) - (III-2.14) and (III-2.20) -
(III-2.22). The new torsion coefficients take the form
T ′γβ
α
= −δβαA′γ − δγαA′β, (III-2.25)
T ′γ
β˙
α˙ = δ
β˙
α˙A
′
γ , (III-2.26)
with A′γ defined as
A′γ = −X−1(2X−1DγX + X¯−1DγX¯). (III-2.27)
The complex conjugate equations are
T ′
γ˙β˙
α˙ = δ
β˙
α˙A
′γ˙ + δγ˙ α˙A
′β˙, (III-2.28)
T ′
γ˙
β
α = −δβαA′γ˙, (III-2.29)
A′
γ˙
= X¯−1(2X¯−1Dγ˙X¯ +X−1Dγ˙X). (III-2.30)
Next we examine the consequences of the superfield rescalings for the remaining torsion
coefficients by solving the Bianchi identities in the presence of the new constraints or,
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equivalently, by explicit calculation from (III-2.11)13. In either case the tensor decompo-
sitions of T ′γbα˙ and T
′γ˙
bα do not change, i.e.
T ′γbα˙ = −iσbγα˙R′†, (III-2.31)
T ′
γ˙
b
α = −iσ¯γ˙αb R′. (III-2.32)
The rescaled superfields R′† and R′ are related to the old ones by
R′
†
= X−2
{
R† − 1
4
[
(XX¯)−1DαDα(XX¯) + Y αYα
]}
, (III-2.33)
R′ = X¯−2
{
R− 1
4
[
(XX¯)−1Dα˙Dα˙(XX¯) + Y¯α˙Y¯ α˙
]}
, (III-2.34)
with the definitions
Yα = (XX¯)
−1Dα(XX¯), Y¯ α˙ = (XX¯)−1Dα˙(XX¯). (III-2.35)
The torsion coefficients Tγb
α and T γ˙ bα˙, however, pick up additional terms under the su-
perfield rescalings,
T ′γb
α
= i(σcb)γ
αG′
c
+ iδγ
αG′b
− i
4
δγ
ασ¯β˙βb
{
(X−1Dβ + A′β)A′β˙ + (X¯−1Dβ˙ −A′β˙)A′β
}
, (III-2.36)
T ′
γ˙
bα˙ = i(σbc)
γ˙
α˙G
′c − iδγ˙ α˙G′b
+
i
4
δγ˙ α˙σ¯
β˙β
c
{
(X−1Dβ + A′β)A′β˙ + (X¯−1Dβ˙ −A′β˙)A′β
}
. (III-2.37)
The rescaled superfield G′
ββ˙
= σb
ββ˙
G′b is defined as
G′
ββ˙
= (XX¯)−1
{
Gββ˙ −
1
2
[Dβ), ( Dβ˙] log(XX¯) + YβY¯β˙
}
. (III-2.38)
The purpose of this detailed presentation of superfield rescalings and their consequences
for the superspace torsion is twofold. First of all, in the case A′α = 0, A
′
α˙ = 0 the usual
13Solutions to the Bianchi identities in terms of R, R† and Ga are presented in section III-3 and
appendix B.
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super-Weyl or Howe-Tucker transformations, which leave the torsion constraints invariant,
are reproduced. Second, if X and X¯ are kept arbitrary, the supervolume E of the moving
frame in superspace changes as
E ′ = E(XX¯)2. (III-2.39)
This shows that for the particular field dependent rescalings of parameters
X = X¯ = e−
1
12
K(φ,φ¯), (III-2.40)
the kinetic action (III-2.1) takes the form
Lkin = −3
∫
E ′. (III-2.41)
That is, the kinetic Lagrangian action is the integral over a new superspace defined with
the supervolume E ′. In addition, in this case, from (III-2.40) and (III-2.27), (III-2.30)
one obtains
A′γ = +
1
4
D′γK(φ, φ¯), (III-2.42)
A′
γ˙
= −1
4
D′γ˙K(φ, φ¯). (III-2.43)
The primed spinor derivatives are, of course, given as
D′γ = X−1Dγ D′γ˙ = X¯−1Dγ˙. (III-2.44)
At this stage it is very suggestive to interprete the additional terms in (III-2.25), (III-
2.26) and (III-2.28), (III-2.29) not as unfortunate contributions to the torsion but rather
as superfield gauge potentials associated to the structure group of a modified superspace
geometry which realizes Ka¨hler transformations as field dependent chiral rotations. To
see this more clearly observe that the new frame is related to the old one by
E ′M
a
= e−
1
6
K(φ,φ¯) EM
a, (III-2.45)
E ′M
α
= e−
1
12
K(φ,φ¯)
(
EM
α − i
12
EM
b(ǫσb)
α
α˙Dα˙K(φ, φ¯)
)
, (III-2.46)
E ′Mα˙ = e
− 1
12
K(φ,φ¯)
(
EMα˙ − i
12
EM
b(ǫσ¯b)α˙
αDαK(φ, φ¯)
)
. (III-2.47)
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It is then easy to see that under the combination of Ka¨hler transformations and compen-
sating super-Weyl transformations these new variables transform homogeneously
E ′M
a 7→ E ′Ma, (III-2.48)
E ′M
α 7→ e− i2 ImFE ′Mα, (III-2.49)
E ′Mα˙ 7→ e+
i
2
ImFE ′Mα˙. (III-2.50)
Indeed, these transformations represent chiral rotations of parameter −i/2 ImF and chiral
weights w(EM
a) = 0, w(EM
α) = 1, w(EMα˙) = −1. Likewise, by the same mechanism, the
superfields R′, R′† and G′b undergo chiral rotations of weights w(R
′) = 2, w(R′†) = −2
and w(G′b) = 0.
The corresponding gauge potential 1-form in superspace is then identified to be
A′ = E ′
a
A′a + E
′αA′α + E
′
α˙A
′α˙, (III-2.51)
with field strength F ′ = dA′. The spinor coefficients A′α and A
′α˙ are given by (III-2.42)
and (III-2.43) and give rise to
F ′βα = 0, F
′β˙α˙ = 0. (III-2.52)
The equation for the field strength F ′β
α˙ allows to determine the vector component
A′αα˙ =
i
2
(D′α + A′α)A′α˙ +
i
2
(D′α˙ −A′α˙)A′α −
i
2
F ′αα˙. (III-2.53)
Comparing (III-2.53) to (III-2.36), (III-2.37) and substituting appropriately yields
T ′γb
α
= i(σcb)γ
αG′
c
+ iδγ
α(G′b +
1
2
F ′b) + δγ
αA′b, (III-2.54)
T ′γ˙ bα˙ = i(σ¯bc)
γ˙
α˙G
′c − iδγ˙ α˙(G′b +
1
2
F ′b)− δγ˙ α˙A′b. (III-2.55)
Note that in this construction, A′b and F
′
b always appear in the combination A
′
b + i/2F
′
b.
As a consequence of their definition, the coefficients of the connection 1-form A′ change
under transformations (III-2.7), (III-2.8) as
A′α 7→ e+ i2 ImF (A′α + i
2
D′α ImF ), (III-2.56)
A′
α˙ 7→ e− i2 ImF (A′α˙ + i
2
D′α˙ ImF ), (III-2.57)
A′a 7→ (A′a + i
2
D′a ImF ). (III-2.58)
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Taking into account the properties of the rescaled frame, the transformation law for the
1-form A′ in superspace becomes simply
A′ 7→ A′ + i
2
d ImF. (III-2.59)
To summarize, the matter field dependent superfield rescalings of frame and Lorentz
connection, which might have appeared embarrassing in the first place, because they
changed the geometric structure, actually led to a very elegant and powerful description
of matter fields in the presence of supergravity. The most remarkable feature is that, in
the supersymmetric case, matter and gravitation lend themselves concisely to a unified
geometric description. Due to the close analogy between the Ka¨hler potential and the pre-
potential of supersymmetric gauge theory it is possible to include Ka¨hler transformations
in the structure group of superspace geometry. They are realized by chiral rotations as
explained in detail above and the Ka¨hler potential takes the place of the corresponding
pre-potential. The superspace potentials can then be used to construct Ka¨hler covariant
spinor and vector derivatives, Ka¨hler transformations are thus defined from the beginning
at the full superfield level and imbedded in the geometry of superspace.
Furthermore, we have seen in (III-2.41), that the kinetic action for both supergravity
and matter fields is given by minus three times the volume of superspace. Its expansion
in terms of component fields gives immediately the correctly normalized kinetic terms for
all the component fields without any need for rescalings or complicated integrations by
parts at the component field level.
III-3 U(1) Superspace Geometry
The result of the construction in the preceding section has a natural explanation in the
framework of U(1) superspace geometry, which will be reviewed in this section. In this
approach, the conventional superspace geometry is enlarged to include a chiral U(1) factor
in the structure group. As a consequence, the basic superfields of the new geometry are the
supervielbein EM
A(z) and the Lorentz gauge connection φMB
A(z) together with a gauge
potential AM(z) for chiral U(1) transformations. These superfields define coefficients of
1-forms in superspace such that
EA = dzMEM
A(z), (III-3.1)
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φB
A = dzMφMB
A(z), (III-3.2)
A = dzMAM(z). (III-3.3)
Torsion and field strengths are then defined with the help of the exterior derivative d in
superspace
TA = dEA + EBφB
A + w(EA)EAA, (III-3.4)
RB
A = dφB
A + φB
CφC
A, (III-3.5)
F = dA. (III-3.6)
The chiral U(1) weights w(EA) are defined as
w(Ea) = 0, w(Eα) = 1, w(Eα˙) = −1. (III-3.7)
The non-vanishing parts φb
a, φβ
α, φβ˙ α˙ of φB
A (the Lorentz connection) are related
among each other as usual,
φβ
α = −1
2
(σba)β
α
φba, φ
β˙
α˙ = −
1
2
(σ¯ba)β˙ α˙φba. (III-3.8)
As is well-known [53], for this choice of structure group, the Lorentz curvature and U(1)
field strength,
RB
A =
1
2
ECEDRDC B
A, (III-3.9)
F =
1
2
ECEDFDC , (III-3.10)
are completely defined in terms of the coefficients of the torsion 2-form,
TA =
1
2
EBECTCB
A, (III-3.11)
and covariant derivatives thereof as a consequence of the superspace Bianchi identities,
DTA −EBRBA − w(EA)EAF = 0. (III-3.12)
In the present case, covariant derivatives are understood to be covariant with respect
to both Lorentz and U(1) transformations. The covariant derivative of a generic superfield
XA of chiral weight w(XA) is defined as
DBXA = EBM∂MXA − φBACXC + w(XA)ABXA, (III-3.13)
49
with (graded) commutator
(DC ,DB)XA = −TCBFDFXA −RCB AFXF + w(XA)FCBXA. (III-3.14)
The chiral weights of the various objects are related to that of the vielbein, EA, in a
simple way, e.g.
w(DA) = −w(EA),
w(TCB
A) = w(EA)− w(EB)− w(EC),
w(RCB A
F ) = −w(EB)− w(EC). (III-3.15)
Finally, the vielbein EA, the covariant derivative DA and the U(1) gauge potential AA
change under chiral U(1) structure group transformations g as
EA 7→ EAgw(EA), (III-3.16)
DA 7→ g−w(EA)DA, (III-3.17)
AA 7→ g−w(EA)
(
AA − g−1EAM∂Mg
)
. (III-3.18)
As said in the introduction, the choice of structure group largely determines the U(1) su-
perspace geometry, which is further specified by appropriate covariant torsion constraints.
For instance, combination of the covariant chirality conditions with the commutation re-
lation (III-3.14) suggests
Tγβ
a = 0, T γ˙β˙a = 0. (III-3.19)
For a more complete presentation, we refer to [92], and references therein. Here, we content
ourselves to sketch out the essential features of the resulting structure in superspace.
First of all, we note that all the coefficients of torsion and of Lorentz and U(1) field
strengths are given in terms of the covariant superfields R,R† (respectively chiral and
antichiral) and Ga (real) of canonical dimension 1 and of the Weyl spinor superfields
Wγβα
⌣
and W
γ˙β˙α˙
⌣
of canonical dimension 3/2.
Moreover the only non-vanishing component at dimension zero is the constant torsion
already present in rigid superspace,
Tγ
β˙a = −2i(σaǫ)γ β˙. (III-3.20)
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We then proceed in the order of increasing canonical dimension. At dimension1/2, all the
torsion coefficients vanish whereas at dimension 1 the above mentioned superfields R,R†
and Ga are identified as
Tγbα˙ = −iσbγα˙R† , Tγbα = i
2
(σcσ¯b)γ
αGc, (III-3.21)
T γ˙ b
α
= −iσ¯γ˙αb R , T γ˙ bα˙ = −
i
2
(σ¯cσb)
γ˙
α˙G
c. (III-3.22)
The purely vector torsion is taken to vanish
Tcb
a = 0. (III-3.23)
At dimension 3/2, the super-covariant Rarita-Schwinger (super)field strengths Tcb
α
and Tcbα˙ are most conveniently displayed in spinor notation
Tγγ˙ ββ˙
A = σcγγ˙ σ
b
ββ˙
Tcb
A. (III-3.24)
Together with Gαα˙ = σ
a
αα˙Ga we obtain
Tγγ˙ ββ˙ α = +2ǫγ˙β˙Wγβα⌣
+
2
3
ǫγ˙β˙(ǫαβSγ + ǫαγSβ)− 2ǫγβTγ˙β˙
⌣
α
, (III-3.25)
T
γ˙β˙
⌣
α
= −1
4
(Dγ˙Gαβ˙ +Dβ˙Gαγ˙), (III-3.26)
Sγ = −DγR + 1
4
Dγ˙Gγγ˙ (III-3.27)
and
Tγγ˙ ββ˙ α˙ = −2ǫγβWγ˙β˙α˙
⌣
− 2
3
ǫγβ(ǫα˙β˙Sγ˙ + ǫα˙γ˙Sβ˙) + 2ǫγ˙β˙Tγβ
⌣
α˙, (III-3.28)
Tγβ
⌣
α˙ = +
1
4
(DγGβα˙ +DβGγα˙), (III-3.29)
Sγ˙ = +Dγ˙R† − 1
4
DγGγγ˙ . (III-3.30)
The U(1) weights of the basic superfields appearing in (III-3.21), (III-3.22) and (III-
3.27), (III-3.30) are
w(R) = 2, w(R†) = −2,
w(Ga) = 0, (III-3.31)
w(Wγβα
⌣
) = 1, w(W
γ˙β˙α˙
⌣
) = −1.
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As already mentioned above, the coefficients of Lorentz curvatures and U(1) field
strengths are expressed in terms of these few superfields. At dimension one we obtain
Rδγ ba = 8(σbaǫ)δγR
†, (III-3.32)
Rδ˙γ˙ ba = 8(σ¯baǫ)
δ˙γ˙R, (III-3.33)
Rδ
γ˙
ba = −2iGd(σcǫ)δγ˙ǫdcba, (III-3.34)
for the Lorentz curvatures whereas the chiral U(1) field strengths are given by
Fβα = 0, F
β˙α˙ = 0, (III-3.35)
Fβ
α˙ = 3(σaǫ)β
α˙Ga. (III-3.36)
At dimension 3/2, we find
Rδc ba = iσcδδ˙Tba
δ˙ + iσbδδ˙Tca
δ˙ + iσaδδ˙Tbc
δ˙, (III-3.37)
Rδ˙c ba = iσ¯
δ˙δ
c Tbaδ + iσ¯
δ˙δ
b Tcaδ + iσ¯
δ˙δ
a Tbcδ (III-3.38)
and
Fδc =
3i
2
DδGc + i
2
σcδδ˙X¯
δ˙, F δ˙c =
3i
2
Dδ˙Gc − i
2
σ¯δ˙δc Xδ, (III-3.39)
with the definitions
Xδ = DδR−Dδ˙Gδδ˙, X¯ δ˙ = Dδ˙R† +DδGδδ˙. (III-3.40)
Finally, having expressed torsions, curvatures and U(1) field strengths in terms of few
covariant superfields, the Bianchi identities themselves are now represented by a small set
of rather simple conditions, such as
DαW¯γ˙β˙α˙
⌣
= 0, Dα˙Wγβα
⌣
= 0, (III-3.41)
or
DαTcbα +Dα˙Tcbα˙ = 0, (III-3.42)
for these superfields. A detailed account of these relations is given in B-2.
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Let us stress, that the complex superfield R, subject to chirality conditions
DαR† = 0, Dα˙R = 0, (III-3.43)
plays a particularly important role, it contains the curvature scalar in its superfield ex-
pansion. As in our language superfield expansions are replaced by successive applications
of spinor derivatives, the relevant relation is
D2R + D¯2R† = −2
3
Rba
ba − 2
3
DαXα + 4GaGa + 32RR†. (III-3.44)
Interestingly enough the curvature scalar is necessarily accompanied by the D-term super-
field DαXα = −2D of the U(1) gauge sector, described in terms of the gaugino superfields
Xα and X¯
α˙ subject to the usual chirality and reality conditions
DαX¯ α˙ = 0, Dα˙Xα = 0, (III-3.45)
DαXα −Dα˙X¯ α˙ = 0. (III-3.46)
This shows very clearly that generic U(1) superspace provides the natural framework for
the description of gauged R-transformations [73], [10], [146], [35], [30]. Relation (III-3.44)
shows that supersymmetric completion of the (canonically normalized) curvature scalar
action induces a Fayet-Iliopoulos term for gauged R-transformations.
At this point we wish to make a digression to indicate how the superspace geometry
described above can be related to that of [115] and restricted to the superspace geometry
relevant to the minimal supergravity multiplet. To this end, call A0 the U(1) gauge poten-
tial of the superspace geometry described here and A1 the U(1) gauge potential of [115].
The two (equivalent) descriptions are related through
A1 = A0 − 3i
2
EaGa. (III-3.47)
On the other hand, the superspace geometry of [153] is recovered by
A1 = 0, Xα = 0, X¯
α˙ = 0, (III-3.48)
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giving rise (among other things) to
T o.mγb
α = +
3i
2
δγ
αGb +
i
2
Gc(σcσ¯b)γ
α, (III-3.49)
T o.mγ˙bα˙ = −3i
2
δγ˙ α˙Gb − i
2
Gc(σ¯cσ¯b)
γ˙
α˙ (III-3.50)
and
DαR = Dα˙Gαα˙ Dα˙R† = −DαGαα˙. (III-3.51)
In this sense U(1) superspace is the underlying framework for both minimal supergravity
and its coupling to matter. Note, en passant, that in [115] the other two supergravity mul-
tiplets, non-minimal and new minimal, have been derived from generic U(1) superspace
as well.
III-4 Formulation in Ka¨hler Superspace
As pointed out earlier, the description of supersymmetric nonlinear sigma models [164]
as well as the construction of supergravity/matter couplings [41, 42, 38, 39, 6, 7, 21, 20]
is based on an intriguing analogy between Ka¨hler geometry and supersymmetric gauge
theory, which are both defined by means of differential constraints. In Ka¨hler geometry the
fundamental 2-form of complex geometry is required to be closed whereas supersymmetric
gauge theory is characterized by covariant constraints as explained in section II-3. The
constraints imply that the Ka¨hler metric is expressed in terms of derivatives of the Ka¨hler
potential whereas, on the other hand, the superspace gauge potential is expressed in terms
of a pre-potential. Pre-potential transformations, which are chiral superfields should then
be compared to Ka¨hler transformations which are holomorphic functions of the complex
coordinates.
Matter superfields, on the other hand, are given by chiral superfields. It remains to
promote the complex coordinates of the Ka¨hler manifold to chiral superfields: holomorphic
functions of chiral superfields are still chiral superfields. Correspondingly, the Ka¨hler
potential becomes a function of the chiral and antichiral superfield coordinates. The
geometry of the supersymmetry coupling is then obtained by replacing the gauge potential
in U(1) superspace by the superfield Ka¨hler potential [21, 20, 98].
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In section III-4.1 we present the basic features of this geometric structure in a self-
contained manner. In section III-4.2 we include Yang-Mills interactions (-cf. appendix
B for their formulation in U(1) superspace). Gauged superfield isometries of the Ka¨hler
metric are treated in appendix C. We also study carefully the supergravity transforma-
tions of the whole system. Finally in section III-4.3 invariant superfield actions and the
corresponding superfield equations of motion will be discussed.
III-4.1 Definition and properties of Ka¨hler superspace
Ka¨hler superspace geometry is defined as U(1) superspace geometry, presented in section
III-3, with suitable identification of the U(1) pre-potential and pre-gauge transformations
with the Ka¨hler potential and Ka¨hler transformations. The relevant version of U(1) su-
perspace geometry is the one where the U(1) structure group transformations are realized
in terms of chiral and antichiral superfields as described in (II-2.2) for the ( 1
2
, 1
2
) basis,
where most of the work has already been done. As a matter of fact, the structures devel-
oped there in the framework of rigid superspace are very easily generalized to the present
case of curved U(1) superspace geometry. To begin with, the solution of (III-3.35) is given
as
Aα = −T−1EαM∂MT, (III-4.1)
Aα˙ = −U−1Eα˙M∂MU, (III-4.2)
with EA
M now the full (inverse) frame of U(1) superspace geometry. As anticipated in
section (II-2.2) the geometric structure relevant to the superspace formulation of super-
gravity/matter coupling is the basis (a, b) = ( 1
2
, 1
2
). In this basis one has
Aα( 12) = −
1
2
W−1Eα
M( 1
2
)∂MW, (III-4.3)
Aα˙( 1
2
) = +
1
2
W−1Eα˙M( 1
2
)∂MW, (III-4.4)
where W = T U−1 transforms as given in (II-2.34). For the vielbein we have
EA( 1
2
) 7→ [PQ]−w(A)2 EA( 1
2
) (III-4.5)
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and
Aα( 12) 7→ (PQ)1/2
[
Aα( 12) +
1
2
Eα
M( 1
2
)∂M logQ
]
, (III-4.6)
Aα˙( 1
2
) 7→ (PQ)−1/2
[
Aα˙( 1
2
) +
1
2
Eα˙M( 1
2
)∂M logP
]
. (III-4.7)
In order to make contact with the superspace structures obtained in section II-2, we
relate W to the Ka¨hler-potential K(φ, φ¯) and P and Q to the Ka¨hler transformations
F (φ) and F (φ¯). It is very easy to convince oneself that the identifications
W = exp(−K(φ, φ¯) / 2), (III-4.8)
P = exp (−F¯ (φ¯) / 2), (III-4.9)
Q = exp (+F (φ) / 2), (III-4.10)
reproduce exactly the geometric structures obtained at the end of section III-2 after
superfield rescalings. The primed quantities defined there are identical with the U(1)
superspace geometry in the ( 1
2
, 1
2
) basis after the identifications (III-4.8) - (III-4.10), i.e.
E ′
A
= EA( 1
2
), (III-4.11)
A′ = A( 1
2
). (III-4.12)
In particular, from (II-2.34) we recover the Ka¨hler transformations
K(φ, φ¯) 7→ K(φ, φ¯) + F (φ) + F¯ (φ¯). (III-4.13)
Moreover, (III-4.3), (III-4.4) reproduce (III-2.42), (III-2.43), and (III-4.6), (III-4.7) corre-
spond exactly to (III-2.56), (III-2.57).
We have thus constructed the superspace geometry relevant for the description of su-
pergravity/matter couplings and at the same time established the equivalence with the more
traditional formulation.
In this new kind of superspace geometry, called Ka¨hler superspace geometry, or UK(1)
superspace geometry, the complete action for the kinetic terms of both supergravity and
matter fields is given by the superdeterminant of the frame in superspace. Expression of
56
this superfield action in terms of component fields leads to the correctly normalized com-
ponent field actions without any need for rescalings. Invariance under superfield Ka¨hler
transformations is achieved ’ab initio without any need for compensating transformations.
The local frame EA is subject to both Lorentz and Ka¨hler transformations in a well
defined way. Covariance of the torsion 2-form is achieved with the help of gauge potentials
φB
A and A for Lorentz and Ka¨hler transformations respectively,
TA = dEA + EBφB
A + w(EA)EAA. (III-4.14)
The complete expression is the same as in U(1) superspace geometry, except that the
chiral gauge potential is no longer an independent field but rather expressed in terms of
the Ka¨hler potential K(φ, φ¯). Hence this superspace torsion contains at the same time
supergravity and matter fields! The Ka¨hler transformations of A are induced from those
of the Ka¨hler potential, i.e.
K(φ, φ¯) 7→ K(φ, φ¯) + F (φ) + F¯ (φ¯), (III-4.15)
to be
A 7→ A+ i
2
d ImF. (III-4.16)
At the same time the frame is required to undergo the chiral rotation
EA 7→ EA e− i2 w(EA) ImF , (III-4.17)
ensuring a covariant transformation law of the superspace torsion,
TA 7→ TA e− i2 w(EA) ImF . (III-4.18)
Its coefficients are subject to the same constraints as those of U(1) superspace and there-
fore the tensor decompositions as obtained from the analysis of superspace Bianchi iden-
tities remain valid. For details we refer to appendix B.
We shall, however, present in detail the structure of the U(1) gauge sector, in particular
the special properties which arise from the parametrization of A in terms of the Ka¨hler
potential K(φ, φ¯), namely
Aα =
1
4
Eα
M∂MK(φ, φ¯), A
α˙ = −1
4
Eα˙M∂MK(φ, φ¯), (III-4.19)
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Aαα˙ − 3i
2
Gαα˙ =
i
2
(DαAα˙ +Dα˙Aα) . (III-4.20)
It follows that its field strength 2-form, F = dA, has the spinor coefficients
Fβα = 0, F
β˙α˙ = 0, Fβ
α˙ = 3(σaǫ)β
α˙Ga. (III-4.21)
Of course, this reproduces the structure of the constraints already encountered in U(1)
superspace which implies also
Fβa − 3i
2
DβGa = + i
2
σaββ˙X¯
β˙, (III-4.22)
F β˙a − 3i
2
Dβ˙Ga = − i
2
σ¯β˙βa Xβ, (III-4.23)
with
Xα = DαR−Dα˙Gαα˙, (III-4.24)
X¯ α˙ = Dα˙R† +DαGαα˙. (III-4.25)
In the absence of matter, the superfields Xα, X¯
α˙ vanish and we are left with standard
superspace supergravity. In the presence of matter they are given in terms of the Ka¨hler
potential as
Xα = −1
8
(D¯2 − 8R)DαK(φ, φ¯), (III-4.26)
X¯ α˙ = −1
8
(D2 − 8R†)Dα˙K(φ, φ¯). (III-4.27)
These expressions are simply a consequence of the explicit definitions given so far.
In an alternative, slightly more illuminating way, we may write A as14
A =
1
4
(Kkdφ
k −Kk¯dφ¯k¯) +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)
, (III-4.28)
where Kk and Kk¯ stand for the derivatives of the Ka¨hler potential with respect to φ
k and
φ¯k¯, this way of writing A is more in line with Ka¨hler geometry. The exterior derivative
of A,
F = dA =
1
2
gkk¯dφ
kdφ¯k¯ +
i
8
d
[
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)]
, (III-4.29)
14Note that the term containing Ga originates from our particular choice of constraint (III-3.36) i.e.
Fβ
α˙ = 3(σaǫ)β
α˙
Ga.
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yields the superspace analogue of the fundamental form in ordinary Ka¨hler geometry, with
complex coordinates replaced by chiral superfields (the additional term is not essential
and could have been absorbed in a redefinition of the vector component of A).
This form of F is also very convenient to derive directly the explicit expression of Xα
and of X¯ α˙ in terms of the matter superfields, avoiding explicit evaluation of the spinor
derivatives in (III-4.27), (III-4.28). A straightforward identification in Fβa resp. F
β˙
a
shows that
Xα = − i
2
gkk¯σ
a
αα˙DaφkDα˙φ¯k¯ +
1
2
gkk¯Dαφk F¯ k¯, (III-4.30)
X¯ α˙ = − i
2
gkk¯σ¯
aα˙αDaφ¯k¯Dαφk + 1
2
gkk¯Dα˙φ¯k¯F k. (III-4.31)
Here we have used the definitions,
F k = −1
4
D2φk, F¯ k¯ = −1
4
D¯2φ¯k¯. (III-4.32)
The covariant derivatives are defined as
Dαφk = EαM∂Mφk, Dα˙φ¯k¯ = Eα˙M∂M φ¯k¯, (III-4.33)
DBDαφk = EBM∂MDαφk − φBαϕDϕφk − ABDαφk + ΓkijDBφiDαφj, (III-4.34)
DBDα˙φ¯k¯ = EBM∂MDα˙φ¯k¯ − φBα˙ϕ˙Dϕ˙φ¯k¯ + ABDα˙φ¯k¯ + Γk¯ ı¯¯DBφ¯ı¯Dα˙φ¯¯, (III-4.35)
assuring covariance with respect to Lorentz and Ka¨hler transformations and (ungauged)
isometries of the Ka¨hler metric. The Levi-Civita symbols
Γkij = g
kl¯gil¯,j , Γ
k¯
ı¯¯ = g
lk¯glı¯,¯, (III-4.36)
are now, of course, functions of the matter superfields. Do not forget that, due to their
geometric origin, the superfields Xα, X¯
α˙ have the properties
Dα˙Xα = 0, DαX¯ α˙ = 0, (III-4.37)
DαXα = Dα˙X¯ α˙. (III-4.38)
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As we shall see later on, the lowest components of the superfields Xα, X¯
α˙, as well
as that of DαXα, appear in the construction of the component field action. In order to
prepare the ground for this construction we display here the superfield expression of the
Ka¨hler D-term. It is
− 1
2
DαXα = −gkk¯ηabDbφkDaφ¯k¯ −
i
4
gkk¯σ
a
αα˙DαφkDaDα˙φ¯k¯
− i
4
gkk¯σ
a
αα˙Dα˙φ¯k¯DaDαφk + gkk¯F kF¯ k¯
+
1
16
Rkk¯j¯DαφkDαφjDα˙φ¯k¯Dα˙φ¯¯, (III-4.39)
with covariant derivatives as defined above in (III-4.34), (III-4.35). The Riemann tensor
is given as
Rkk¯j¯ = gkk¯,j¯ − gll¯gkl¯,jglk¯,¯ . (III-4.40)
The terminology employed here concerning the notion of a D-term may appear unusual but
it is perfectly adapted to the construction in curved superspace, where explicit superfield
expansions are replaced by successively taking covariant spinor derivatives and projecting
to lowest superfield components. In this sense the lowest component of the superfield
DαXα indeed provides the complete and invariant geometric definition of the component
field D-term.
In our geometric formulation, this Ka¨hler D-term appears very naturally in the super-
field expansions of the superfields R,R† of the supergravity sector. To see this in more
detail, recall first of all the chirality properties,
DαR† = 0, Dα˙R = 0, (III-4.41)
with R,R† having chiral weights w(R) = 2 and w(R†) = −2, respectively. For the spinor
derivatives of the opposite chirality the Bianchi identities imply
DαR = −1
3
Xα − 2
3
(σcbǫ)αϕTcb
ϕ, (III-4.42)
Dα˙R† = −1
3
X¯ α˙ − 2
3
(σ¯cbǫ)
α˙ϕ˙
Tcbϕ˙. (III-4.43)
Applying once more suitable spinor derivatives and making use of the Bianchi identities
yields
D2R + D¯2R† = −2
3
Rba
ba − 2
3
DαXα + 4GaGa + 32RR†. (III-4.44)
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This relation will turn out to be crucial for the construction of the component field action.
III-4.2 The supergravity/matter/Yang-Mills system
Having established Ka¨hler superspace geometry as a general framework for the coupling
of supergravity to matter, it is quite natural to include couplings to supersymmetric
Yang-Mills theory as well. In terms of superspace the basic geometric objects for this
construction are
• EA = dzMEMA the frame of superspace,
• φk, φ¯k¯ the chiral matter superfields,
• A(r) = dzMAM (r) the Yang-Mills potential.
As we have already pointed out in section II-3, Yang-Mills couplings of supersymmetric
matter are described in terms of covariantly chiral superfields. It remains to couple the
matter/Yang-Mills system as described in section II-3 to supergravity, in combination
with the structure of Ka¨hler superspace. This is very easy. All we have to do is to write
all the equations of section II-3 in the background of Ka¨hler superspace. This will define
the underlying geometric structure of the supergravity/matter/Yang-Mills system15.
As to the geometry of the supergravity/matter sector, the Ka¨hler potential is now
understood to be given in terms of covariantly chiral superfields. As a consequence, the
composite U(1) Ka¨hler connection A, given before in (III-4.28), becomes now
A =
1
4
KkDφk − 1
4
Kk¯Dφ¯k¯ +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)
, (III-4.45)
simply as a consequence of covariant chirality conditions, the expressions (III-4.19), (III-
4.20) for the components AA being still valid. The covariant exterior derivatives
Dφk = dφk −A(r) (T(r)φ)k , Dφ¯k¯ = dφ¯k¯ +A(r) (φ¯T(r))k¯ , (III-4.46)
15More generally, the complex manifold of chiral matter superfields, in the sense of Ka¨hler geome-
try, could be endowed with gauged isometries, compatible with supersymmetry. We have deferred the
description of the corresponding geometric structure in superspace to appendix C, see also [18].
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appearing here are now defined in the background of Ka¨hler superspace. The superfields
Xα, X¯
α˙, previously given in (III-4.30), (III-4.31), are still identified as the field strength
components Fβa resp. F
β˙
a. They take now the form
Xα = − i
2
gkk¯Daφk σaαα˙Dα˙φ¯k¯ +
1
2
gkk¯ F¯
k¯Dαφk − 1
2
W(r)α K(r) (III-4.47)
X¯ α˙ = − i
2
gkk¯Daφ¯k¯ σ¯a α˙αDαφk +
1
2
gkk¯ F
kDα˙φ¯k¯ − 1
2
W(r)α˙K(r). (III-4.48)
The derivatives are covariant with respect to the Yang-Mills gauge structure and we have
defined
K(r) = Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯
. (III-4.49)
Likewise, the Ka¨hler D-term superfield -cf. (III-4.39),
− 1
2
DαXα = −gkk¯ ηabDaφkDbφ¯k¯ −
i
4
gkk¯ σ
a
αα˙DαφkDaDα˙φ¯k¯
− i
4
gkk¯ σ
a
αα˙Dα˙φ¯k¯DaDαφk + gkk¯ F kF¯ k¯
+
1
16
Rj¯kk¯DαφkDαφj Dα˙φ¯k¯Dα˙φ¯¯
−gkk¯
(
φ¯T(r)
)k¯W(r)α Dαφk + gkk¯ (T(r)φ)kW(r)α˙ Dα˙φ¯k¯
+
1
4
DαW(r)α
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
, (III-4.50)
receives additional terms due to the Yang-Mills couplings. Observe that covariant deriva-
tives refer to all symmetries, the definitions (III-4.34), (III-4.35) are replaced by
DBDαφk = EBM∂MDαφk − φBαϕDϕφk −A(r)B
(
T(r)Dαφ
)k
−ABDαφk + ΓkijDBφiDαφj, (III-4.51)
DBDα˙φ¯k¯ = EBM∂MDα˙φ¯k¯ − φBα˙ϕ˙Dϕ˙φ¯k¯ +A(r)B
(Dα˙φ¯T(r))k¯
+ABDα˙φ¯k¯ + Γk¯ ı¯¯DBφ¯ı¯Dα˙φ¯¯, (III-4.52)
with AB identified in (III-4.45). In terms of these covariant derivatives the superfields F
k
and F¯ k¯ are still defined as in (III-4.32).
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Based on this geometric formulation, we can now proceed to derive supersymmetry
transformations in terms of superfields, as in appendix C-3, and in component fields, as
in section IV-3. Invariant actions in superspace and superfield equations of motion are
discussed below, section III-4.3, and in appendix D, whereas component field actions,
derived from superspace, are given in sections IV-4 and IV-5.
III-4.3 Superfield actions and equations of motion
Invariant actions in superspace supergravity are obtained upon integrating superspace
densities over the commuting and anticommuting directions of superspace. Densities, in
this case, are constructed with the help of E, the superdeterminant of EM
A. As we have
already alluded to above, the supergravity action in standard superspace geometry is just
the volume of superspace. In our present situation where both supergravity and matter
occur together in a generalized superspace geometry, the volume element corresponding to
this superspace geometry yields the complete kinetic actions for the supergravity/matter
system. To be more precise, the kinetic terms for the supergravity/matter system in our
geometry are obtained from
Asupergravity+matter = −3
∫
∗
E, (III-4.53)
where the asterisk denotes integration over space-time and superspace. The action of the
kinetic terms of the Yang-Mills multiplet, coupled to supergravity and matter, is given as
AYang−Mills = 1
8
∫
∗
E
R
f(r)(s)(φ)W(r)αW(s)α +
1
8
∫
∗
E
R†
f¯(r)(s)(φ¯)W(r)α˙ W(s)α˙, (III-4.54)
whereas the superpotential coupled to supergravity is obtained from
Asuperpotential = 1
2
∫
∗
E
R
eK/2W (φ) +
1
2
∫
∗
E
R†
eK/2W (φ¯). (III-4.55)
Clearly, these actions are invariant under superspace coordinate transformations, what
about invariance under Ka¨hler transformations?
First of all, the superfields R and R† have chiral weights w(R) = 2 and w(R†) = −2,
respectively, so their Ka¨hler transformations are
R 7→ Re−2i ImF , R† 7→ R† e+2i ImF . (III-4.56)
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The Yang-Mills action is invariant provided the symmetric functions f(r)(s)(φ) = f(s)(r)(φ)
and f¯(r)(s)(φ¯) = f¯(s)(r)(φ¯) are inert under Ka¨hler transformations. The superpotential
terms are invariant, provided the superpotential transforms as
W (φ) 7→ e−F W (φ), W (φ¯) 7→ e−F¯ W (φ¯). (III-4.57)
In this case, although neither the Ka¨hler potential nor the superpotential are tensors with
respect to Ka¨hler transformations, the combinations
eK/2W, eK/2W, (III-4.58)
have perfectly well defined chiral weights, namely:
w(eK/2W ) = 2, w(eK/2W ) = −2. (III-4.59)
As to Yang-Mills symmetries, the kinetic term of the supergravity/matter system is ob-
viously invariant, so is the superpotential term, by construction. The Yang-Mills term
itself is invariant provided
i
(
T(p)φ
)k ∂
∂φk
f(r)(s)(φ) = c(p)(r)
(t)f(t)(s)(φ) + c(p)(s)
(t)f(t)(r)(φ), (III-4.60)
−i (φ¯T(p))k¯ ∂
∂φ¯k¯
f¯(r)(s)(φ¯) = c(p)(r)
(t)f¯(t)(s)(φ¯) + c(p)(s)
(t)f¯(t)(r)(φ¯), (III-4.61)
that is, provided f(r)(s)(φ) and f¯(r)(s)(φ¯) transform as the symmetric product of two adjoint
representations of the Yang-Mills structure group.
We still have to justify that the superfield actions presented above indeed correctly
describe the dynamics of the supergravity/matter system. One way to do so is to simply
work out the corresponding component field actions - this will be done in the next chapter.
Another possibility is to derive the superfield equations of motion - this will be done here.
To begin with, the variation of the action A = ∫ d4xL(x) for the supergravity/matter
kinetic terms can be written as
δASupergravity+Matter = −3
∫
∗
EHA
A(−)a, (III-4.62)
where we have defined
HB
A = EB
MδEM
A. (III-4.63)
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This is not the end of the story, however. The vielbein variations by themselves are
not suitable, because of the presence of the torsion constraints. Solving the variational
equations of the torsion constraints allows to express the vielbein variations in terms of
unconstrained superfields and to derive the correct superfield equations of motion [158].
In our case the matter fields must be taken into account as well. Again, their variations
themselves are not good - we have to solve first the variational equations for the chirality
constraints to identify the unconstrained variations. Similar remarks hold for the Yang-
Mills sector. In appendix D a detailed derivation of the equations of motion is presented;
here we content ourselves to state the results:
The complete action is given as
A = ASupergravity+Matter +AYang−Mills +ASuperpotential. (III-4.64)
The superfield equations of motion are then:
• Supergravity sector
R− 1
2
eK/2 W (φ) = 0, (III-4.65)
R† − 1
2
eK/2 W (φ¯) = 0, (III-4.66)
Gb +
1
8
σ¯α˙αb gkk¯DαφkDα˙φ¯k¯ −
1
8
σ¯α˙αb
(
f + f¯
)
(r)(s)
W(r)α W(s)α˙ = 0. (III-4.67)
• Yang-Mills sector
1
2
f(r)(s)(φ)DαW(s)α −
1
2
∂f(r)(s)
∂φk
DαφkW(s)α
+
1
2
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
+ h.c. = 0, (III-4.68)
• Matter sector
gkk¯F¯
k¯ +
1
4
∂f(r)(s)
∂φk
W(r)αW(s)α + eK/2W
∂
∂φk
log
(
eKW
)
= 0, (III-4.69)
gkk¯F
k +
1
4
∂f¯(r)(s)
∂φ¯k¯
W(r)α˙ W(s)α˙ + eK/2W
∂
∂φ¯k¯
log
(
eKW¯
)
= 0. (III-4.70)
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The lowest components in the superfield expansion provide the algebraic equations
for the auxiliary fields. The equations of motion of all the other component fields of the
supergravity/matter system are contained at higher orders in the superfield expansion.
They are most easily obtained by suitably applying spinor derivatives and projecting
afterwards to lowest superfield components.
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IV COMPONENT FIELD FORMALISM
The superspace approach presented in the previous section provides a concise and coherent
framework for the component field construction of the general supergravity/matter/Yang-
Mills system. Supersymmetry and Ka¨hler transformations of the component fields derive
directly from the geometric structure, the corresponding invariant component field ac-
tion has a canonically normalized curvature scalar term, without any need of component
field Weyl rescalings. This should be contrasted with the original component field ap-
proach [41, 42, 38, 39], where normalization of the action and invariance under Ka¨hler
phase transformations appeared only after a Weyl rescaling of the component fields or,
equivalently, a conformal gauge fixing [109, 110].
Anticipating on our results, we will see that the supergravity/matter Lagrangian (III-
4.53), when projected to component fields, exhibits the kinetic Lagrangian density of the
matter sector as a Fayet-Iliopoulos D-term, i.e. it has the decomposition
Lsupergravity+matter = Lsupergravity + eDmatter. (IV-0.1)
Here e denotes the usual vierbein determinant e = det(em
a) and Dmatter is the D-term
pertaining to the Abelian Ka¨hler gauge structure of the previous section. More precisely,
the component field D-term derived from Ka¨hler superspace has the form
Dmatter = −1
2
DαXα + i
2
ψm
ασmαα˙X¯
α˙ +
i
2
ψ¯mα˙σ¯
mα˙αXα , (IV-0.2)
where the vertical bars denote projections to lowest superfield components of the super-
fields given respectively in (III-4.50), (III-4.47), (III-4.48). Recall that a D-term in global
supersymmetry may be understood as the lowest component of the superfield DαXα with
Xα = −1
8
D¯2DαK(φ, φ¯). (IV-0.3)
In this sense the Ka¨hler superspace construction is the natural generalization of Zumino’s
construction [164] of supersymmetric sigma models.
In subsection IV-1 we identify component fields and provide a method to derive super-
covariant component field strength and space-time derivatives. In subsection IV-2 we
discuss some more of the basic building blocks useful for the component field formulation,
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in particular for the geometric derivation of supersymmetry transformations of all the
component fields, which are given explicitly in subsection IV-3, and the component field
actions, constructed in subsections IV-4 and IV-5.
IV-1 Definition of Component Fields
As explained already in section II, component fields are obtained as projections to lowest
components of superfields. A supermultiplet is defined through successive application
of covariant spinor derivatives and subsequent projection to lowest components, as for
instance for the chiral multiplet in section II-2.3. Defined in this manner the component
fields are related in a natural way by Wess-Zumino transformations. The structure of a
supersymmetric theory, in particular the construction of invariant actions, as in section II-
2.4, is then completely determined by the algebra of covariant derivatives. This approach
avoids cumbersome expansions in the anticommuting variables and provides a geometric
realization of the Wess-Zumino gauge. It is of particular importance in the case of the
component field formalism for supergravity, as will be pointed out here.
In a first step we are going to identify the vierbein and the Rarita-Schwinger fields.
They appear as the dxm coefficients of the differential form EA = dzMEM
A. It is therefore
convenient to define systematically an operation which projects at the same time on the
dxm coefficients and on lowest superfield components, called the double bar projection [11].
To be more precise, we define
Ea = ea = dxmem
a(x), (IV-1.1)
Eα = eα =
1
2
dxmψm
α(x), Eα˙ = eα˙ =
1
2
dxmψ¯mα˙(x). (IV-1.2)
This identifies the vierbein field em
a(x) and thereby the usual metric tensor
gmn = em
aen
bηab, (IV-1.3)
as well as the gravitino field ψm
α, ψ¯mα˙, which is at the same time a vector and a Majorana
spinor. The factors 1/2 are included for later convenience in the construction of the
Rarita-Schwinger action.
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The definition of component fields as lowest superfield components defines unambigu-
ously their chiral UK(1) weights due to the geometric construction of the previous section.
As a consequence, the vierbein has vanishing weight whereas the Rarita-Schwinger field
is assigned chiral weights
w(ψm
α) = +1, w(ψ¯mα˙) = −1. (IV-1.4)
The remaining component fields are defined as
R = −1
6
M, R† = −1
6
M, Ga = −1
3
ba, (IV-1.5)
with chiral UK(1) weights
w(M) = +2, w(M) = −2, w(ba) = 0. (IV-1.6)
The vierbein and Rarita-Schwinger fields together with M , M and ba are the compo-
nents of the supergravity sector, M , M and ba will turn out to describe non-propagating,
or auxiliary fields.
Supergravity in terms of component fields is quite complex. However, when derived
from superspace geometry a number of elementary building blocks arise in a natural way,
allowing to gather complicated expressions involving the basic component fields and their
derivatives in a compact and concise way.
As a first example we consider the spin connection. In ordinary gravity with vanishing
torsion, the spin connection is given in terms of the vierbein and its derivatives. In the
supergravity case it acquires additional contributions, as we explain now. To begin with,
consider the torsion component T a = dEa + Ebφb
a, which is a superspace 2-form. The
component field spin connection is identified upon applying the double bar projection to
φb
a,
φb
a = ωb
a = dxmωmb
a(x). (IV-1.7)
Defining
φβ
α = ωβ
α = dxmωmβ
α(x), φβ˙ α˙ = ω
β˙
α˙ = dx
mωm
β˙
α˙(x), (IV-1.8)
for the spinor components, (III-1.4) gives rise to the usual relations
ωmβ
α = −1
2
(σba)β
α
ωmba, ωm
β˙
α˙ = −
1
2
(σ¯ba)β˙ α˙ ωmba. (IV-1.9)
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Then, applying the double bar projection to the full torsion yields
T a =
1
2
dxmdxn Tnm
a = dea + ebωb
a = Dea. (IV-1.10)
In this expression the exterior derivative is purely space-time. Using moreover
Tnm
a = Dnema −Dmena, (IV-1.11)
the component field covariant derivative of the vierbein is identified as
Dnema = ∂nema + embωn ba. (IV-1.12)
Seemingly this is the same expression as in ordinary gravity, so how does supersymmetry
modify it? To this end, we note that the double bar projection can be employed in an
alternative way, in terms of the covariant component field differentials eA defined above.
Taking into account the torsion constraints, in particular Tcb
a = 0, this reads simply
T a = eβ˙ e
γ Tγ
β˙a , (IV-1.13)
where only the constant torsion coefficient Tγ
β˙a = −2i(σaǫ)γ β˙ survives. Combining the
two alternative expressions for T a gives rise to
Dnema −Dmena = i
2
(ψnσ
aψ¯m − ψmσaψ¯n). (IV-1.14)
In view of the explicit form of the covariant derivatives, it is a matter of straightforward
algebraic manipulations to arrive at (σm = em
aσa)
ωmnp = epaen
bωmb
a =
1
2
(em
a∂nepa − epa∂mena − ena∂p ema)
−1
2
(em
a∂pena − ena∂mepa − epa∂nema)
+
i
4
(ψp σmψ¯n − ψmσnψ¯p − ψnσpψ¯m)
− i
4
(ψnσmψ¯p − ψmσpψ¯n − ψp σnψ¯m). (IV-1.15)
This shows how ωmb
a is expressed in terms of the vierbein, its derivatives and, in the
supersymmetric case, with additional terms quadratic in the gravitino (Rarita-Schwinger)
field.
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The Rarita-Schwinger component field strength is given terms of the covariant deriva-
tive of the gravitino field. As a consequence of the non-vanishing chiral UK(1) weights
(IV-1.4), contributions from the matter sector arise due to the presence of the component
A = dxmAm(x), (IV-1.16)
of the UK(1) gauge potential. In order to work out the explicit form of Am(x), the double
bar projection must be applied to the superspace 1-form
A =
1
4
KkDφk − 1
4
Kk¯ Dφ¯k¯ +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)
, (IV-1.17)
as given in (III-4.45). This in turn means that we need to define first matter and Yang-
Mills component fields and their covariant derivatives. Recall that the exterior Yang-Mills
covariant derivatives are defined as
Dφk = dφk −A(r) (T(r)φ)k , Dφ¯k¯ = dφ¯k¯ +A(r) (φ¯T(r))k¯ . (IV-1.18)
This shows that, for the definition of the component field Ka¨hler connection Am, we
need at the same time the component fields for the matter and Yang-Mills sectors. The
components of chiral, resp. antichiral superfields φk, resp. φ¯k¯ are defined as
φk = Ak, Dαφk =
√
2χkα, DαDαφk = −4F k, (IV-1.19)
φ¯k¯ = A¯k¯, Dα˙φ¯k¯ =
√
2χ¯k¯α˙, Dα˙Dα˙φ¯k¯ = −4F¯ k¯, (IV-1.20)
with indices k, k¯ referring to the Ka¨hler manifold (not to be confused with space-time
indices). As to the Yang-Mills potential we define
A = ia = idxmam, (IV-1.21)
whereas the remaining covariant components of the Yang-Mills multiplet are defined as
W β˙ = iλ¯β˙ , Wβ = −iλβ , DαWα = −2D. (IV-1.22)
Recall that all the components of this multiplet are Lie algebra valued, corresponding to
their identification in A = A(r)T(r) and F = F (r)T(r). We can now apply the double bar
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projection to A and identify A = dxmAm(x), where, for reasons of notational economy,
the same symbol Am for the superfield and its lowest component, i.e. Am(x) = Am , is
used. We obtain the explicit component field form by the double bar projection of the
covariant exterior derivatives of the matter superfields, i.e.
Dφk = dxm
(
∂mA
k − ia (r)m
(
T(r)A
)k)
, Dφ¯k¯ = dxm
(
∂mA¯
k¯ + ia (r)m
(
A¯T(r)
)k¯)
,
suggesting the definitions
DmAk = ∂mAk − ia (r)m
(
T(r)A
)k
, DmA¯k¯ = ∂mA¯k¯ + ia (r)m
(
A¯T(r)
)k¯
. (IV-1.23)
It is then straightforward to read off the explicit component field expression
Am +
i
2
em
aba =
1
4
KkDmAk − 1
4
Kk¯DmAk¯ +
i
4
gkk¯ χ
kσmχ¯
k¯, (IV-1.24)
this field dependent Ka¨hler connection will show up in any covariant derivative acting
on components with non-vanishing UK(1) weights. The spinor components of the Ka¨hler
connection are field dependent as well, they are given as -cf. (III-4.20)-
Aα =
1
2
√
2
Kk χ
k
α, Aα˙ = −
1
2
√
2
Kk¯ χ¯
k¯
α˙. (IV-1.25)
These terms will appear explicitly in various places of component field expressions later
on as well.
We can now turn to the construction of the super-covariant component field strength
Tcb
α for the gravitino. The relevant superspace 2-forms are T α = dEα+Eβφβ
α+EαA and
its conjugate Tα˙. The double bar projection of the field strength itself is then (α = α, α˙)
T α =
1
2
dxmdxn Tnm
α , (IV-1.26)
where
Tnm
α =
1
2
(Dnψmα −Dmψnα), (IV-1.27)
contains the covariant derivatives
Dnψmα = ∂nψmα + ψmβωnβα + ψmαAn, (IV-1.28)
Dnψ¯mα˙ = ∂nψ¯mα˙ + ψ¯mβ˙ωnβ˙α˙ − ψ¯mα˙An. (IV-1.29)
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On the other hand, we employ the double bar projection in terms of the covariant differ-
entials,
T α =
1
2
ebec Tcb
α + ebeγ Tγb
α + ebeγ˙ T
γ˙
b
α , (IV-1.30)
and similarly for Tα˙. Using the explicit form of the torsion coefficients appearing here, and
comparing the two alternative forms of T α gives rise to the component field expressions
Tcb
α =
1
2
eb
mec
n(Dnψmα −Dmψnα)
+
i
12
(ec
mψmσaσ¯b − ebmψmσaσ¯c)α ba
− i
12
(ec
mψ¯mσ¯b − ebmψ¯mσ¯c)αM, (IV-1.31)
and
Tcbα˙ =
1
2
eb
mec
n(Dnψ¯mα˙ −Dmψ¯nα˙)
− i
12
(ec
mψ¯mσ¯aσb − ebmψ¯mσ¯aσc)α˙ ba
− i
12
(ec
mψmσb − ebmψmσc)α˙M, (IV-1.32)
for the super-covariant gravitino field strength. The contributions of the matter and
Yang-Mills sector are hidden in the covariant derivatives through the definitions given
above.
Yet another important object in the component field formulation is the super-covariant
version of the curvature scalar, identified as Rab
ab . We use the same method as before
for its evaluation; the relevant superspace quantity is the curvature 2-form
Rb
a = dφb
a + φb
cφc
a. (IV-1.33)
The double bar projection yields
Rb
a =
1
2
dxmdxnRnmb
a , (IV-1.34)
where Rnmb
a is given in terms of ωmb
a. Note that, in distinction to ordinary gravity, the
explicit form of ωmb
a, given above in (IV-1.15) contains quadratic gravitino terms, which
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will give rise to complicated additional contributions in Rnmb
a . Fortunately enough,
in the present formulation, the projection technique takes care of these complications
automatically in a concise way. As to the curvature scalar, we use the notation
R(x) = eanebmRnmab . (IV-1.35)
The relation between Rab
ab and R(x) is once more obtained after employing the double
bar projection in terms of covariant differentials, i.e.
Rb
a =
1
2
ecedRdc b
a + eceδRδc b
a +
1
2
eγeδRδγ b
a , (IV-1.36)
Although our formalism is quite compact it requires still some algebra (the values of the
curvature tensor components present on the right-hand side can be found in appendix
B-3.) to arrive at the result
Rab
ab = R+ 2iebm(ψmσaǫ)ϕ˙T abϕ˙ + 2iebm(σaψ¯m)ϕT abϕ
−1
3
Mψmσ
mnψn − 1
3
Mψ¯mσ¯
mnψ¯n − i
3
εklmnbkψlσmψ¯n. (IV-1.37)
Observe that this simple looking expression hides quite a number of complicated terms,
in particular Rarita-Schwinger fields up to fourth order as well as contributions from the
matter and Yang-Mills sectors.
Fully covariant derivatives for the components of the chiral superfields (to make things
clear we write the spin term, the UK(1) term, the Yang-Mills term and the one with Ka¨hler
Levi-Civita symbol - in this order) are defined as
Dmχkα = ∂mχkα − ωmαϕχkϕ −Amχkα
−ia (r)m
(
T(r)χα
)k
+ χiα Γ
k
ij DmAj , (IV-1.38)
Dmχ¯α˙k¯ = ∂mχ¯α˙k¯ − ωmα˙ϕ˙χ¯ϕ˙k¯ + Amχ¯α˙k¯
+ia (r)m
(
χ¯α˙T(r)
)k¯
+ χ¯α˙ı¯ Γk¯ ı¯¯DmA¯¯. (IV-1.39)
In the Yang-Mills sector we apply the double bar projection to the field strength
F = dA+AA = 1
2
EAEBFBA. (IV-1.40)
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Taking into account coefficients
Fβa = −(σaλ¯)β , F β˙a = −(σ¯aλ)β˙, (IV-1.41)
given in terms of the gaugino field, we establish the expression
Fba = iebneam(∂nam − ∂man − i[an,am])
+
1
2
eb
n(ψnσaλ¯)− 1
2
ea
n(ψnσbλ¯)
+
1
2
eb
n(ψ¯nσ¯aλ)− 1
2
ea
n(ψ¯nσ¯bλ), (IV-1.42)
for the super-covariant field strength. The covariant derivatives of the gaugino field read
Dmλα = ∂mλα − ωmαϕλϕ + i[am, λα] + Am λα, (IV-1.43)
Dmλ¯α˙ = ∂mλ¯α˙ − ωmα˙ϕ˙λ¯ϕ˙ + i[am, λ¯α˙]− Am λ¯α˙. (IV-1.44)
IV-2 Some Basic Building Blocks
We indicated above that one of the necessary tasks to obtain the Lagrangian is to derive
the components of the chiral superfields Xα, X¯
α˙. Their superfield explicit form was already
derived -cf. (III-4.47), (III-4.48)- but for the sake of simplicity, we give them here again,
Xα = − i
2
gi¯Dαϕ˙φiDϕ˙φ¯¯ + 1
2
F¯ ¯gi¯Dαφi − 1
2
W(r)α
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
X¯ α˙ = − i
2
gi¯Dϕα˙φ¯¯Dϕφi + 1
2
F igi¯Dα˙φ¯¯ − 1
2
W(r)α˙
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
.
One infers -cf. (III-4.50)-
− 1
2
DαXα = −gi¯ ηabDaφiDbφ¯¯ − i
4
gi¯ σ
a
αα˙DαφiDaDα˙φ¯¯
− i
4
gi¯ σ
a
αα˙Dα˙φ¯¯DaDαφi + gi¯ F iF¯ ¯
+
1
16
Rj¯kk¯DαφkDαφj Dα˙φ¯k¯Dα˙φ¯¯
−gi¯
(
φ¯T(r)
)¯Wα(r)Dαφi + gi¯ (T(r)φ)iWα˙(r)Dα˙φ¯¯
+
1
4
DαWα(r)
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
, (IV-2.1)
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where
Ri¯ıj¯ = ∂i∂ı¯gj¯ − gkk¯gik¯,j gkı¯,¯ = ∂i∂ı¯gj¯ − Γkij gkı¯,¯. (IV-2.2)
We see that the main effort is to obtain the component field expressions of super-covariant
derivatives. Special attention should be paid to the super-covariant derivatives with re-
spect to Lorentz indices. As an example, we detail the computation of Daφi . The starting
point is the superspace exterior derivative Dφi, whose double bar projection reads
Dφi = dxmDmAi(x). (IV-2.3)
On the other hand, in terms of covariant differentials and due to the chirality of φi, we
have
Dφi = eaDaφi +
√
2eαχα. (IV-2.4)
Combination of these two equations gives immediately
Daφi = eam(DmAi − 1√
2
ψm
αχiα). (IV-2.5)
Similarly,
Daφ¯¯ = eam(DmA¯¯ − 1√
2
ψ¯mα˙χ¯
¯α˙). (IV-2.6)
The lowest components of the superfields Xα, X¯
α˙ are then obtained as
Xα = − i√
2
gkk¯σ
m
αα˙χ¯
k¯α˙(DmAk − 1√
2
ψβmχ
k
β)
+
1√
2
gkk¯χ
k
αF¯
k¯ +
i
2
λ(r)α
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
, (IV-2.7)
X¯ α˙ = − i√
2
gkk¯σ¯
mα˙αχkα(DmA¯k¯ −
1√
2
ψ¯mβ˙χ¯
k¯β˙)
+
1√
2
gkk¯χ¯
k¯α˙F k − i
2
λ¯(r)α˙
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
. (IV-2.8)
As to −1
2
DαXα , we infer that the first term in (IV-2.1) reads
− gi¯ηabDaφiDbφ¯¯ = −gi¯gmnDmAiDnA¯¯
+
1√
2
gi¯g
mnDmAiψ¯nα˙χ¯¯α˙ + 1√
2
gi¯g
mnDmA¯¯ψnαχiα
−1
2
gi¯g
mnψm
αχiαψ¯nα˙χ¯
¯α˙. (IV-2.9)
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We see that this term provides the kinetic term for the scalar components of the
(anti)chiral matter supermultiplets (as promised, Dmatter contains all the derivative inter-
actions of such fields). Likewise,
DaDα˙φ¯¯ = eam
[√
2Dmχ¯α˙¯ − ψ¯α˙mF¯ ¯ − i(ψmσnǫ)α˙(DnA¯¯ −
1√
2
ψ¯nϕ˙χ¯
ϕ˙¯)
]
, (IV-2.10)
DaDαφi = eam
[√
2Dmχαi − ψmαF i + i(ψ¯mσ¯n)α(DnAi − 1√
2
ψn
ϕχiϕ)
]
. (IV-2.11)
Hence the second term in (IV-2.1) yields
− i
4
gi¯σ
a
αα˙DαφiDaDα˙φ¯¯ −
i
4
gi¯σ
a
αα˙Dα˙φ¯¯DaDαφi
= − i
2
χαigi¯σ
m
αα˙Dmχα˙¯ +
i
2
(Dmχαi)σmαα˙gi¯χ¯α˙¯
+
i
2
√
2
(χiσmψ¯m)gi¯F¯
¯ − i
2
√
2
(ψmσ
mχ¯¯)gi¯F
i
− 1
2
√
2
(ψmσ
nσ¯mχi)gi¯(DnA¯¯ − 1√
2
ψ¯nϕ˙χ¯
ϕ˙¯)
− 1
2
√
2
(ψ¯mσ¯
nσmχ¯¯)gi¯(DnAi − 1√
2
ψn
ϕχiϕ). (IV-2.12)
We stress the presence of the kinetic term for the fermionic component of the matter
supermultiplet.
Altogether we obtain from (IV-2.1)
− 1
2
DαXα = −gi¯gmnDmAiDnA¯¯ − i
2
χαigi¯σ
m
αα˙Dmχ¯¯α˙
+
i
2
(Dmχαi)σmαα˙gi¯χ¯α˙¯ + gi¯F iF¯ ¯ +
1
2
gi¯g
mn(ψmχ
i)(ψ¯nχ¯
¯)
+
1
4
Ri¯ıj¯(χ
iχj)(χ¯ı¯χ¯¯)− i
√
2(χiλ(r))gi¯
(
A¯T(r)
)¯
+ i
√
2(χ¯¯λ¯(r))gi¯
(
T(r)A
)i
−1
2
D(r)
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
− i
2
√
2
(ψ¯mσ¯
mχi)gi¯F¯
¯ − i
2
√
2
(ψmσ
mχ¯¯)gi¯F
i
− 1
2
√
2
(ψ¯mσ¯
nσmχ¯¯ − 2ψ¯mχ¯¯gnm)gi¯(DnAi − 1√
2
ψnχ
i)
− 1
2
√
2
(ψmσ
nσ¯mχi − 2ψmχignm)gi¯(DnA¯¯ − 1√
2
ψ¯nχ¯
¯). (IV-2.13)
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It is straightforward to obtain the other terms in Dmatter, the final result reads
Dmatter = −gi¯ gmnDmAiDnA¯¯ − i
2
gi¯
(
χiσm∇mχ¯¯
)
+
i
2
gi¯
(∇mχiσmχ¯¯)
+gi¯F
iF¯ ¯ +
1
4
Ri¯ıj¯(χ
iχj)(χ¯ı¯χ¯¯)− 1
2
gi¯(χ
iσaχ¯¯)ba
− 1√
2
(ψ¯mσ¯
nσmχ¯¯)gi¯DnAi − 1√
2
(ψmσ
nσ¯mχi)gi¯DnA¯¯
− i
2
gi¯ ε
klmn
(
χiσkχ¯
¯
) (
ψlσmψ¯n
)− 1
2
gi¯g
mn(ψmχ
i)(ψ¯nχ¯
¯)
−i
√
2(χiλ(r))gi¯
(
A¯T(r)
)¯
+ i
√
2(χ¯¯λ¯(r))gi¯
(
T(r)A
)i
(IV-2.14)
−1
2
[
D(r) +
1
2
(ψ¯mσ¯
mλ(r) − ψmσmλ¯(r))
] [
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
.
In this expression, the covariant derivatives DmAi,DmA¯¯ are defined in (IV-1.23) and
(IV-1.23). The derivatives ∇mχiα,∇mχ¯¯α˙ differ from Dmχiα,Dmχ¯¯α˙ already introduced in
(IV-1.38) and (IV-1.39) by the contribution of i
2
em
aba to Am -cf. (IV-1.24). This allows
to keep track of the complete dependence in the auxiliary field ba in order to solve its
equation of motion later. Explicitly,
∇mχiα = ∂mχiα − ωmαϕχiϕ − ia (r)m
(
T(r)χα
)i − 1
4
(KjDmAj −K¯DmA¯¯)χiα
− i
4
gjk¯(χ
jσmχ¯
k¯) χiα + χ
j
α Γ
i
jkDmAk, (IV-2.15)
∇mχ¯¯α˙ = ∂mχ¯¯α˙ − ωmα˙ϕ˙χ¯¯ϕ˙ + ia (r)m
(
χ¯α˙T(r)
)¯
+
1
4
(KkDmAk −Kk¯DmA¯k¯)χ¯¯α˙
+
i
4
gjk¯(χ
jσmχ¯
k¯) χ¯¯α˙ + χ¯α˙ı¯ Γ¯ ı¯k¯DmA¯k¯. (IV-2.16)
Finally, using the set of equations
DβWα +DαWβ = −2(σbaǫ)βαFba
DβWα −DαWβ = +ǫβαDϕWϕ (IV-2.17)
Dβ˙Wα˙ +Dα˙Wβ˙ = −2(ǫσ¯ba)β˙α˙Fba
Dβ˙Wα˙ −Dα˙Wβ˙ = −ǫβ˙α˙Dϕ˙W ϕ˙, (IV-2.18)
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we obtain, along the same lines as before, the lowest components of the super-covariant
derivative of the Yang-Mills superfields (Fba has been given in (IV-1.42)),
DaWα = eam
[
−iDmλα − 1
2
(if pq + ψpσqλ¯+ ψ¯pσ¯qλ) (ψmσ
pq)α − 1
2
Dψm
α
]
,
DaWα˙ = eam
[
+iDmλ¯α˙ + 1
2
(if pq + ψpσqλ¯+ ψ¯pσ¯qλ) (ψ¯mσ¯
pq)α˙ − 1
2
D ψ¯mα˙
]
,
(IV-2.19)
where
f mn = ∂man − ∂nam − i[am,an], (IV-2.20)
and the covariant derivatives Dmλα,Dmλ¯α˙ are defined in (IV-1.43), (IV-1.44).
IV-3 Supersymmetry Transformations
In the superspace formalism, supersymmetry transformations are identified as special
cases of superspace diffeomorphisms. The general form of these diffeomorphisms is given
in appendix C-3 and we will use the results obtained there.
Before writing these transformations at the component field level, we would like to
stress a point of some importance in the process of generalizing supergravity transforma-
tions to the Ka¨hler superspace. For this we need the transformation law of the vielbein
and of a generic (spinless) superfield Φ under diffeomorphisms (ξC), Lorentz (ΛB
A) and
Ka¨hler (Λ) transformations
δEM
A = DMξA + EMBξCTCBA + EMB(ΛBA − ξCφCBA)
+w(EA)(Λ− ξCAC)EMA, (IV-3.1)
δΦ = ξBDBΦ + w(Φ)(Λ− ξCAC)Φ. (IV-3.2)
Supergravity transformations are defined [153] by compensating the term ξCφCB
A with a
field-dependent Lorentz transformation
ΛB
A = ξCφCB
A. (IV-3.3)
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The point is that the same procedure cannot be followed for the Ka¨hler transformation
since Λ is fixed to be of the form
Λ = −F (φ)− F¯ (φ¯)
4
(IV-3.4)
and generic terms proportional to the Ka¨hler connection appear in the supergravity trans-
formations, weighted by the Ka¨hler weight of the field considered.
Supergravity transformations, denoted by the symbol δWZ, are discussed in detail in
appendix C. As in the remainder of this section we will be exclusively concerned with
supergravity transformations, we will drop from now on the subscript in δWZ, supergravity
variations will be denoted δ.
• Supergravity sector
The transformations of vierbein and gravitino are derived from (C-3.32), which reads
δEM
A = DMξA + EMBξCTCBA
−1
4
w(EA)EM
AξB(KkDBφk −Kk¯DBφ¯k¯)
− i
8
w(EA)EM
Aξb(12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯), (IV-3.5)
Projecting to lowest components and using (IV-1.1), (IV-1.2), (IV-1.5), together
with the torsions summarized in appendix B, and
ξa = 0, ξα = ξα, ξα˙ = ξα˙, (IV-3.6)
gives rise to
δem
a = iξσaψ¯m + iξ¯σ¯
aψm, (IV-3.7)
δψm
α = 2Dmξα − i
3
(ξσaσ¯m)
αba +
i
3
(ξ¯σ¯m)
αM
− 1
2
√
2
ψm
α(Kiξχ
i −K¯ξ¯χ¯¯), (IV-3.8)
δψ¯mα˙ = 2Dmξ¯α˙ + i
3
(ξ¯σ¯aσm)α˙ba +
i
3
(ξσm)α˙M
+
1
2
√
2
ψ¯mα˙(Kiξχ
i −K¯ξ¯χ¯¯), (IV-3.9)
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with
Dmξα = ∂mξα + ξβωmβα + ξαAm, (IV-3.10)
Dmξ¯α˙ = ∂mξ¯α˙ + ξ¯β˙ωmβ˙α˙ − ξ¯α˙Am, (IV-3.11)
and Am given in (IV-1.24). For future use, note that the determinant of the vielbein
transforms as
δe = eea
mδem
a = e(iξσmψ¯m + iξ¯σ¯
mψm), (IV-3.12)
and the σm, σ¯
m matrices as
δσmαα˙ = δ(em
aσaαα˙) = +iσnαα˙(ξσ
nψ¯m + ξ¯σ¯
nψm), (IV-3.13)
δσ¯mα˙α = δ(σ¯aα˙αea
m) = −iσ¯nα˙α(ξσmψ¯n + ξ¯σ¯mψn). (IV-3.14)
The supersymmetry transformations of the components M,M and ba are derived
from the supergravity transformations (C-3.36)
δΦ = ξADAΦ− 1
4
w(Φ)ξA(KkDAφk −Kk¯DAφ¯k¯)Φ
− i
8
w(Φ)ξb(12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯)Φ, (IV-3.15)
of the generic superfield Φ after suitable specification. In a first step, projection to
lowest components yields
δΦ = ξαDαΦ + ξ¯α˙Dα˙Φ − 1
2
√
2
w(Φ)
(
Kkξχ
k −Kk¯ξ¯χ¯k¯
)
Φ . (IV-3.16)
Substituting R,R† and Ga for Φ and using the information given in appendix B,
in particular (B-4.3) - (B-4.6), it is straightforward to arrive at the transformation
laws
δM = −i
√
2 gi¯(ξσ
mχ¯¯)(DmAi − 1√
2
ψmχ
i) +
√
2 gi¯ (ξχ
i)F¯ ¯
+i (ξλ(r))
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]− 1√
2
M(Ki ξχ
i −K¯ ξ¯χ¯¯)
+4(ξσnmDnψm)− i(ξσmσ¯aψm)ba − i(ξσmψ¯m)M, (IV-3.17)
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δM = −i
√
2 gi¯(ξ¯σ¯
mχi)(DmA¯¯ − 1√
2
ψ¯mχ¯
¯) +
√
2 gi¯ F
i(ξ¯χ¯¯)
−i(ξ¯λ¯(r))
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
+
1√
2
M(Ki ξχ
i −K¯ ξ¯χ¯¯)
+4(ξ¯σ¯nmDnψ¯m) + i(ξ¯σ¯mσaψm)ba − i(ξ¯σ¯mψm)M, (IV-3.18)
δba =
1
2
(ξσaσ¯
nm − 3 ξσnmσa)Dnψ¯m − 1
2
(
ξ¯σ¯aσ
nm − 3 ξ¯σ¯nmσ¯a
)Dnψm
− i
2
ea
m(ξσdψ¯m + ξ¯σ¯
dψm)bd − i
2
ea
m(ψ¯mξ¯)M +
i
2
ea
m(ξψm)M
− i√
2
gkk¯(ξσaσ¯
mχk)(DmA¯k¯ − 1√
2
ψ¯mχ¯
k¯) +
1√
2
gkk¯(ξσaχ¯
k¯)F k
− i√
2
gkk¯(ξ¯σ¯aσ
mχ¯k¯)(DmAk − 1√
2
ψmχ
k) +
1√
2
gkk¯(ξ¯σ¯aχ
k)F¯ k¯
− i
2
(
ξσaλ¯
(r) − ξ¯σ¯aλ(r)
) [
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
. (IV-3.19)
• Matter sector
Let us first discuss the chiral superfield φi. The supersymmetry transformation of
the component field Ai is derived from (C-3.34)
δφi = ξADAφi, (IV-3.20)
upon straightforward projection to lowest components. As to the components χiα
and F i the situation is slightly more involved. They are identified in the lowest
components of the superfields Dαφi and DαDαφi of respective chiral weights −1
and −2. They are particular cases of a generic superfield of the type Ui, with some
chiral weight. The relevant equations in appendix C are (C-3.27) - (C-3.31) and
(C-3.36), (C-3.36). We have to consider a superfield Ui (which is actually a mixture
of the superfields Φ and Ui of appendix C) with supergravity transformation
δUi = ξADAUi + ΓijkξADAφjUk
−1
4
w(Ui)UiξA(KkDAφk −Kk¯DAφ¯k¯)
− i
8
w(Ui)Uiξb(12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯). (IV-3.21)
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This provides the supergravity transformations for χiα and F
i, once Ui is replaced
by Dαφi and DαDαφi, and the result projected to lowest components. Intermediate
steps in the computation involve the covariant derivative relations
Dβ˙Dαφi = 2i(σaǫ)αβ˙Daφi, (IV-3.22)
DβDαDαφi = 2
3
{Dβ,Dα}Dαφi = 8R†Dβφi, (IV-3.23)
Dβ˙DαDαφi = −4i(σaǫ)αβ˙DaDαφi + 4(σaǫ)αβ˙GaDαφi
+Rijkk¯Dβ˙φ¯k¯DαφkDαφj − 8W(r)β˙
(
T(r)φ
)i
. (IV-3.24)
As a final result we obtain the component field transformations
δAi =
√
2 ξχi, (IV-3.25)
δχiα = i
√
2(ξ¯σ¯mǫ)α(DmAi − 1√
2
ψmχ
i) +
√
2ξαF
i
+
1√
2
ξαΓ
i
jk(χ
jχk) +
1
2
√
2
χiα(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.26)
δF i = i
√
2
(
ξ¯σ¯m∇mχi
)− i(ξ¯σ¯mψm)F i
+(ξ¯σ¯mσnψ¯m)(DnAi − 1√
2
ψnχ
i)
+
√
2
3
Mξχi +
√
2
3
(ξ¯σ¯aχi)ba − 2iξ¯λ¯(r)
(
T(r)A
)i
+
√
2Γijk(ξχ
j)F k − 1√
2
Rijkk¯(χ
jχk)(ξ¯χ¯k¯)
+
1√
2
F i(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.27)
where the relevant covariant derivatives are given in (IV-1.23) and (IV-2.15). The
supersymmetry transformations for a general chiral superfield of non-zero weight w
will be given in the next subsection -cf. (IV-4.10) - (IV-4.12).
Similarly, for an antichiral superfield φ¯¯ of supergravity transformation
δξφ¯
ı¯ = ξADAφ¯ı¯, (IV-3.28)
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we use the relations
Dβ˙Dαφ¯¯ = 2i(σaǫ)αβ˙Daφ¯¯, (IV-3.29)
Dβ˙Dα˙Dα˙φ¯¯ = 8R Dβ˙φ¯¯, (IV-3.30)
DβDα˙Dα˙φ¯¯ = −4iσaββ˙DaDβ˙φ¯¯ − 4σaββ˙GaDβ˙φ¯¯
+R¯ ı¯k¯kDβφkDα˙φ¯k¯Dα˙φ¯ı¯ + 8Wβ (r)
(
φ¯T(r)
)¯
, (IV-3.31)
to arrive at the component field transformations
δA¯¯ =
√
2 ξ¯χ¯¯, (IV-3.32)
δχ¯α˙¯ = i
√
2(ξσmǫ)α˙(DmA¯¯ − 1√
2
ψ¯nχ¯
¯) +
√
2ξ¯α˙F¯ ¯
+
1√
2
ξ¯α˙Γı¯ ¯k¯(χ¯
¯χ¯k¯)− 1
2
√
2
χ¯α˙¯(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.33)
δF¯ ¯ = i
√
2 (ξσm∇mχ¯¯)− i(ξσmψ¯m)F¯ ¯
+(ξσmσ¯nψm)(DnA¯¯ − 1√
2
ψ¯nχ¯
¯)
+
√
2
3
Mξ¯χ¯¯ +
√
2
3
(ξσaχ¯¯)ba + 2iξλ
(r)
(
A¯T(r)
)¯
+
√
2Γ¯ ı¯k¯(ξ¯χ¯
ı¯)F¯ k¯ − 1√
2
R¯ı¯k¯k(χ¯
ı¯χ¯k¯)(ξχk)
− 1√
2
F¯ ¯(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.34)
after suitable projection to lowest components.
• Yang-Mills sector16
As to the supergravity transformation of the gauge potential am = −iAm , we
project (C-3.23)
δAM = EMBξCFCBA (IV-3.35)
16All the fields below belong to the adjoint representation of the Yang-Mills group, (am, λ, λ¯,D) =
(am
(r), λ(r), λ¯(r),D(r)) ·T(r).
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to lowest components and use (IV-1.42) to obtain
δam = i(ξσmλ¯) + i(ξ¯σ¯mλ). (IV-3.36)
Concerning the fermionic components λα, λ¯α˙ defined in (IV-1.22), the supersymme-
try transformations are obtained after identification of Φ in (IV-3.15) withWα resp.
W¯α˙ and subsequent projection to lowest components. Using (IV-2.17), (IV-2.18) and
the explicit form of Fba in (IV-1.42), we obtain
δλα = (ξσmn)α(−f mn + iψmσnλ¯+ iψ¯mσ¯nλ) + iξαD
− 1
2
√
2
λα(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.37)
δλ¯α˙ = (ξ¯σ¯
mn)α˙(−f mn + iψmσnλ¯+ iψ¯mσ¯nλ)− iξ¯α˙D
+
1
2
√
2
λ¯α˙(Kkξχ
k −Kk¯ξ¯χ¯k¯), (IV-3.38)
with f mn defined in (IV-2.20). Finally, the transformation
δD = −ξσmDmλ¯+ ξ¯σ¯mDmλ+ i
2
(ψ¯mσ¯
mξ + ψmσ
mξ¯) D
+
1
2
(ψ¯mσ¯
klσ¯mξ − ψmσklσmξ¯)(f kl − iψkσlλ¯− iψ¯kσ¯lλ), (IV-3.39)
of the auxiliary field is obtained along the same lines.
IV-4 Generic Component Field Action
Although superfield actions, as discussed in section III-4.3, are quite compact, and in-
variance under supersymmetry transformations is rather transparent, their component
field expansions are notoriously complicated. In section III-4.3 we have seen that the
chiral volume element provides the generalization of the F-term construction to the case
of local supersymmetry. The superfield actions for the supergravity/matter system, the
Yang-Mills kinetic terms and the superpotential in (III-4.53), (III-4.54) and (III-4.55) are
all of the generic form
A(r, r¯) =
∫
∗
E
R
r + h. c. , (IV-4.1)
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with r a chiral superfield of U(1) weight w(r) = 2. The various superfield actions are then
obtained from identifying r respectively with
rsupergravity+matter = −3R, (IV-4.2)
rYang−Mills =
1
8
f(r)(s)(φ)W(r)αW(s)α , (IV-4.3)
and
rsuperpotential =
1
2
eK/2W (φ). (IV-4.4)
We will proceed, in a first step, with the construction of a locally supersymmetric com-
ponent field action a generic chiral superfield r, starting from the definition
A(r, r¯) =
∫
∗
E
R
r + h. c. =
∫
d4x L(r, r¯). (IV-4.5)
In the following we will determine L(r, r¯) as a suitably modified F-term for the superfield
r. Defining the components of r as usual,
r = r , sα =
1√
2
Dαr , f = −1
4
DαDαr , (IV-4.6)
it should be clear that the F-term space-time density, i.e. the component field e f alone
is not invariant under supergravity transformations. Calling
l1 = e f , (IV-4.7)
we allow for additional terms
l2 = λ
α
2 sα, (IV-4.8)
l3 = λ3 r, (IV-4.9)
with field dependent coefficients λα2 , λ3 of respective U(1) weights −1,−2. The strategy
is then to use the supersymmetry transformations of the gravity sector, which are already
known, and those of the generic multiplet to determine l2 and l3, i.e. λ
α
2 and λ3, such
that l1 + l2 + l3 is invariant under supersymmetry, up to a total space-time derivative.
The reader not interested in the details of the computation can go directly to (IV-4.21),
(IV-4.22) which summarize the results.
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The supersymmetry transformation laws for the components of a superfield r of Ka¨hler
weight w ≡ w(r) are be obtained from the general procedure exposed in section IV-3, they
read
δr =
√
2 ξs− w
2
√
2
(Kk ξχ
k −Kk¯ ξ¯χ¯k¯) r, (IV-4.10)
δsα =
√
2 ξαf + i
√
2 (σmξ¯)α (Dmr− 1√
2
ψms+
iw
2
em
a bar)
−w − 1
2
√
2
(Kk ξχ
k −Kk¯ ξ¯χ¯k¯) sα, (IV-4.11)
δf = i
√
2 (ξ¯σ¯mDms)− i(ξ¯σ¯mψm) f
+(ξ¯ σ¯mσnψ¯m)(Dnr− 1√
2
ψns+
iw
2
en
abar)
+
√
2
3
Mξs−
√
2
6
(3w − 2)(ξ¯σ¯as) ba + wr ξ¯α˙X¯ α˙
−w − 2
2
√
2
(Kk ξχ
k −Kk¯ ξ¯χ¯k¯) f . (IV-4.12)
Thus, specifying to the case w = 2 and using (IV-3.12) and (IV-4.12), gives rise to
1
e
δl1 = i
(
ξσmψ¯m
)
f − 2
√
2
3
(ξ¯σ¯as) ba + i
√
2 (ξ¯σ¯mDms) (IV-4.13)
+(ξ¯σ¯mσnψ¯m)(Dnr− 1√
2
ψns+ ien
abar) +
√
2
3
Mξs+ 2r ξ¯α˙X¯
α˙.
A glance at the transformation law (IV-4.11) shows that the first term can be cancelled
in choosing
l2 =
ie√
2
(ψ¯mσ¯
m)αsα. (IV-4.14)
In the next step we work out the supersymmetry transformation of the sum l1+ l2. Using
(IV-3.9) and (IV-3.14) we obtain
1
e
δ(l1 + l2) =
√
2 ξsM + 2r ξ¯α˙ X¯
α˙
+i
√
2 (ξ¯σ¯mDms) + i
√
2 (Dmξ¯ σ¯ms)
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+4(ξ¯σ¯mnψ¯m)(Dnr− 1√
2
ψns+ ien
abar)
+
1√
2
(ψ¯mσ¯
ns) (ξσmψ¯n + ξ¯σ¯
mψn)
− 1√
2
(ψ¯mσ¯
ms) (ξσnψ¯n + ξ¯σ¯
nψn). (IV-4.15)
Again, requiring cancellation of the first term suggests to choose
l3 = −eM r. (IV-4.16)
Taking into account the supergravity transformation law (IV-3.18), we now obtain
1
e
δ(l1 + l2 + l3) = 4(Dnξ¯ σ¯nmψ¯m) r− i(ξ¯σ¯aσmψ¯m) bar− i(ξσmψ¯m)Mr
+i
√
2Dm(ξ¯σ¯ms)− 4Dn(ξ¯σ¯nmψ¯m r)
+
4√
2
(ξ¯σ¯nmψ¯m)(ψns)
+
1√
2
(ψ¯mσ¯
ns)(ξσmψ¯n + ξ¯σ¯
mψn)
− 1√
2
(ψ¯mσ¯
ms)(ξσnψ¯n + ξ¯σ¯
nψn). (IV-4.17)
Here, the first term can be cancelled with the help of another term of the type l3. Indeed,
the transformation law (IV-3.9) suggests to take
l′3 = −e r ψ¯mσ¯mnψ¯n. (IV-4.18)
Using (IV-3.9) and (IV-3.13), (IV-3.14), we find
1
e
δl′3 = −4(Dnξ¯ σ¯nmψ¯m)r+ i(ξ¯σ¯aσmψ¯m)bar+ i(ξσmψ¯m)Mr
−
√
2(ψ¯mσ¯
mnψ¯n)(ξs) + 2ir(ψ¯mσ¯
knψ¯n)(ξσ
mψ¯k + ξ¯σ¯
mψk)
−ir(ψ¯mσ¯mnψ¯n)(ξσkψ¯k + ξ¯σ¯kψk). (IV-4.19)
Using the relation
e ea
mDmva = ∂m(evaeam) + ie
2
(σbǫ)β
β˙
va(eb
nea
m − ebmean)ψnβψ¯mβ˙ , (IV-4.20)
88
for integration by parts at the component field level and after some algebra together with
(A-2.58), we finally obtain
δ(l1 + l2 + l3 + l
′
3) = ∂m
[
i
√
2 e(ξ¯σ¯ms)− 4e(ξ¯σ¯mnψ¯m)r
]
. (IV-4.21)
This shows that the Lagrangian density
L(r, r¯) = e (f + f¯)+ ie√
2
(
ψmσ
ms¯+ ψ¯mσ¯
ms
)
−e r¯ (M + ψm σmnψn)− e r
(
M + ψ¯m σ¯
mnψ¯n
)
, (IV-4.22)
constructed with the components (IV-4.6) of a generic chiral superfield of chiral weight
w = 2 provides a supersymmetric action.
IV-5 Invariant Actions
The generic construction can now be applied to derive the component field versions of the
superfield actions discussed in section III-4.3, namely Asupergravity+matter, Asuperpotential and
AYang−Mills given respectively in eqs. (III-4.53), (III-4.55) and (III-4.54).
IV-5.1 Supergravity and matter
Identifying the generic superfield such that
rsupergravity+matter = −3R, (IV-5.1)
determines component fields correspondingly. The lowest component is given as
r =
M
2
. (IV-5.2)
As a consequence of (III-4.42) the spinor component takes the form
sα =
1√
2
Xα +
√
2(σcbǫ)αϕTcb
ϕ . (IV-5.3)
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In the construction of the component field Lagrangian this appears in the combination
i√
2
(ψ¯mσ¯
ms) =
i
2
ψ¯mσ¯
mX + ieb
m(ψ¯mσ¯aǫ)ϕT
abϕ
+
1
2
εmnpqψ¯mσ¯nDpψq + i
6
εmnpqψ¯mσ¯nψqbp
+
i
6
(
ψnσ
mψ¯m − ψmσmψ¯n
)
bn +
1
3
ψ¯mσ¯
mnψ¯nM, (IV-5.4)
where we have used (A-2.46) and (IV-1.31) as well as other formulas given in appendix
A. Finally, from (III-4.44) and (IV-1.37), we infer
f + f¯ = −1
4
R− iebm(ψ¯mσ¯aǫ)ϕT abϕ − 1
4
DαXα + 1
6
baba +
1
3
MM
+
i
12
εmnpqψ¯mσ¯nψqbp +
1
6
Mψ¯mσ¯
mnψ¯n + h. c. , (IV-5.5)
with the curvature scalar R defined in (IV-1.35).
Recapitulating, the Lagrangian (IV-4.22) becomes
e−1Lsupergravity+matter = −1
4
R+ 1
2
εmnpqψ¯mσ¯n(Dpψq + i
2
bpψq)
−1
6
MM +
1
6
baba − 1
4
DαXα + i
2
ψ¯mσ¯
mX + h. c.
= −1
2
R+ 1
2
εmnpq(ψ¯mσ¯n∇pψq − ψmσn∇pψ¯q)
−1
3
MM +
1
3
baba +Dmatter. (IV-5.6)
The cancellation of the ψmbnψ¯p terms with those coming from (IV-1.24) is manifest in
terms of the new covariant derivatives
∇nψαm = ∂nψαm + ψβm ωnβα
+
1
4
ψm
α
(
KkDnAk −Kk¯DnAk¯ + igkk¯χkσnχ¯k¯
)
, (IV-5.7)
∇nψ¯mα˙ = ∂nψ¯mα˙ + ψ¯mβ˙ ωnβ˙α˙
−1
4
ψ¯mα˙
(
KkDnAk −Kk¯DnAk¯ + igkk¯χkσmχ¯k¯
)
, (IV-5.8)
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which are fully Lorentz, Ka¨hler and gauge covariant derivatives. Finally, the expression
of Dmatter, defined in (IV-0.2), in terms of the component fields has been given explicitly
in (IV-2.15).
We now see explicitly what was stressed in the introduction to this section: the ex-
plicit dependence in the matter fields appears only through the D-term induced by the
Ka¨hler structure eDmatter; the rest of the Lagrangian has the form of the standard super-
gravity Lagrangian. It should be kept in mind, however, that all the covariant derivatives
in Lsupergravity+matter are now covariant also with respect to the Ka¨hler and Yang-Mills
transformations.
IV-5.2 Superpotential
We now turn to the potential term in the Lagrangian and consider
rsuperpotential = e
K/2W. (IV-5.9)
In order to identify the corresponding component fields we have to apply covariant spinor
derivatives. Since neither K nor W are tensors with respect to the Ka¨hler phase trans-
formations we make use of Dαr = EαM∂Mr + 2Aαr, before applying the product rule.
Recall that in (C-4.8), the explicit form of Aα is given as
Aα =
1
4
KkDαφk, (IV-5.10)
in terms of the usual Yang-Mills covariant derivative. Using furthermore the requirement
that W as well as K are Yang-Mills invariant, we obtain
Eα
M∂MW = WkDαφk, EαM∂MK = KkDαφk. (IV-5.11)
Adding these three contributions yields
Dαr = eK/2(KkW +Wk)Dαφk. (IV-5.12)
Let us note that the combination (KkW +Wk) behaves as W under Ka¨hler transforma-
tions, i.e.
W 7→ e−FW then (KkW +Wk) 7→ e−F (KkW +Wk). (IV-5.13)
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This suggests to denote
(KkW +Wk) = DkW, (IV-5.14)
and we obtain
sα = e
K/2 χkαDkW. (IV-5.15)
The evaluation of DαDαrsuperpotential proceeds along the same lines. Taking carefully into
account the Ka¨hler structure leads to
DαDαr = +eK/2(KkW +Wk)DαDαφk + eK/2
[
(Kij −KkΓkij +KiKj)W
+(Wij −WkΓkij +WjKi +WiKj)
]DαφiDαφj . (IV-5.16)
Observe that the expression inside brackets is just equal to (∂i+Ki)DjW −ΓkijDkW and
transforms as W and DiW under Ka¨hler (the presence of the Levi-Civita symbol ensures
the covariance of the derivatives with respect to Ka¨hler manifold indices). Again, this
suggests the definition
DiDjW = (∂i +Ki)DjW − ΓkijDkW, (IV-5.17)
giving rise to the compact expression
f = eK/2
[
F kDkW − 1
2
χiχj DiDjW
]
, (IV-5.18)
for the F-term component field. Substituting in the generic formula (IV-4.22), yields the
Lagrangian
e−1Lsuperpotential = eK/2
[
F kDkW + F¯
k¯Dk¯W −MW −MW
]
−e
K/2
2
[
χiχj DiDjW + χ¯
ı¯χ¯¯Dı¯D¯W
]
+
eK/2√
2
[
i(ψ¯mσ¯
mχk)DkW + i(ψmσ
mχ¯k¯)Dk¯W
−
√
2(ψ¯mσ¯
mnψ¯n)W −
√
2(ψmσ
mnψn)W
]
. (IV-5.19)
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IV-5.3 Yang-Mills
Finally, to obtain the Yang-Mills Lagrangian, we start from the superfield
rYang−Mills =
1
4
f(r)(s)W(r)αW(s)α , (IV-5.20)
with lowest component
r = −1
4
f(r)(s)(λ
(r)λ(s)). (IV-5.21)
Applying a covariant spinor derivative to rYang−Mills and using the transformation prop-
erties of f(r)(s) and f¯(r)(s) as given in (III-4.60), (III-4.61), together with (IV-2.17) yields
Dα rYang−Mills = −1
4
f(r)(s)W(r)α DϕW(s)ϕ +
1
2
f(r)(s)(σ
baW(r))αF (s)ba
+
1
4
∂f(r)(s)
∂φi
DαφiW(r)ϕW(s)ϕ . (IV-5.22)
It remains to project to the lowest superfield components -cf. (IV-1.22) (IV-1.42), (IV-
4.6), giving rise to
sα =
−i
2
√
2
f(r)(s)
[
λ(r)α D
(s) + (σmnλ(r))α(if
(s)
mn + ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
]
−1
4
∂f(r)(s)
∂Ai
χiα(λ
(r)λ(s)), (IV-5.23)
with f (s)pq defined in (IV-2.20). Similarly, using (IV-2.17) and (B-5.28), we obtain
DαDαr = −1
2
f(r)(s)
(
1
2
(DαW(r)α )(DβW(s)β ) + F (r)baF (s)ba +
i
2
ǫdcbaF (r)dc F (s)ba
)
+
1
2
f(r)(s)W(r)α
(
12R† W(s)α + 4iσaαα˙DaW(s)α˙
)
−∂f(r)(s)
∂φi
(
1
2
Dαφi W(r)α DβW(s)β −Dαφi(σba)α
βW(r)β F (s)ba
)
+
1
4
∂f(r)(s)
∂φi
DαDαφi W(r)ϕW(s)ϕ
+
1
4
(
∂2f(r)(s)
∂φi∂φj
− Γlij
∂f(r)(s)
∂φl
)
DαφiDαφj W(r)ϕW(s)ϕ . (IV-5.24)
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One recognizes in the last line the covariant derivative of f(r)(s) with respect to Ka¨hler
manifold indices. The corresponding component field expression is
f = −1
4
f(r)(s)
[
1
2
f (r)mnf (s)mn +
i
4
εmnpq f (r)mnf
(s)
pq + 2iλ
(r)σmDmλ¯(s)
−D(r)D(s) +Mλ(r)λ(s) − (λ(r)σmψ¯m)D(s)
−i(ψmσpqσmλ¯(r) + ψ¯mσ¯pqσ¯mλ(r) − ψ¯mσ¯mσpqλ(r)) f (s)pq
]
+
1
4
f(r)(s)
(
1
2
ψmσ
pqσmλ¯(r) + ψ¯mσ¯
pqσ¯mλ(r) − 1
2
ψ¯mσ¯
mσpqλ(r)
)(
ψpσqλ¯
(s) + ψ¯pσ¯qλ
(s)
)
+
1
4
∂f(r)(s)
∂Ai
[
−
√
2(χiσmnλ(r))f (s)mn + i
√
2(χiλ(r))D(s) − F i(λ(r)λ(s))
+i
√
2(χiσmnλ(r))(ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))
]
+
1
8
(
∂2f(r)(s)
∂Ai∂Aj
− Γlij
∂f(r)(s)
∂Al
)
(χiχj)(λ(r)λ(s)), (IV-5.25)
where the covariant derivative Dmλ¯(s) is defined in (IV-1.44). Making heavy use of the
relations (A-2.42) - (A-2.51), we finally obtain
e−1LYang−Mills = −1
4
f(r)(s)×[
1
2
f (r)mnf (s)mn +
i
4
εmnpq f (r)mnf
(s)
pq + 2iλ
(r)σm∇mλ¯(s) −D(r)D(s) − (λ(r)σaλ¯(s))ba
−if (r)mn(ψmσnλ¯(s) + ψ¯mσ¯nλ(s)) + 1
2
εmnpqf (r)mn(ψpσqλ¯
(s) − ψ¯pσ¯qλ(s))
+
1
8
(λ(r)λ(s))(4ψ¯mψ¯
m + ψ¯mσ¯
mσnψ¯n) +
1
8
(λ¯(r)λ¯(s))(4ψmψ
m + ψmσ
mσ¯nψn)
−1
2
(gmpgnq − gmqgnp − iεmnpq)(ψ¯mσ¯nλ(r))(ψpσqλ¯(s))
]
−1
4
∂f(r)(s)
∂Ai
[√
2(χiσmnλ(r))f (s)mn − i
√
2(χiλ(r))D(s) + F i(λ(r)λ(s))
−i
√
2
4
(λ(r)λ(s))(ψ¯mσ¯
mχi)− i
√
2(ψmσnλ¯
(r))(χiσmnλ(s))
]
+
1
8
(
∂2f(r)(s)
∂Ai∂Aj
− Γlij
∂f(r)(s)
∂Al
)
(χiχj)(λ(r)λ(s)) + h. c. . (IV-5.26)
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The Yang-Mills field strength f (r)mn is defined in (IV-2.20). The covariant derivatives
∇mλ(r)α = ∂mλ(r)α − ωmαϕλ(r)ϕ − a (t)m c(s)(t)(r)λ(s)α
+
1
4
(KjDmAj −K¯DmA¯¯)λ(r)α +
i
4
gjk¯(χ
jσmχ¯
k¯) λ(r)α , (IV-5.27)
∇mλ¯(r)α˙ = ∂mλ¯(r)α˙ − ωmα˙ϕ˙λ¯(r)ϕ˙ − a (t)m c(s)(t)(r)λ¯(s)α˙
−1
4
(Kk∂mA
k −Kk¯∂mA¯k¯)λ¯(r)α˙ −
i
4
gjk¯(χ
jσmχ¯
k¯) λ¯(r)α˙. (IV-5.28)
differ from the covariant derivatives Dmλ(r)α and Dmλ¯(r)α˙ introduced in (IV-1.43), (IV-
1.44) by the covariant ba dependent term appearing in the definition of Am, in analogy
with previous definitions -cf. (IV-2.15), (IV-2.16) and (IV-5.7), (IV-5.8).
IV-5.4 Recapitulation
The complete Lagrangian describing the interaction of Yang-Mills and chiral supermul-
tiplets with supergravity is given by the sum of (IV-5.6), (IV-5.19), and (IV-5.26), with
the matter D-term given in (IV-2.15). In taking the sum, we diagonalize in the auxiliary
field sector, with the result
e−1L =
−1
2
R+ 1
2
εmnpq(ψ¯mσ¯n∇pψq − ψmσn∇pψ¯q)
−gi¯DmAiDmA¯¯ − i
2
gi¯
(
χiσm∇mχ¯¯ + χ¯¯σ¯m∇mχi
)
−1
4
Re f(r)(s) f
(r)mnf (s)mn +
1
8
Im f(r)(s) εmnpq f
(r)mnf (s)pq
− i
2
[
f(r)(s)λ
(r)σm∇mλ¯(s) + f¯(r)(s)λ¯(r)σ¯m∇mλ(s)
]
+3eK |W |2 − gi¯ eKDiW D¯W − e
K/2
2
[
DiDjW (χ
iχj) +Dı¯D¯W (χ¯
ı¯χ¯¯)
]
+
1
4
(
Ri¯kl¯ +
3
2
gi¯ gkl¯
)
(χiχk)(χ¯¯χ¯l¯)− 3
4
gi¯ Re f(r)(s) (χ
iλ(r))(χ¯¯λ¯(s))
−i
√
2(χiλ(r))gi¯
(
A¯T(r)
)¯
+ i
√
2(χ¯¯λ¯(r))gi¯
(
T(r)A
)i
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− 1
2
√
2
[
∂f(r)(s)
∂Ai
(χiσmnλ(r)) +
∂f¯(r)(s)
∂A¯ı¯
(χ¯ı¯σ¯mnλ¯(r))
]
f (s)mn
+
1
8
[(
∂2f(r)(s)
∂Ai∂Aj
− Γlij
∂f(r)(s)
∂Al
)
(χiχj) + 2gi¯eK/2D¯W
∂f(r)(s)
∂Ai
]
(λ(r)λ(s))
+
1
8
[(
∂2f¯(r)(s)
∂A¯ı¯∂A¯¯
− Γl¯ ı¯¯
∂f¯(r)(s)
∂A¯l¯
)
(χ¯ı¯χ¯¯) + 2gi¯ eK/2DiW
∂f¯(r)(s)
∂A¯¯
]
(λ¯(r)λ¯(s))
+
(
3
8
Re f(r)(t) Re f(s)(u) − 1
16
gi¯
∂f(r)(s)
∂Ai
∂f¯(t)(u)
∂A¯ı¯
)
(λ(r)λ(s))(λ¯(t)λ¯(u))
+
1
2
(
Re f(r)(s)
)−1 [
Ki
(
T(r)A
)i − i√
2
∂f(r)(t)
∂Ai
(χiλ(t))
]
×
[
K¯
(
A¯T(s)
)¯
+
i√
2
∂f¯(s)(u)
∂A¯¯
(χ¯¯λ¯(u))
]
− 1√
2
(ψ¯mσ¯
nσmχ¯¯)gi¯DnAi − 1√
2
(ψmσ
nσ¯mχi)gi¯DnA¯¯
−1
4
(ψ¯mσ¯
mλ(r) − ψmσmλ¯(r))
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
+i
1
8
√
2
[
∂f(r)(s)
∂Ai
(λ(r)λ(s))(ψ¯mσ¯
mχi) +
∂f¯(r)(s)
∂A¯ı¯
(λ¯(r)λ¯(s))(ψmσ¯
mχ¯ı¯)
]
+i
1
2
√
2
[
∂f(r)(s)
∂Ai
(ψmσnλ¯
(r))(χiσmnλ(s)) +
∂f¯(r)(s)
∂A¯ı¯
(ψ¯mσ¯nλ
(r))(χ¯ı¯σ¯mnλ¯(s))
]
+
i
2
Re f(r)(s)f
(r)mn
[
(ψmσnλ¯
(s) + ψ¯mσ¯nλ
(s))− i
2
εmnpq(ψ
pσqλ¯(s) − ψ¯pσ¯qλ(s))
]
+ eK/2
[
i√
2
(ψ¯mσ¯
mχk)DkW +
i√
2
(ψmσ
mχ¯k¯)Dk¯W − ψ¯mσ¯mnψ¯nW + ψmσmnψnW
]
− i
2
gi¯ ε
klmn
(
χiσkχ¯
¯
) (
ψlσmψ¯n
)− 1
2
gi¯ g
mn(ψmχ
i)(ψ¯nχ¯
¯)
+
1
16
Re f(r)(s)
[
(λ(r)λ(s)) ψ¯m(3g
mn + 2σ¯mn)ψ¯n + (λ¯
(r)λ¯(s))ψm(3g
mn + 2σmn)ψn
]
+
1
4
[
Re f(r)(s) (g
mpgnq − gmqgnp) + Im f(r)(s) εmnpq
]
(ψ¯mσ¯nλ
(r))(ψpσqλ¯
(s))
+ − 1
3
MM+
1
3
baba + gi¯F
iF¯¯ +
1
2
Re f(r)(s)Dˆ
(r)Dˆ(s). (IV-5.29)
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The diagonalized auxiliary fields, defined as
M = M + 3eK/2W, (IV-5.30)
M = M + 3eK/2W, (IV-5.31)
ba = ba − 3
4
gi¯(χ
iσaχ¯¯) +
3
4
Re f(r)(s)(λ
(r)σaλ¯(s)), (IV-5.32)
Fi = F i + eK/2gik¯Dk¯W +
1
4
gik¯
∂f¯(r)(s)
∂A¯k¯
(λ¯(r)λ¯(s)), (IV-5.33)
F¯¯ = F¯ ¯ + eK/2gl¯DlW +
1
4
gl¯
∂f(t)(u)
∂Al
(λ(t)λ(u)), (IV-5.34)
Dˆ(r) = D(r) − (Re f(r)(t))−1 (Kk (T(t)A)k − i√
2
∂f(t)(v)
∂Ak
(λ(v)χk)
)
, (IV-5.35)
have trivial equations of motion which coincide with the lowest components of those found
in (III-4.65) - (III-4.70) in superfield language.
We would like to end this section with one comment: it was first realized in [41, 42,
38, 39] that the Lagrangian depends only on the combination
G = K + ln |W |2, (IV-5.36)
and not independently on the Ka¨hler potential K and the superpotential W . This can
be made clear in a straightforward manner in the Ka¨hler superspace formalism. Indeed,
performing a Ka¨hler transformation -cf. (III-2.7)- with F = lnW yields
e−1Lsuperpotential = 1
2
∫
E
R
eG/2 + h. c. . (IV-5.37)
This field dependent redefinition, which has the form of a Ka¨hler transformation, must
of course be performed in the whole geometric structure, leading to a new superspace
geometry which is completely inert under Ka¨hler transformations. The component field
expressions in this new basis, with Ka¨hler inert components, have the same form as the
previous ones, with K replaced by G in all the implicit dependence on the Ka¨hler potential
and W and W set to one. It was actually given in this basis in [21].
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V LINEAR MULTIPLET AND SUPERGRAVITY
The antisymmetric tensor gauge potential, bmn = −bnm, first discussed in [121], appears
naturally in the context of string theory [108]. At the dynamical level it is related to a
real massless scalar field through a duality transformation.
In supersymmetry, the antisymmetric tensor is part of the linear multiplet [71, 143],
together with a real scalar and a Majorana spinor. The duality with a massless scalar
multiplet is most easily established in superfield language [111].
Postponing the discussion of the relevance of the linear multiplet and its couplings
in low energy effective superstring theory to the closing section VII, we concentrate here
on the general description of linear multiplets in superspace and couplings to the full
supergravity/matter/Yang-Mills system, including Chern-Simons forms.
The basic idea of the linear superfield formalism is to describe a 2-form gauge potential
in the background of UK(1) superspace and to promote the Ka¨hler potential to a more
general superfield function, which not only depends on the chiral matter superfields but
also on linear superfields.
In order to prepare the ground, section V-1 provides an elementary and quite detailed
introduction to the antisymmetric tensor gauge potential and to linear superfields without
supergravity. Whereas the superspace geometry of the 2-form in UK(1) superspace is pre-
sented in V-2, component fields are identified in section V-3. In section V-4 we explain the
coupling of the linear superfield to the supergravity/matter/Yang-Mills system. Duality
transformations in this general context, including Chern-Simons forms are discussed in
section V-5, relating the linear superfield formalism to the chiral superfield formalism. In
section V-6 we show that the linear superfield formalism provides a natural explanation of
non-holomorphic gauge coupling constants. Finally, in section V-7 we extend our analysis
to the case of several linear multiplets.
V-1 The Linear Multiplet In Rigid Superspace
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V-1.1 The antisymmetric tensor gauge field
Consider first the simple case of the antisymmetric tensor gauge potential bmn in four
dimensions with gauge transformations parametrized by a four vector βm such that
bmn 7→ bmn + ∂mβn − ∂nβm, (V-1.1)
and with invariant field strength given as
h0 lmn = ∂lbmn + ∂mbnl + ∂nblm. (V-1.2)
The subscript 0 denotes here the absence of Chern-Simons forms. As a consequence of its
definition the field strength satisfies the Bianchi identity
εklmn∂kh0 lmn = 0. (V-1.3)
The invariant kinetic action is given as
L = 1
2
∗hm0
∗h0m, (V-1.4)
with ∗hk0 =
1
3!
εklmnh0 lmn denoting the Hodge dual of the field strength tensor.
Consider next the case where a Chern-Simons term for a Yang-Mills potential am,
such as
Qlmn = − tr
(
a [l∂man] − 2i
3
a [laman]
)
, (V-1.5)
with [lmn] = lmn +mnl + nlm−mln− lnm− nml, is added to the field strength,
hlmn = h0 lmn + k Qlmn. (V-1.6)
Here k is a constant which helps keeping track of the terms induced by the inclusion
of the Chern-Simons combination. The Chern-Simons term is introduced to compensate
the Yang-Mills gauge transformations to the antisymmetric tensor, thus rendering the
modified field strength invariant. The Bianchi identity is modified as well; it now reads
εklmn∂khlmn = −3
2
k εklmn tr(f klf mn). (V-1.7)
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A dynamical theory may then be obtained from the invariant action
L = 1
2
∗hm ∗hm − 1
4
tr(f mnf mn), (V-1.8)
with ∗hk the dual of hlmn. This action describes the dynamics of Yang-Mills potentials
am(x) and an antisymmetric tensor gauge potential bmn with effective k-dependent cou-
plings induced through the Chern-Simons form.
This theory is dual to another one where the antisymmetric tensor is replaced by a real
pseudoscalar a(x) in the following sense: one starts from a first order action describing a
vector Xm(x), a scalar a(x) and the Yang-Mills gauge potential am(x),
L = (Xm − k ∗Qm)∂ma+ 1
2
XmXm − 1
4
tr(f mnf mn), (V-1.9)
where the gauge Chern-Simons form is included as
∗Qk =
1
3!
εklmnQlmn = −εklmn tr
(
a l∂man − 2i
3
a laman
)
. (V-1.10)
Variation of the first order action with respect to the field a gives rise to an equation of
motion which is solved in terms of an antisymmetric tensor
∂m(X
m − k ∗Qm) = 0, ⇒ Xk − k ∗Qk = 1
2
εklmn∂lbmn. (V-1.11)
Substituting back shows that the first term in (V-1.9) becomes a total derivative and we
end up with the previous action (V-1.8) where ∗hm = Xm, describing an antisymmetric
tensor gauge field coupled to a gauge Chern-Simons form.
On the other hand, varying the first order action with respect to Xm yields
Xm = −∂ma. (V-1.12)
In this case, substitution of the equation of motion, together with the divergence equation
for the Chern-Simons form, i.e.
∂k
∗Qk = −1
4
εklmn tr (f klf mn) . (V-1.13)
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gives rise to a theory describing a real scalar field with an axion coupling term
L = −1
2
∂ma(x) ∂ma(x)− 1
4
tr(f mnf mn)−
k
4
a(x) εklmn tr(f klf mn). (V-1.14)
It is in this sense that the two actions (V-1.8) and (V-1.14) derived here from the first
order one (V-1.9) are dual to each other. They describe alternatively the dynamics of an
antisymmetric tensor gauge field or of a real pseudoscalar, respectively, with special types
of Yang-Mills couplings. Indeed, the pseudoscalar field is often referred to as an axion
because of its couplings (V-1.14) to Yang-Mills fields (although it is not necessarily the
QCD axion). Note that the kinetic term of the Yang-Mills sector is not modified in this
procedure.
V-1.2 The linear superfield
As already mentioned, the linear supermultiplet consists of an antisymmetric tensor, a
real scalar and a Majorana spinor. In string theories, the real scalar is the dilaton found
among the massless modes of the gravity supermultiplet. As bmn is the coefficient of
a 2-form, we can describe its supersymmetric version by a 2-form in superspace with
appropriate constrains and build the corresponding supermultiplet by solving the Bianchi
identities. We shall proceed this way in section V-2. In superfield language it is described
by a superfield L0, subject to the constrains
D2L0 = 0, D¯
2L0 = 0. (V-1.15)
Again, the subscript 0 means that we do not include, for the moment, the coupling
to Chern-Simons forms. The linear superfield L0 contains the antisymmetric tensor only
through its field strength h0 lmn. Indeed, the superfield L0 is the supersymmetric analogue
of h0 lmn (it describes the multiplet of field strengths) and the constrains (V-1.15) are the
supersymmetric version of the Bianchi identities. The particular form of these constraints
implies that terms quadratic in θ and θ¯ are not independent component fields; it is for
this reason that L0 has been called a linear superfield [71].
As before, component fields are identified as projections to lowest superfield compo-
nents. To begin with, we identify the real scalar L0(x) of the linear multiplet as the lowest
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component
L0 = L0(x). (V-1.16)
The spinor derivatives of superfields are again superfields and we define the Weyl compo-
nents (Λα(x), Λ¯
α˙(x)) of the Majorana spinor of the linear multiplet as
DαL0 = Λα(x), D
α˙L0 = Λ¯
α˙(x). (V-1.17)
The antisymmetric tensor appears in L0 via its field strength identified as
[Dα, Dα˙]L0 = −1
3
σk αα˙ ε
klmnh0 lmn = −2σk αα˙∗h0k, (V-1.18)
thus completing the identification of the independent component fields contained in L0.
The canonical supersymmetric kinetic action for the linear multiplet is then given by
the square of the linear superfield integrated over superspace, i.e. in the language of
projections to lowest superfield components,
L = − 1
32
(
D2D¯2 + D¯2D2
)
(L0)
2
=
1
2
∗hm0
∗h0m − 1
2
∂mL0 ∂mL0 − i
2
σmαα˙(Λ
α∂mΛ¯
α˙ + Λ¯α˙∂mΛ
α), (V-1.19)
generalizing the purely bosonic action (V-1.4) given above and showing that there is no
auxiliary field in the linear multiplet.
In order to construct the supersymmetric version of (V-1.8), we come now to the
supersymmetric description of the corresponding Chern-Simons forms. They are described
in terms of the Chern-Simons superfield Ω, which has the properties
tr(WαWα) = 1
2
D¯2Ω, tr(Wα˙W α˙) = 1
2
D2Ω. (V-1.20)
The appearance of the differential operators D2 and D¯2 is due to the chirality constraint
(II-3.33) on the gaugino superfieldsWα,Wα˙, whereas the additional constraint (II-3.34) is
responsible for the fact that one and the same real superfield Ω appears in both equations.
The component field Chern-Simons form (V-1.5) is then identified in the lowest superfield
component
[Dα, Dα˙] Ω = −2σkαα˙ ∗Qk − 4 tr(λαλ¯α˙), (V-1.21)
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with ∗Qk given in (V-1.10).
Since the terms on the left-hand side in (V-1.20) are gauge invariant, it is clear that
a gauge transformation adds a linear superfield to Ω. The explicit construction given in
appendix F-2, in the full supergravity context, shows that, up to a linear superfield, we
may identify
L = L0 + kΩ, (V-1.22)
such that L is gauge invariant. However, this superfield L satisfies now the modified
linearity conditions
D¯2L = 2k tr(WαWα), (V-1.23)
D2L = 2k tr(Wα˙W α˙), (V-1.24)
Again, these equations together with
[Dα, Dα˙]L = −1
3
σdαα˙ ǫ
dcbaHcba − 4k tr(WαWα˙), (V-1.25)
have an interpretation as Bianchi identities in superspace geometry. The last one shows
how the usual field strength of the antisymmetric tensor together with the Chern-Simons
component field appears in the superfield expansion of L,
[Dα, Dα˙]L = −σkαα˙ εklmn
(
∂lbmn +
k
3
Qlmn
)
− 4k tr(λαλ¯α˙). (V-1.26)
The invariant action for this supersymmetric system is given as the lowest component of
the superfield
L = − 1
32
(
D2D¯2 + D¯2D2
)
L2 − 1
16
D2 trW2 − 1
16
D¯2 tr W¯2. (V-1.27)
This action describes the supersymmetric version of the purely bosonic action (V-1.8).
Its explicit component field gestalt will be displayed and commented on in a short while.
The notion of duality can be extended to supersymmetric theories as well [111]; this
is most conveniently done in the language of superfields. The supersymmetric version of
the first order action (V-1.9) is given as
L = − 1
32
(
D2D¯2 + D¯2D2
) (
X2 +
√
2(X − kΩ)(S + S¯)
)
− 1
16
D2 trW2 − 1
16
D¯2 tr W¯2.
(V-1.28)
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Here, X is a real but otherwise unconstrained superfield, whereas S and S¯ are chiral,
DαS¯ = 0, D¯
α˙S = 0. (V-1.29)
Of course, the chiral multiplets are going to play the part of the scalar field a(x) in the
previous non-supersymmetric discussion.
Varying the first order action with respect to the superfield S or, more correctly,
with respect to its unconstrained pre-potential Σ, defined as S = D¯2Σ, the solution
of the chirality constraint, shows immediately (upon integration by parts using spinor
derivatives) that the superfield X must satisfy the modified linearity condition. It is
therefore identified with L and we recover the action (V-1.27) above.
On the other hand, varying the first order action (V-1.28) with respect to X yields
the superfield equation of motion
X = − 1√
2
(S + S¯). (V-1.30)
Substituting for X in (V-1.28) and observing that the terms S2 and S¯2 yield total deriva-
tives which are trivial upon superspace integration, we arrive at
L = 1
32
(
D2D¯2 + D¯2D2
) (
S¯S + k
√
2Ω (S + S¯)
)
− 1
16
D2 trW2 − 1
16
D¯2 tr W¯2. (V-1.31)
One recognizes the usual superfield kinetic term for the chiral multiplet and the Yang-Mills
kinetic terms. It remains to have a closer look at the terms containing the Chern-Simons
superfield. Taking into account the chirality properties for S and S¯ and the derivative
relations (V-1.20) for the Chern-Simons superfields we obtain, up to a total derivative,
L = 1
32
(
D2D¯2 + D¯2D2
)
S¯S − 1
16
D2 trW2 − 1
16
D¯2 tr W¯2
+
k
√
2
8
D2
(
S trW2)+ k√2
8
D¯2
(
S¯ tr W¯2) . (V-1.32)
This action is the supersymmetric version of the action (V-1.14).
The component field expressions for the two dual versions (V-1.27) and (V-1.32) of
the supersymmetric construction are then easily derived. In the antisymmetric tensor
104
version, the complete invariant component field action deriving from (V-1.27) is given as
L = 1
2
∗hm∗hm − 1
2
∂mL ∂mL− i
2
σmαα˙
(
Λα∂mΛ¯
α˙ + Λ¯α˙∂mΛ
α
)
+(1 + 2kL) tr
[
−1
4
f mnf mn −
i
2
σmαα˙
(
λαDmλ¯α˙ + λ¯α˙Dmλα
)
+
1
2
Dˆ Dˆ
]
−k ∗hm tr(λσmλ¯)− kΛ σmn tr(λf mn)− k Λ¯ σ¯mn tr(λ¯f mn)
−k
2
4
(1 + 2kL)−1
[
Λ2 trλ2 + Λ¯2 tr λ¯2 − 2ΛσmΛ¯ tr(λσmλ¯)
]
−k
2
2
[
tr λ2 tr λ¯2 − tr(λσmλ¯) tr(λσmλ¯)
]
. (V-1.33)
This is the supersymmetric version of (V-1.8). The redefined auxiliary field
Dˆ = D + ik (1 + 2kL)−1 (Λλ− Λ¯λ¯), (V-1.34)
has trivial equation of motion.
On the other hand, in order to display the component field Lagrangian in the chiral
superfield version, we recall the definition of the component field content of the chiral
superfields
S = S(x), DαS =
√
2χα(x), D
2S = −4F (x), (V-1.35)
and
S¯ = S¯(x), Dα˙S¯ =
√
2 χ¯α˙(x), D¯2S¯ = −4F¯ (x). (V-1.36)
The component field action in the dual formulation, derived from the superfield action
(V-1.32) takes then the form
L = −∂mS¯ ∂mS − i
2
σmαα˙
(
χα∂mχ¯
α˙ + χ¯α˙∂mχ
α
)
+ F̂ ̂¯F
+
(
1− k
√
2 (S + S¯)
)
tr
[
−1
4
f mnf mn −
i
2
σmαα˙
(
λαDmλ¯α˙ + λ¯α˙Dmλα
)
+
1
2
Dˆ Dˆ
]
− k
4i
√
2
(S − S¯) [εklmn tr(f klf mn) + 4∂m tr(λσmλ¯)]
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+k χσmn tr(λf mn) + k χ¯σ¯
mn tr(λ¯f mn)−
k2
8
trλ2 tr λ¯2
−k
2
4
(
1− k
√
2 (S + S¯)
)−1 [
χ2 trλ2 + χ¯2 tr λ¯2 − 2(χσmχ¯) tr(λσmλ¯)
]
. (V-1.37)
This is the supersymmetric version of (V-1.14). Again, we have introduced the diagonal-
ized combinations for the auxiliary fields
F̂ = F +
k
√
2
4
tr λ¯2, ̂¯F = F¯ + k√2
4
tr λ2, (V-1.38)
and
Dˆ = D− ik
[
1− k
√
2 (S + S¯)
]−1
(χλ− χ¯λ¯). (V-1.39)
The two supersymmetric actions (V-1.33) and (V-1.37) are dual to each other, in the
precise sense of the construction performed above. In both cases the presence of the
Chern-Simons form induces k-dependent effective couplings, in particular quadri-linear
spinor couplings. Also, we easily recognize in the second version the axion term already
encountered in the purely bosonic case discussed before.
A striking difference with the non-supersymmetric case, however, is the appearance of
a k-dependent gauge coupling function, multiplying the Yang-Mills kinetic terms. This
shows that supersymmetrization of (V-1.8) and (V-1.14) results not only in supplementary
fermionic terms, but induces also genuinely new purely bosonic terms.
In this line of construction, one can imagine an extension of Zumino’s construction of
the nonlinear sigma model [164], [74], [4], where we replace the Ka¨hler potential K(φ, φ¯)
by a more general function K(φ, φ¯, L) which not only depends on complex chiral and
antichiral superfields, but also on a number of real linear superfields.
V-2 The Geometry of the 2-Form
The linear multiplet has a geometric interpretation as a 2-form gauge potential in su-
perspace geometry. Since we wish to construct theories where the linear multiplet is
coupled to the supergravity-matter system, we will formulate this 2-form geometry in the
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background of UK(1) superspace. The basic object is the 2-form gauge potential defined
as
B =
1
2
dzMdzN BNM , (V-2.1)
subject to gauge transformations of parameters β = dzMβM which are themselves 1-forms
in superspace
B 7→ B + dβ, (V-2.2)
i.e. ,
BNM 7→ BNM + ∂NβM − (−)nm∂MβN . (V-2.3)
The invariant field strength is a 3-form,
H = dB =
1
3!
EAEBECHCBA, (V-2.4)
with EA the frame of UK(1) superspace. As a consequence of dd = 0 one obtains the
Bianchi identity, dH = 0, which fully developed read
1
4!
EAEBECED
(
4DDHCBA + 6 TDCFHFBA
)
= 0. (V-2.5)
The linear superfield is recovered from this general structure in imposing covariant con-
straints on the field strength coefficients HCBA such that (α = α, α˙)
Hγβα = 0, Hγβa = 0, Hγ˙β˙a = 0. (V-2.6)
As consequences of these constraints we find (by explicitly solving them in terms of
unconstrained pre-potentials or else working through the covariant Bianchi identities)
that all the field strength components of the 2-form are expressed in terms of one real
superfield. In the absence of Chern-Simons forms -cf. also section V-1.2, it will be denoted
by L0. It is identified in
Hγ
β˙
a = −2i (σaǫ)γβ˙L0. (V-2.7)
Explicitly we obtain
Hγba = 2(σba)γ
ϕDϕL0, H γ˙ ba = 2(σ¯ba)γ˙ ϕ˙Dϕ˙L0, (V-2.8)
107
and
− 1
3
σd αα˙ ǫ
dcbaHcba = ([Dα,Dα˙]− 4 σaαα˙Ga)L0. (V-2.9)
This equation identifies the super-covariant field strength Hcba in the superfield expansion
of L0. Compatibility of the constraints imposed above with the structure of the Bianchi
identities then implies the linearity conditions
(D¯2 − 8R)L0 = 0, (D2 − 8R†)L0 = 0, (V-2.10)
for a linear superfield in interaction with the supergravity-matter system.
In general, when the linear multiplet is coupled to the supergravity/matter/Yang-
Mills system, we will have to allow for Chern-Simons couplings as well. As gravitational
Chern-Simons forms are beyond the scope of this report, we will restrict ourselves to the
Yang-Mills case. Recall that the Chern-Simons 3-form of a Yang-Mills potential A in
superspace is defined as [90]
QYM = tr
(
AdA+ 2
3
AAA
)
. (V-2.11)
Its exterior derivative yields a field strength squared term
dQYM = tr (FF) . (V-2.12)
The coupling to the antisymmetric tensor multiplet is obtained by incorporating this
Chern-Simons form into the field strength of the 2-form gauge potential
HYM = dB + kQYM. (V-2.13)
The superscript YM indicates the presence of the Yang-Mills Chern-Simons form in the
definition of the field strength. Note that if am, the Yang-Mills potential and bmn, the
antisymmetric tensor gauge potential have the conventional dimension of a mass (the
corresponding kinetic actions are then dimensionless) the constant k has dimension of an
inverse mass.
Since QYM changes under gauge transformations of the Yang-Mills connection A with
the exterior derivative of a 2-form ∆(A, g),
QYM 7→ gQYM = QYM + d∆(A, g), (V-2.14)
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covariance of HYM can be achieved in assigning an inhomogeneous compensating gauge
transformation
B 7→ gB = B − k∆(A, g), (V-2.15)
to the 2-form gauge potential. Finally, the addition of the Chern-Simons forms gives rise
to the modified Bianchi identities
dHYM = k tr (FF) . (V-2.16)
A question of compatibility arises when the two superspace structures are combined in
the way we propose here, since the linear multiplet corresponds to a 2-form geometry with
constraints on the 3-form field strength and the Yang-Mills field strength F is constrained
as well. As it turns out [97, 90], assuming the usual constraints for F , the modified field
strength HYM may be constrained in the same way as H , without any contradiction. The
most immediate way to see this is to investigate explicitly the structure of the modified
Bianchi identities
1
4!
EAEBECED
(
4DDHCBA + 6 TDCFHFBA − 6k tr(FDCFBA)
)
= 0. (V-2.17)
Assuming for HYM the same constraints as for H -cf. (V-2.6), (V-2.7)- and replacing L0
by LYM on the one hand and taking into account the special properties of the FF terms
arising from the Yang-Mills constraints on the other hand, one can show that the linearity
conditions (V-2.17) are replaced by the modified linearity conditions
(D2 − 8R†)LYM = 2k tr (Wα˙W α˙) , (V-2.18)
(D¯2 − 8R)LYM = 2k tr (WαWα) . (V-2.19)
Likewise, (V-2.9) acquires an additional term,
([Dα,Dα˙]− 4σaαα˙Ga)LYM = −
1
3
σdαα˙ǫ
dcbaHYMcba − 4k tr (WαWα˙) . (V-2.20)
The special properties of Wα allow to express the quadratic gaugino contributions in
(V-2.18), (V-2.19) in terms of a single Chern-Simons superfield ΩYM,
tr
(Wα˙W α˙) = 1
2
(D2 − 8R†)ΩYM, tr (WαWα) = 1
2
(D¯2 − 8R)ΩYM. (V-2.21)
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The existence of ΩYM and its explicit construction -cf. appendix F- rely on the similarity
of Chern-Simons forms with a generic 3-form gauge potential C. The Chern-Simons form
(V-2.11) plays the role of a 3-form gauge potential (V-2.14) and tr (FF) corresponds to
its field strength (V-2.12). Given the identification
Σ =
1
4!
EAEBECEDΣDCBA =
1
4!
EAEBECED 6 tr (FDC FBA) , (V-2.22)
and the constraints on F it is immediate to deduce that indeed
Σδ γ αA = 0, (V-2.23)
which are just the constraints of the 4-form field strength in the generic case. Antici-
pating part of the discussion of the next section, we observe that, as a consequence of
the constraints, all the components of the generic 4-form field strength are expressible in
terms of chiral superfields Y and Y (DαY = 0, Dα˙Y = 0) identified in
Σδγ ba =
1
2
(σbaǫ)δγ Y , Σ
δ˙γ˙
ba =
1
2
(σ¯baǫ)
δ˙γ˙ Y. (V-2.24)
For the remaining coefficients, i.e. Σδ cba and Σdcba, respectively, we obtain then
Σδ cba = − 1
16
σd
δδ˙
ǫdcbaDδ˙Y , Σδ˙cba = + 1
16
σ¯d δ˙δ ǫdcbaDδY, (V-2.25)
and
Σdcba =
i
16
ǫdcba
[ (D2 − 24R†) Y − (D¯2 − 24R)Y ] . (V-2.26)
This last equation should be understood as a further constraint between the chiral
superfields Y and Y , thus describing the supermultiplet of a 3-form gauge potential in
UK(1) superspace.
From the explicit solution of the constraints, one finds that Y and Y are given as the
chiral projections of UK(1) superspace geometry acting on one and the same pre-potential
Ω,
Y = −4(D¯2 − 8R)Ω, Y = −4(D2 − 8R†)Ω. (V-2.27)
Due to the same constraint structure of Σ and tr(FF), this analysis applies to the case
of Chern-Simons forms as well. We identify
Y YM = −8 tr (WαWα) , Y YM = −8 tr
(Wα˙W α˙) . (V-2.28)
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Correspondingly, Ω the generic pre-potential, is identified as ΩYM, the Chern-Simons
superfield, expressed in terms of the unconstrained Yang-Mills pre-potential. A detailed
account of this analysis is given in appendix F.
It is instructive to investigate the relation between the superfields LYM and L0 in this
context. As we have seen, L0 and L
YM − kΩYM satisfy the same linearity conditions. As
a consequence, they can be identified up to some linear superfield, i.e.
LYM = L0 + k β
YM + kΩYM. (V-2.29)
Here βYM is a pre-potential dependent linear superfield whose explicit form, irrelevant for
the present discussion, may be read off from the equations in appendix F. Note that ΩYM
changes under Yang-Mills gauge transformations by a linear superfield (hence (V-2.21)
are unchanged), whereas the combination ΩYM + βYM is gauge invariant, in accordance
with the gauge invariance of L0 and L
YM.
We have tried to make clear in this section that the superspace geometry of the 3-form
gauge potential provides a generic framework for the discussion of Chern-Simons forms
in superspace. Established in full detail for the Yang-Mills case, this property can be
advantageously exploited [91] in the much more involved gravitational case, relevant in
the Green-Schwarz mechanism in superstrings.
As we will consider the Yang-Mills case only, we drop the YM superscript from now
on, a superfield L being supposed to satisfy the modified linearity conditions.
V-3 Component Fields
When coupled to the supergravity/matter/Yang-Mills system, the components
bmn(x), L(x), Λα(x), Λ¯α˙(x), (V-3.1)
of the linear multiplet are still defined as lowest superfield components, but now in the
framework of UK(1) superspace geometry. For the covariant components L(x), Λα(x),
Λ¯α˙(x), we define
L = L(x), DαL = Λα(x), Dα˙L = Λ¯α˙(x), (V-3.2)
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whereas the antisymmetric tensor gauge field is identified as
B = b =
1
2
dxmdxnbnm(x). (V-3.3)
The double bar projection, as defined in IV, is particularly useful for the determination
of the lowest component of Hcba, the super-covariant field strength of the antisymmetric
tensor. Recall that the component field expression of the Chern-Simons form, in terms of
A = idxmam(x), is given as
Q =
1
3!
dxndxmdxlQlmn = − 1
3!
dxndxmdxl tr
(
a l∂man − 2i
3
a laman
)
. (V-3.4)
The double bar projection is then applied in two ways. On the one hand, we have
H =
1
3!
dxldxmdxnhnml, (V-3.5)
with hnml = ∂nbml + ∂mbln + ∂lbnm + k Qnml. The super-covariant field strength Hcba ,
on the other hand, is identified in employing the double bar projection in terms of the
covariant component field differentials eA, defined in (IV-1.1), (IV-1.2), and taking into
account the constraints on HCBA. As a result, we find
H =
1
3!
eaebecHcba +
1
2
eaebeγHγba +
1
2
eaebeγ˙H
γ˙
ba + e
aeβ˙e
γHγ
β˙
a . (V-3.6)
Inserting the explicit expressions for Hγba, H
γ˙
ba and Hγ
β˙
a yields then in a straightforward
way
1
3!
ǫdcbaHcba =
1
3!
en
dεnmlk
(
hmlk + 3iLψmσlψ¯k
)
+ i en
d
(
ψmσ
nmΛ− ψ¯mσ¯nmΛ¯
)
, (V-3.7)
Note that the super-covariant field strength Hcba , one of the basic building blocks in the
construction of component field actions, exhibits terms linear and quadratic in the Rarita-
Schwinger field. Details on the geometric derivation of supersymmetry transformation
laws and the construction of invariant component field actions are presented in appendix
E.
112
V-4 Linear Multiplet Coupling
For the coupling of the linear multiplet to the general supergravity/matter/Yang-Mills
system we may imagine to follow the same steps as before, but with the Ka¨hler potential
replaced by an L dependent superfield K(φ, φ¯, L) [20, 19, 1], which we shall call the kinetic
potential. Let us note that L being real, the interpretation of K as a potential of Ka¨hler
geometry is partly lost.
As we now explain, such a construction does not yield a canonically normalized Ein-
stein term. To begin with, we note that the curvature scalar still appears in the combi-
nation
D2R + D¯2R† = −2
3
Rba
ba − 1
3
(DαXα +Dα˙X¯ α˙)+ 4GaGa + 32RR†, (V-4.1)
where the combination DαXα + Dα˙X¯ α˙ should now be evaluated using K = K(φ, φ¯, L)
as a starting point. This generates extra D2R + D¯2R† terms. Indeed, recall the UK(1)
relations (B-4.7), (B-4.8)
− 3DαR = Xα + 4Sα, −3Dα˙R† = X α˙ − 4Sα˙, (V-4.2)
and the definitions
Xα = −1
8
(D¯2 − 8R)DαK(φ, φ¯, L), (V-4.3)
X¯ α˙ = −1
8
(D2 − 8R†)Dα˙K(φ, φ¯, L). (V-4.4)
In the L independent case these relations serve to identify DαR and Dα˙R† as superfields,
roughly speaking, depending through Xα, X¯
α˙ on the matter sector and through Sα, S¯
α˙
on the gravity sector. In the L dependent case, due to the presence of R, R† in the
linearity conditions, successive spinor derivatives generate extra DαR, resp. Dα˙R† terms
in the expressions of Xα, resp. X¯
α˙. We can make explicit such contributions and write
(KL ≡ ∂K/∂L)
Xα = −LKLDαR + Yα, X¯ α˙ = −LKLDα˙R† + Y¯ α˙, (V-4.5)
where Yα and Y¯
α˙ contain all remaining contributions including those stemming from the
Chern-Simons forms. Hence, in this case DαR and Dα˙R† are still identified as dependent
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superfields, but the relations (V-4.2) take a modified form,
(LKL − 3)DαR = Yα + 4Sα, (V-4.6)
(LKL − 3)Dα˙R† = Y¯ α˙ + 4Sα˙. (V-4.7)
This, in turn, implies that the basic geometric relation (V-4.1) takes a modified form
as well (
1− 1
3
LKL
)(D2R + D¯2R†) = −2
3
Rba
ba + 4GaGa + 32RR
†
−1
3
(DαYα +Dα˙Y¯ α˙)+ 1
3
Dα (LKL)DαR + 1
3
Dα˙ (LKL)Dα˙R†. (V-4.8)
Evaluating the component field action, following the procedure of section IV-5, we obtain
an Einstein term with a field dependent normalization
(
1− 1
3
LKL
)−1
. In other terms,
in the linear superfield formalism, a superfield action which is just the integral over the
superdeterminant of the frame, leads to a non-canonical normalization of the Einstein
term.
In order to have more flexibility for the normalization function we consider from now
on a general superfield action,
L = −3
∫
E F (φ, φ¯, L), (V-4.9)
where the subsidiary function F depends in a yet unspecified manner on the chiral and
linear superfields. Observe that the kinetic potential K(φ, φ¯, L) is implicit in E through
the UK(1) construction. The component field version of this generalized superfield action
is evaluated using the chiral superfield,
r = −1
8
(D¯2 − 8R)F (φ, φ¯, L), (V-4.10)
and its complex conjugate in the generic construction of section IV-5. A straightforward
calculation shows that in this case the Einstein term is multiplied by the normalization
function
N(φ, φ¯, L) =
F − LFL
1− 1
3
LKL
. (V-4.11)
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Requiring N = 1, or
F − LFL = 1− 1
3
LKL, (V-4.12)
ensures that we get a canonically normalized Einstein term.
Note that in the case of L-independent functions F and K, this equation implies
simply F = 1. In the general case, the solution of (V-4.12) reads
F (φ, φ¯, L) = 1 + LV (φ, φ¯) +
L
3
∫
dλ
λ
Kλ(φ, φ¯, λ). (V-4.13)
We see that the only term in F (φ, φ¯, L) which is not fixed by the choice of the Ka¨hler
potential is the term LV (φ, φ¯), the “integration constant” of the differential equation (V-
4.12). Indeed, one can check that, in the Lagrangian (V-4.9), only a term linear in L,
viz.
Llin = −3
∫
E LV (φ, φ¯), (V-4.14)
cannot be set to 1 by a superfield rescaling since the Weyl weights of E and L sum up to
zero (σ(E) = −2, σ(L) = 2).
As we discuss now, the real function V (φ, φ¯) plays an important role in the discussion
of certain anomaly cancellation mechanisms. From now on we refer to it as linear potential.
To be more definite, consider the effective transformation
V (φ, φ¯) 7→ V (φ, φ¯) +H(φ) + H¯(φ¯), (V-4.15)
with H a chiral superfield which is a holomorphic function of the chiral matter fields. How
does the Lagrangian Llin change under such a transformation? To see this more explicitly,
use integration by parts and apply the modified linearity conditions,∫
E LH = −1
8
∫
E
R
H(D¯2 − 8R)L =
∫
E
R
H tr(WαWα). (V-4.16)
Note the appearance of the chiral volume element in superspace. Therefore, (V-4.15)
gives rise to the effective transformation
Llin 7→ Llin + 3k
4
∫
E
R
H(φ) tr(WαWα) + 3k
4
∫
E
R†
H¯(φ¯) tr(Wα˙W α˙). (V-4.17)
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This shows that in the absence of Chern-Simons forms, k = 0, the transformation (V-4.15)
is a symmetry of the theory. In the presence of Chern-Simons forms it creates an Abelian
anomaly term, multiplied by H − H¯ and gives rise, at the same time, to a Yang-Mills
kinetic term multiplied by H + H¯. We will come back to this issue later on.
V-5 Duality Transformations
As is well known and has been stressed in section V-1, the antisymmetric tensor/real scalar
duality extends to the supersymmetric case, where it becomes a linear/chiral multiplet du-
ality. This duality should now be explored for the case of a linear multiplet coupled to the
general supergravity/matter/Yang-Mills system, the so-called linear superfield formalism,
in relation to the chiral superfield formalism, where only chiral multiplets occur.
It is not surprising that the subsidiary function F (φ, φ¯, L), introduced in the previous
subsection, be of some importance. As a matter of fact, the normalization condition (V-
4.12), justified previously at the component field level will reappear in an intriguing way
in the superfield duality transformation mechanism in curved superspace. Let us consider
the first order formalism Lagrangian
LFOF = −3
∫
E
[
F (φ, φ¯, X) +X(S + S¯)
]
, (V-5.1)
where S is a chiral superfield, Dα˙S = 0, and X is an unconstrained superfield. The kinetic
potential K(φ, φ¯, X) and the normalization function F (φ, φ¯, X) are supposed to be given
in terms of this unconstrained superfield.
Variation of (V-5.1) with respect to X gives rise to
(S + S¯)
(
1− 1
3
XKX
)
=
1
3
FKX − FX , (V-5.2)
where we have used
δXE = −1
3
EKXδX, (V-5.3)
as derived from (D-3.3) and (D-2.89). For given F and K functions, (V-5.2) should allow
to express X as a function of φ, φ¯ and of S+ S¯, such that the resulting Lagrangian in the
chiral superfield formalism is given as
LCSF = −3
∫
E
[
F
(
φ, φ¯, X(φ, φ¯, S + S¯)
)
+ (S + S¯)X(φ, φ¯, S + S¯)
]
. (V-5.4)
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Clearly, this Lagrangian will not necessarily yield the canonical normalization of the
curvature scalar term. On the other hand, we have shown in section III-2 that the
Lagrangian, built with (anti)chiral superfields, which gives a correct Einstein term is
simply
L = −3
∫
E. (V-5.5)
This form of (V-5.4) can be obtained in requiring
F (φ, φ¯, X) +X(S + S¯) = 1, (V-5.6)
where X is the solution of (V-5.2). Formally, these two equations combine into
F −XFX = 1− 1
3
XKX . (V-5.7)
This means that for a theory with canonical Einstein term, F and K cannot be chosen
independently, they should satisfy (V-5.7), which has the same form as (V-4.12), but
with L replaced by X(φ, φ¯, S+ S¯). Likewise, F (φ, φ¯, X(φ, φ¯, S+ S¯)) should have the same
functional dependence on X as it had before on L. These relations are of fundamental
importance if we want to make meaningful comparisons between different theories (or
compare for example the tree level and one-loop effective actions).
Alternatively, we can vary (V-5.1) with respect to S or S¯. Due to chirality, they can
be written as
S = (D¯2 − 8R)Σ, S¯ = (D2 − 8R†)Σ¯, (V-5.8)
where Σ, Σ¯ are unconstrained superfields.
Variation of (V-5.1) with respect to Σ, Σ¯ yields after integration by parts:
(D¯2 − 8R)X = 0, (D2 − 8R†)X = 0. (V-5.9)
We conclude that X is a linear superfield, which we identify with L0. An integration by
parts (linear × chiral integrates to zero) then shows that (V-5.1) reproduces (V-4.9) and
we are back with the linear superfield formalism discussed in the previous subsection.
There, however, the linear multiplet was coupled to Chern-Simons forms. How does
this coupling affect the duality structure? It is clear that in the linear superfield formalism
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we should reproduce the modified linearity conditions. Therefore, the first order formalism
should include the Chern-Simons superfield Ω, such that
LFOF = −3
∫
E [F (φ, φ¯, X) + (X − kΩ)(S + S¯)]. (V-5.10)
Varying with respect to Σ, Σ¯ establishes then the modified linearity conditions. On the
other hand, varying17 (V-5.10) with respect to X gives rise to the same equation (V-5.2)
as before. Imposing moreover a canonical Einstein term, using (V-5.6), the Lagrangian
in the chiral superfield formalism then reads
LCSF = −3
∫
E [1− kΩ(S + S¯)], (V-5.11)
To put the new terms, arising from the Chern-Simons couplings, in a more familiar form,
we write them as
LCSF = −3
∫
E − 3
8
∫
E
R
S(D¯2 − 8R)Ω− 3
8
∫
E
R†
S¯(D2 − 8R†)Ω, (V-5.12)
where the derivative terms vanish upon integration by parts (S and R are chiral super-
fields), and use (V-2.21) to obtain
LCSF = −3
∫
E − 3
4
k
∫
E
R
S tr(WαWα)− 3
4
k
∫
E
R†
S¯ tr(Wα˙W α˙). (V-5.13)
We therefore recover the standard formulation of matter coupled to supergravity with a
holomorphic gauge coupling function
f(S) = − 6kS. (V-5.14)
Comparing this to (V-4.17) suggests that the effective transformations (V-4.15) should be
realized in the chiral superfield formalism as field dependent shifts of the chiral superfield
S, i.e. S 7→ S −H(φ) and S¯ 7→ S¯ − H¯(φ¯)
Let us stress that the duality between the linear superfield formulation and the chiral
superfield formulation, discussed here for the case of one single linear superfield, extends
17Due to the variation law δXΩ =
1
3ΩKXδX , the terms proportional to the Chern-Simons form cancel
out in this equation, as expected from gauge invariance considerations.
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quite obviously to the case of several linear superfields and suitable Chern-Simons cou-
plings. We will come back to this after the next subsection.
We close this subsection on an example [21, 18] which plays an important role in
superstring models. We take for the Ka¨hler potential:
K = K0(φ, φ¯) + α logL (V-5.15)
where it was already stressed that L plays the roˆle of the string coupling. The corre-
sponding solution of (V-4.9) is:
F = 1− α/3 + LV (φ, φ¯). (V-5.16)
The solution of (V-5.6) reads
α
3L
= S + S¯ + V (φ, φ¯) (V-5.17)
and
K(φ, φ¯, S + S¯) = K0(φ, φ¯) + α log
α
3
− α log(S + S¯ + V (φ, φ¯)). (V-5.18)
It is interesting to discuss equation (V-5.17) in the context of the one-loop renormaliza-
tion of the gauge coupling performed by Dixon, Kaplunovsky and Louis [52]: S + S¯ is
interpreted as the tree level gauge coupling and V (φ, φ¯) is a generic (non-holomorphic)
threshold correction. We thus see that, up to a normalization factor, it is L−1 which
must be interpreted as the renormalized gauge coupling. Thus, the natural framework to
perform the renormalization of the gauge coupling functions is the linear multiplet formu-
lation.
We note also that the Ka¨hler potential in (V-5.18) is invariant under the effective
transformations (V-4.15) together with S 7→ S −H(φ) and S¯ 7→ S¯ − H¯(φ¯).
Adding terms of order Ln (n ≥ 2) in (V-5.15) would include higher order corrections,
if any, but we can note here the special status played by one-loop corrections. The explicit
computation of Ref.[52] indicates that, in this context, V (φ, φ¯) contains a piece which is
nothing else but K0(φ, φ¯). This fact has been stressed by Derendinger et al. [48] and is
in agreement with the Ka¨hler properties of V (φ, φ¯) -cf. (V-4.15).
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V-6 Non Holomorphic Gauge Couplings
In general, as explained in section III-4.3, supersymmetric Yang-Mills theory allows for
arbitrary holomorphic gauge coupling functions in terms of the complex matter scalar
fields. The corresponding invariant supergravity action (III-4.54) is given as a F-term in
UK(1) superspace.
Superstring theory, in its effective low energy limit, seems to suggest non-holomorphic
gauge coupling functions [142], [112] as well. From the formal point of view, such non-
canonical structures arise naturally in the linear superfield formalism [19], [48].
Independently of the relation to string theory, it is instructive in itself to elucidate
the origin of non-holomorphic gauge couplings in the linear superfield formalism. The
crucial ingredient is the coupling of Chern-Simons forms to linear multiplets, as described
in sections V-2 and V-4. In this context, the modified linearity conditions (V-2.18), (V-
2.19) are of utmost importance. In the following we will point out schematically how
non-holomorphic gauge couplings appear in the component field theory, starting from the
geometric superspace description.
Recall that the basic object for the construction of the component field action are the
chiral superfields r and r¯ given as
r = −1
8
(D¯2 − 8R)F (φ, φ¯, L), r¯ = −1
8
(D2 − 8R†)F (φ, φ¯, L). (V-6.1)
Working through the generic construction of section IV-4 allows to determine unambigu-
ously the complete component field action. As we are interested only in the gauge coupling
function, it is not necessary to go through all these steps in full detail.
For the sake of a schematical discussion recall first of all that the gauge kinetic terms
arise from the lowest component of the superfield
D2 trW2 + D¯2 tr W¯2. (V-6.2)
On the other hand, the complete set of kinetic terms of all the component fields is identified
in
D2r+ D¯2r¯. (V-6.3)
The procedure consists in evaluating the spinor derivatives in (V-6.3) and in isolating
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terms proportional to (V-6.2). In a first step we identify relevant terms in
D2r+ D¯2r¯ RT= F (D2R + D¯2R†)− 1
8
(D2D¯2 + D¯2D2)F. (V-6.4)
The symbol
RT
= indicates that we only retain the terms relevant for our discussion, making
the arguments more transparent. The first term on the right contains the contribution
originating from the L dependence of K. Using (V-4.1), we obtain
D2r+ D¯2r¯ RT= −1
3
F (DαXα +Dα˙X¯ α˙)− 1
8
FL(D2D¯2 + D¯2D2)L. (V-6.5)
Next we insert the explicit expression for Xα in terms of K(φ, φ¯, L), i.e.
DαXα +Dα˙X¯ α˙ RT= −1
8
KL(D2D¯2 + D¯2D2)L, (V-6.6)
to arrive at the intermediate result
D2r+ D¯2r¯ RT= −1
8
(FL − 1
3
FKL) (D2D¯2 + D¯2D2)L. (V-6.7)
In the next step we are going to exploit the modified linearity conditions
D¯2L = 8RL+ 2k trW2, D2L = 8R†L+ 2k tr W¯2. (V-6.8)
As a consequence we find
(D2D¯2 + D¯2D2)L RT= 8L(D2R + D¯2R†) + 2k (D2 trW2 + D¯2 tr W¯2). (V-6.9)
Using once more (V-6.6), i.e.
D2R + D¯2R† RT= 1
24
KL(D2D¯2 + D¯2D2)L, (V-6.10)
yields
(D2D¯2 + D¯2D2)L RT= 2k
1− 1
3
LKL
(D2 trW2 + D¯2 tr W¯2). (V-6.11)
The final result is then
D2r+ D¯2r¯ RT= −k
4
FL − 13FKL
1− 1
3
LKL
(D2 trW2 + D¯2 tr W¯2), (V-6.12)
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which allows to identify the gauge coupling function
Γ(φ, φ¯, L) =
FL − 13FKL
1− 1
3
LKL
. (V-6.13)
Recall that in the standard case the gauge coupling is the sum of a holomorphic and an
antiholomorphic function. In the more general formulation given here, non-holomorphic
coupling functions are allowed.
At this point it is important to note that so far we did not make any reference to
possible normalizations of the Einstein term, appearing in the same action. In section
V-4 we have identified the normalization function
N(φ, φ¯, L) =
F − LFL
1− 1
3
LKL
. (V-6.14)
A glance at the explicit form of Γ and N shows that they are related to F through the
simple relation
LΓ +N = F. (V-6.15)
Finally, the same Lagrangian contains also a kinetic term for L,
1
4L
[3NL +KL(LNL −N)] gmn∂mL∂nL, (V-6.16)
whose normalization function is expressed in terms of previously defined quantities. Note
that, in view of the normalization of the curvature scalar, i.e.
− N
2
R, (V-6.17)
it should be clear that the conformally trivial combination is obtained from the choice
N = L; remember that L has Weyl weight σ(L) = −2.
Let us now turn to a discussion of the duality transformation in this general case, i.e.
in the presence of non trivial normalization function N , gauge coupling Γ, and subsidiary
function F . The relevant first order action is still (V-5.10). The linear superfield formalism
discussed above is obtained in the usual way, varying with respect to the unconstrained
pre-potentials of the chiral superfield S. The chiral superfield formalism, on the other
122
hand, is obtained from variation with respect to X . As before, the corresponding equation
of motion (V-5.2) should be understood as an expression which determines X in terms of
φ, φ¯ and S + S¯. The chiral superfield formalism is then obtained from (V-5.10), but with
X now a function X(φ, φ¯, S + S¯). As to the gauge coupling function we are back to the
holomorphic case.
From what we have learned before, it should be clear that the superfields underlying
the component field construction of the action are now
r = −1
8
(D¯2 − 8R)F + k
4
trW2, r¯ = −1
8
(D2 − 8R†)F + k
4
tr W¯2. (V-6.18)
It is instructive to identify the normalization function of the curvature scalar and the gauge
coupling function, using a similar reasoning as before in the linear superfield formalism.
Working through the successive application of spinor derivatives in D2r+D¯2r¯ and keeping
track only of terms relevant for our purpose we find
D2r+ D¯2r¯ RT= −2
3
(F +X(S + S¯))Rba
ba +
k
4
(S + S¯) (D2 trW2 + D¯2 tr W¯2 ). (V-6.19)
The gauge coupling function is simply proportional to S + S¯, in accordance with (V-5.2)
and the definition (V-6.13). As to the normalization function of the Einstein term we
observe that, using formally (V-5.2) together with (V-6.15), means simply that
F +X(S + S¯) = N, (V-6.20)
with the X dependent function N written in terms of X(φ, φ¯, S + S¯). The determination
of the normalization of the kinetic terms of S, S¯ is left as an exercise.
V-7 Several Linear Multiplets
The linear superfield formalism can be easily generalized to accommodate several linear
multiplets. Noting LI, with I = 0, 1, ..., n, the n + 1 copies of linear superfields we will
have a set of n+ 1 modified linearity conditions
(D2 − 8R†)LI = 2kI
G
trW2
G
, (V-7.1)
(D¯2 − 8R)LI = 2kI
G
tr W¯2
G
. (V-7.2)
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Here the subscript G indicates that different linear combinations of Chern-Simons forms
(Yang-Mills potentials for different gauge groups) may couple to different antisymmetric
tensors.
In this general scenario the kinetic potential K and the subsidiary function F will be
functions of the n+ 1 superfields LI. The superfield action
L = −3
∫
EF (φ, φ¯, L
I
), (V-7.3)
depends implicitly on K(φ, φ¯, LI) through E due to the geometric construction.
The presence of several linear superfields implies that different gauge sectors may have
different gauge coupling functions. The determination of the explicit form of the gauge
coupling and normalization functions follows exactly the same steps as in the case of a
single linear superfield, taking now the chiral superfields r and r¯ to be
r = −1
8
(D¯2 − 8R)F (φ, φ¯, LI), r¯ = −1
8
(D2 − 8R†)F (φ, φ¯, LI). (V-7.4)
As a result, the normalization function takes the form
N(φ, φ¯, L
I
) =
F − L · FL
1− 1
3
L ·KL
, (V-7.5)
whereas the gauge coupling functions are given as
ΓG(φ, φ¯, L
I
) = (FI − N
3
KI) k
I
G
. (V-7.6)
We use here the notation L ·FL = LIFI, with FI denoting the derivative of F with respect
to LI, and the same for K. The gauge coupling and normalization functions satisfy the
sum rule
L
I
Γ(I) +N = F, (V-7.7)
with Γ(I) identified as ΓG = Γ(I) k
I
G
. The brackets indicate that the enclosed subscript does
not refer to a derivative. It is also interesting to note that the kinetic term gmn∂mL
J∂nL
I
is multiplied by a function
G(IJ) = FIJ − 1
3
(NKIJ +NIKJ +NJKI). (V-7.8)
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The effective transformations in the case of a single linear multiplet generalize as well. To
this end we observe first of all that a replacement
F (φ, φ¯, L
I
) 7→ F (φ, φ¯, LI) + LIV(I)(φ, φ¯), (V-7.9)
leaves the normalization function (V-7.5) as well as the sum rule (V-7.7) invariant, whereas
the gauge coupling function changes as
Γ(I)(φ, φ¯, L
I
) 7→ Γ(I)(φ, φ¯, LI) + V(I)(φ, φ¯). (V-7.10)
The counterpart of the effective action (V-4.14) in the presence of several multiplets
becomes
Llin = −3
∫
E L
I
V(I)(φ, φ¯), (V-7.11)
with effective transformations
V(I)(φ, φ¯) 7→ V(I)(φ, φ¯) +H(I)(φ) + H¯(I)(φ¯), (V-7.12)
giving rise to
Llin 7→ Llin + 3k
4
∫
E
R
H(I)(φ) k
I
G
trW2
G
+
3k
4
∫
E
R†
H¯(I)(φ¯) k
I
G
tr W¯2
G
. (V-7.13)
This shows that the case of several linear multiplets is more flexible in view of possible
applications to anomaly cancellation mechanisms.
As to the duality transformations between the linear and the chiral superfield formal-
ism we will make use of n + 1 unconstrained real superfields X I together with the real
combination SI + S¯I of chiral superfields. The first order action (V-5.10) generalizes then
to
LFOF = −3
∫
E
[
F (φ, φ¯, X
I
) + (X
I − kI
G
ΩG)(SI + S¯I)
]
, (V-7.14)
with ΩG the Chern-Simons superfield pertaining to the gauge sector specified by the
subscript G. Variation with respect to SI, resp. S¯I gives back the theory in the linear
superfield formalism, whereas variation with respect to X I gives rise to the equation(
SI + S¯I
)(
1− 1
3
X ·KX
)
=
F
3
KI − FI. (V-7.15)
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Again, this should be understood as an equation which expresses, for given kinetic po-
tential K and subsidiary function F , the previously unconstrained real superfields X I in
terms of φ, φ¯ and SI + S¯I.
Coming back to the linear superfield formalism, we note that the particular form (V-
7.5) of the normalization function N suggests to introduce projective variables for the set
of linear superfields. Choosing a particular linear superfield of reference, say L0, we define
L0 = L, ξ
I
=
LI
L0
, (V-7.16)
with I ranging from 1 to n whenever attached to a projective variable ξ. The kinetic
potential K and the subsidiary function F are now supposed to be given in terms of L
and ξI. In this parametrization the normalization function N takes the form
N(φ, φ¯, L, ξ
I
) =
F − LFL
1− 1
3
LKL
. (V-7.17)
Here only derivatives with respect to the particular superfield L occur. This closely
resembles (V-4.11), except for the additional dependence on the projective variables ξI.
Likewise, in the effective Lagrangian density one may parametrize
L
I
V(I)(φ, φ¯) = LV(φ, φ¯, ξI), (V-7.18)
with (identifying V(0) = V )
V(φ, φ¯, ξI) = V (φ, φ¯) + ξIV(I)(φ, φ¯). (V-7.19)
Observe that we could have chosen, instead of L0, another superfield of reference, without
changing the reasoning. Different choices are related in terms of reparametrizations in an
obvious way.
As a last remark consider the linear superfield formalism for the case of a trivial
coupling function N = 1. From the previous discussion, it should be clear that we recover
the same type of differential equation (V-4.12) as in the case of a single linear multiplet
F − LFL = 1− 1
3
LKL, (V-7.20)
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which is solved in the same way, i.e.
F = 1 + LV(φ, φ¯, ξI) + L
3
∫
dλ
λ
Kλ(φ, φ¯, λ, ξ
I
). (V-7.21)
In conclusion, the linear superfield formalism for the case of several linear multiplets
exhibits a quite intriguing structure which clearly should be further investigated. It would
be interesting to pursue this approach in the context of duality transformations and the
construction of the respective component field actions.
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VI 3-FORM COUPLING TO SUPERGRAVITY
VI-1 General remarks
The 3-form supermultiplet is, besides the chiral and linear multiplet, yet another super-
multiplet describing helicity (0, 1/2). It consists of a three-index antisymmetric gauge
potential Clmn(x), a complex scalar Y (x), a Majorana spinor with Weyl components
ηα(x), η
α˙(x) and a real scalar auxiliary field H(x).
In superfield language [82], [22] it is described by a chiral superfield
Dα˙Y = 0, DαY = 0, (VI-1.1)
which is subject to the additional constraint
D2Y − D¯2Y = 8i
3
εklmnΣklmn, (VI-1.2)
with the field strength of the 3-form gauge potential defined as
Σklmn = ∂kClmn − ∂lCmnk + ∂mCnkl − ∂nCklm. (VI-1.3)
It is invariant under the transformation
Clmn 7→ Clmn + ∂lΛmn + ∂mΛnl + ∂nΛlm, (VI-1.4)
where the gauge parameters Λmn = −Λnm have an interpretation as a 2-form coefficients.
The component fields of the 3-form multiplet are propagating: supersymmetry couples
the rank-3 antisymmetric tensor gauge potential with dynamical degrees of freedom. This
should be compared to the non-supersymmetric case, discussed in the context of the cos-
mological constant problem [104, 36, 58, 54], where the 3-form does not imply dynamical
degrees of freedom.
In section VI-2 the superspace formulation of [82] will be adapted to the background of
UK(1) superspace, providing the geometric structure underlying the coupling of the 3-form
multiplet to the general supergravity/matter/Yang-Mills system (and to linear multiplets,
if desired). We discuss in particular the 3-form Bianchi identities in the presence of
appropriate constraints and define supergravity transformations on the superfield and
component field levels.
128
As constraint chiral superfields, subject to the additional constraint (VI-1.2), Y and
Y derive from one and the same real pre-potential Ω superfield such that
Y = −4D¯2Ω, Y = −4D2Ω. (VI-1.5)
In appendix F we present a detailed derivation of the explicit solution of the 3-form
constraints in the background of U(1) superspace and identify the unconstrained pre-
potential Ω in this general geometric context.
The 3-form superfields Y and Y differ from usual chiral superfields, employed for
the description of matter multiplets in yet another respect: they have non-vanishing
chiral weights. This property modifies considerably the possible supergravity couplings,
compared to the case of vanishing chiral weights. In section VI-3 we give a very detailed
account of the couplings of the 3-form multiplet to supergravity and matter.
Although the study of the 3-form multiplet is interesting in its own right, it has an in-
teresting application in the description of gaugino condensation. There, as a consequence
of the chirality of the gaugino superfields, the composite superfields tr(W2) and tr(W¯2)
obey chirality conditions
Dα˙ tr(W2) = 0, Dα tr(W¯2) = 0, (VI-1.6)
as well. On the other hand, the gaugino superfields are subject to the additional constraint
(VI-1.2), which translates into an additional equation for the composites, corresponding
to VI-1.2. At the component field level this implies the identification
D2 tr(W2) − D¯2 tr(W¯2) = iεklmn tr(f klf mn), (VI-1.7)
where the topological density
εklmn tr(f klf mn) = −
2
3
εklmn∂kQlmn, (VI-1.8)
plays now the role of the field-strength and the Chern-Simons form (which, under Yang-
Mills transformations changes indeed by the derivative of a 2-form) the role of the 3-form
gauge potential. The analogy between the Chern-Simons forms in superspace and the 3-
form geometry is discussed in detail in appendices F-2, F-3, and has already been exploited
in section V-2.
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VI-2 The 3-Form Multiplet Geometry
The superspace geometry of the 3-form multiplet has been known for some time [82].
Its coupling to the general supergravity/matter/Yang-Mills system is most conveniently
described in the framework of UK(1) superspace -cf. section III-4. This approach is par-
ticularly useful in view of the non trivial Ka¨hler transformations of the 3-form superfield
Y . Moreover, it provides a concise way to derive supergravity transformations of the
component fields.
VI-2.1 Constraints and Bianchi identities
The basic geometric object is the 3-form gauge potential
C =
1
3!
dzLdzMdzNCNML, (VI-2.1)
subject to 2-form gauge transformations of parameter Λ = 1
2
dzMdzNΛNM such that
C 7→ C + dΛ. (VI-2.2)
The invariant field strength
Σ = dC =
1
4!
EAEBECED ΣDCBA, (VI-2.3)
is a 4-form in superspace with coefficients
1
4!
EAEBECED ΣDCBA =
1
4!
EAEBECED
(
4 DDCCBA + 6 TDCFCFBA
)
. (VI-2.4)
Here, the full UK(1) superspace covariant derivatives and torsions appear. Likewise, the
Bianchi identity, dΣ = 0, is a 5-form with coefficients
1
5!
EAEBECEDEE
(
5 DEΣDCBA + 10 TEDFΣFCBA
)
= 0. (VI-2.5)
In these formulas we have kept the covariant differentials in order to keep track of the
graded tensor structure of the coefficients.
The multiplet containing the 3-form gauge potential is obtained after imposing con-
straints on the covariant field-strength coefficients. Following [82] we require
Σδ γ β A = 0, (VI-2.6)
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where α ∼ α, α˙ and A ∼ a, α, α˙. The consequences of these constraints can be studied by
analyzing consecutively the Bianchi identities, from lower to higher canonical dimensions.
The tensor structures of the coefficients of Σ at higher canonical dimensions are then
subject to restrictions due to the constraints. In addition, covariant superfield conditions
involving spinor derivatives will emerge. The constraints serve to reduce the number of
independent component fields to those of the 3-form multiplet, but do not imply any
dynamical equations.
As a result of this analysis (alternatively, appendix F-1 provides the explicit solution
of the constraints in terms of an unconstrained pre-potential), all the coefficients of the
4-form field strength Σ can be expressed in terms of the two superfields Y and Y , which
are identified in the tensor decompositions
Σδγ ba =
1
2
(σbaǫ)δγY , Σ
δ˙γ˙
ba =
1
2
(σ¯baǫ)
δ˙γ˙Y. (VI-2.7)
As a consequence, the UK(1) weights of Y and Y are
w(Y ) = +2, w(Y ) = −2. (VI-2.8)
This implies that the covariant exterior derivatives
DY = dY + 2AY, DY = dY − 2AY , (VI-2.9)
contain A = EMAM , the UK(1) gauge potential. On the other hand, the Weyl weights
are determined to be
ω(Y ) = ω(Y ) = +3. (VI-2.10)
By a special choice of conventional constraints, i.e. a covariant redefinition of Ccba, it is
possible to impose
Σδ
γ˙
ba = 0. (VI-2.11)
The one spinor-three vector components of Σ are given as
Σ δ cba = − 1
16
σd
δδ˙
ǫdcbaDδ˙Y , Σδ˙ cba = + 1
16
σ¯dδ˙δ ǫdcbaDδY. (VI-2.12)
At the same time, the superfields Y and Y are subject to the chirality conditions
DαY = 0, Dα˙Y = 0 (VI-2.13)
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and are further constrained by the relation
8i
3
ǫdcbaΣdcba =
(D2 − 24R†)Y − (D¯2 − 24R)Y , (VI-2.14)
indicating that the imaginary part of the F-term of the 3-form superfield is given as the
curl of the 3-form gauge potential, with a number of additional nonlinear terms due to
the coupling to supergravity.
In conclusion, we have seen that all the coefficients of the superspace 4-form Σ, sub-
ject to the constraints, are given in terms of the superfields Y and Y and their spinor
derivatives. It is a matter of straightforward computation to show that all the remaining
Bianchi identities do not contain any new information.
VI-2.2 Component fields and supergravity transformations
As usual, we define component fields as lowest components of superfields. First of all, the
3-form gauge potential is identified as
Cklm = Cklm(x). (VI-2.15)
As to the components of Y and Y we define
Y = Y (x), DαY =
√
2 ηα(x), (VI-2.16)
and
Y = Y (x), D¯α˙Y =
√
2 η¯α˙(x). (VI-2.17)
At the level of two covariant spinor derivatives we define the component H(x) as
D2Y + D¯2Y = −8H(x). (VI-2.18)
The orthogonal combination however is not an independent component field. Projection
to lowest components of (VI-2.14) shows that it is given as
D2Y − D¯2Y = −32i
3
εklmn∂kClmn + 2
√
2i (ψ¯mσ¯
m)αηα − 2
√
2i (ψmσ
m)α˙η¯
α˙
−4(M + ψ¯mσ¯mnψ¯n) Y + 4(M + ψmσmnψn) Y . (VI-2.19)
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This expression provides the supercovariant component field strength of the 3-form gauge
potential, displaying the modifications which arise from the coupling to supergravity: here
the appearance of the Rarita-Schwinger field and the supergravity auxiliary field, in the
particular combination MY −MY .
The component fields in the supergravity, matter and Yang-Mills sectors are defined
as usual -cf. section IV-1. Some new aspects arise in the treatment of the field dependent
UK(1) pre-potential due to the presence of the fields Y and Y , carrying non-vanishing
UK(1) weights. It is for this reason that we refrain from calling K a Ka¨hler potential, we
rather shall refer to the field dependent UK(1) pre-potential as kinetic potential.
Before turning to the derivation of the supergravity transformations we shortly digress
on the properties of the composite UK(1) connection arising from the kinetic pre-potential
K(φ, Y, φ¯, Y ),
subject to Ka¨hler transformations
K(φ, Y, φ¯, Y ) 7→ K(φ, Y, φ¯, Y ) + F (φ) + F¯ (φ¯).
Requiring invariance of the kinetic potential under UK(1) transformations of the super-
fields Y and Y , implies the relation
Y KY = Y KY , (VI-2.20)
which we shall use systematically18. The composite UK(1) connection derives from the
commutator term [Dα,Dα˙]K, which, in the presence of the 3-form superfields is given as
[Dα,Dα˙]K = 2iKkDαα˙φk − 2iKk¯Dαα˙φ¯k¯ + 2iKYDαα˙Y − 2iKYDαα˙Y
+2KAA¯DαΨADα˙Ψ¯A¯ + 6 (Y KY + Y KY )Gαα˙, (VI-2.21)
where we use the shorthand notation ΨA = (φk, Y ), and Ψ¯A¯ = (φ¯k¯, Y ), with obvious
meaning for KAA¯. The important point is that on the right hand the UK(1) connection,
18The special kinetic potential
K(φ, φ¯, Y, Y ) = log
[
X(φ, φ¯) + Z(φ, φ¯)Y Y
]
,
where X and Z are functions of the matter fields, is a non-trivial example which satisfies this condition.
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A, appears in the covariant derivatives of Y and Y due to their non-vanishing UK(1)
weights. Explicitly one has
Dαα˙Y = σmαα˙
(
∂mY − 2AmY − 1√
2
ψ¯mϕ˙η¯
ϕ˙
)
,
Dαα˙Y = σmαα˙
(
∂mY + 2AmY − 1√
2
ψ¯m
ϕηϕ
)
.
Substituting in the defining equation for Am (III-4.20) and factorizing gives then rise to
Am(x) +
i
2
em
aba =
1
4
1
1− Y KY
(
Kk DmAk −Kk¯DmA¯k¯
+KY ∂mY −KY ∂mY + i σ¯α˙αm KAA¯ΨAα Ψ¯A¯α˙
)
. (VI-2.22)
As above, we use the shorthand notation ΨAα = (χ
k
α, ηα) and Ψ¯
A¯
α˙ = (χ¯
k¯
α˙, η¯α˙). As is easily
verified by an explicit calculation, Am defined this way transforms as it should under the
UK(1) transformations given above, i.e.
Am 7→ Am + i
2
∂m ImF.
Observe that the factor (1− Y KY )−1 accounts for the non-trivial UK(1) phase transfor-
mations
Y 7→ Y e−i ImF , Y 7→ Y e+i ImF ,
of the 3-form superfields.
We turn now to the derivation of supergravity transformations. In section III-4.2 they
were defined as combinations of superspace diffeomorphisms and field dependent gauge
transformations. In the case of the 3-form one has
δC = (ıξd+ dıξ)C + dΛ = ıξΣ + d (Λ + ıξC) , (VI-2.23)
the corresponding supergravity transformation is defined as a diffeomorphism of parameter
ξA = ıξE
A together with a compensating infinitesimal 2-form gauge transformation of
parameter Λ = −ıξC, giving rise to
δWZC = ıξΣ =
1
3!
EAEBECξDΣDCBA. (VI-2.24)
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The supergravity transformation of the component 3-form gauge field Cklm is then simply
obtained from the double bar projection [11] (simultaneously to lowest superfield compo-
nents and to space-time differential forms) as
δWZC =
1
3!
dxkdxldxmδWZCmlk =
1
3!
eAeBeCξδ Σδ CBA . (VI-2.25)
Taking into account the definition eA = EA (IV-1.1, IV-1.2) and the particular form of
the coefficients of Σ we obtain
δWZCmlk =
√
2
16
(
ξ¯σ¯nη − ξσnη¯) εnmlk + 1
2
∮
mlk
[
(ψmσlkξ) Y + (ψ¯mσ¯lkξ¯) Y
]
. (VI-2.26)
Let us turn now to the transformations of the remaining components. To start, note
that at the superfield level, one has
δWZY = ıξdY = ıξDY − 2ıξAY, (VI-2.27)
δWZY = ıξdY = ıξDY + 2ıξAY . (VI-2.28)
Taking into account the explicit form of the field-dependent factor ıξA = ξ
αAα -compare
to (IV-1.25)- one finds
δWZY =
√
2ξα
{
(1− 1
2
Y KY )ηα − 1
2
Y Kkχ
k
α
}
+
1√
2
ξ¯α˙Y
{
KY η¯
α˙ +Kk¯χ¯
α˙k¯
}
,
δWZY =
√
2ξ¯α˙
{
(1− 1
2
Y KY )η¯
α˙ − 1
2
Y Kk¯χ¯
α˙k¯
}
+
1√
2
ξαY
{
KY ηα +Kkχ
k
α
}
.
(VI-2.29)
It is more convenient to use a notation where one keeps the combination
Ξ = ξαAα =
1
2
√
2
ξα
(
Kkχ
k
α +KY ηα
)− 1
2
√
2
ξ¯α˙
(
Kk¯χ¯
α˙k¯ +KY η¯
α˙
)
, (VI-2.30)
giving rise to a compact form of the supersymmetry transformations
δWZY =
√
2 ξαηα − 2 Ξ Y, δWZY =
√
2 ξ¯α˙η¯
α˙ + 2Ξ Y . (VI-2.31)
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The transformation law for the 3-”forminos” comes out as
δWZηα =
√
2ξαH +
4i
√
2
3
ξαε
klmn∂kClmn + i
√
2(ξ¯σ¯mǫ)α∇mY − Ξ ηα
− i
2
ξα
(
ψ¯mσ¯
mη − ψmσmη¯
)− i(ξ¯σ¯mǫ)αψmϕηϕ
+
1√
2
ξα
{
(M + ψ¯mσ¯
mnψ¯n) Y − (M + ψmσmnψn) Y
}
, (VI-2.32)
and
δWZη¯
α˙ =
√
2ξ¯α˙H + i
√
2(ξσmǫ)α˙∇mY − 4i
√
2
3
ξ¯α˙εklmn∂kClmn + Ξ η¯
α˙
+
i
2
ξ¯α˙
(
ψ¯mσ¯
mη − ψmσmη¯
)− i(ξ¯σ¯mǫ)αψ¯mϕ˙η¯ϕ˙
− 1√
2
ξ¯α˙
{
(M + ψ¯mσ¯
mnψ¯n) Y − (M + ψmσmnψn) Y
}
. (VI-2.33)
Finally, the supergravity transformation of H is given as
δWZH =
1√
2
(ξ¯σ¯m)α∇mηα + 1
2
(ξ¯σ¯mσnψ¯m)(∇nY − 1√
2
ψm
ϕηϕ)
1√
2
(ξσm)α˙∇mη¯α˙ + 1
2
(ξσmσ¯nψm)(∇nY − 1√
2
ψ¯mϕ˙η¯
ϕ˙)
+
1
3
√
2
Mξαηα +
1
3
√
2
Mξ¯α˙η¯
α˙ +
1
3
√
2
(ξ¯σ¯aη + ξσaη¯)ba
+Y ξ¯α˙X¯
α˙ + Y ξαXα − i√
2
(ξ¯σ¯mψm + ξσ
mψ¯m)H
+
2
3
(ξ¯σ¯pψp − ξσpψ¯p)εklmn∂kClmn − 1
4
√
2
(ξ¯σ¯nψn − ξσnψ¯n)(ψ¯mσ¯mη − ψmσmη¯)
− i
4
(ξ¯σ¯lψl − ξσlψ¯l)
{
(M + ψ¯mσ¯
mnψ¯n) Y − (M + ψmσmnψn) Y
}
. (VI-2.34)
Note that in the above equations we changed D-derivatives into ∇-derivatives as in
section IV-2 -cf. (IV-2.15), (IV-2.16)- using a redefined Uk(1) connection vm(x) = Am(x)+
i
2
em
aba. This allows to keep track of the auxiliary field ba, otherwise concealed in the
numerous covariant derivatives occurring in the Lagrangian. We still have to work out
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the component field expressions for Xα and X¯
α˙ from the superfields
Xα = −1
8
(D¯2 − 8R)DαK, X¯ α˙ = −1
8
(D2 − 8R†) D¯α˙K, (VI-2.35)
given in terms of the matter and 3-form superfield dependent kinetic potential K. This
can be achieved in successively applying the spinor derivatives to K. Alternatively, one
may use the expression
A =
1
4
KADΨA − 1
4
KA¯DΨ¯A¯ +
i
8
Eaσ¯α˙αa KAA¯DαΨADα˙Ψ¯A¯
+
3i
2
EaGa
(
1− 1
2
(Y KY + Y KY )
)
, (VI-2.36)
for the composite UK(1) connection, take the exterior derivative dA = F and identify X¯
α˙
and Xα in the 2-form coefficients
Fβa = +
i
2
σa ββ˙X¯
β˙ +
3i
2
DβGa, F β˙a = − i
2
σ¯ββ˙a Xβ +
3i
2
Dβ˙Ga. (VI-2.37)
A straightforward calculation then yields the component field expression19
X¯ α˙(1− Y KY ) = −
i√
2
KAA¯Ψ
A
α σ¯
mα˙α
(
∇mΨ¯A¯ − 1√
2
ψ¯mϕ˙Ψ¯
ϕ˙A¯
)
−
√
2
8
D2φk KkA¯Ψ¯α˙A¯ +
1√
2
HKY A¯Ψ¯
α˙A¯ +
4i
3
√
2
εklmn∂kClmn Ψ¯
α˙A¯KA¯Y
− 1
2
√
2
KA¯BC Ψ
αC ΨBα Ψ¯
α˙A¯ − iKk¯ (λ¯α˙·A¯)k¯ −
i
4
Ψ¯α˙A¯KA¯Y (ψ¯mσ¯
mη − ψmσmη¯)
+
1
2
√
2
Ψ¯α˙A¯KA¯Y
{
(M + ψ¯mσ¯
mnψ¯n) Y − (M + ψmσmnψn) Y
}
(VI-2.38)
and
Xα(1− Y KY ) = − i√
2
KAA¯Ψ
α˙A σ¯mαα˙
(
∇mΨA − 1√
2
ψm
ϕΨAϕ
)
19 We make use, in the Yang-Mills sector, of the suggestive notations
Kk¯ (λ¯
α˙·A¯)k¯ = λ¯(r) α˙Kk¯
(
T(r)A¯
)k¯
, Kk (λα ·A)k = λ(r)α Kk
(
T(r)A
)k
.
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−
√
2
8
D¯2φ¯k¯KAk¯ΨAα +
1√
2
HKAYΨ
A
α −
4i
3
√
2
εklmn∂kClmnΨ
A
αKAY
− 1
2
√
2
KAB¯C¯ Ψ¯
C¯
α˙ Ψ¯
α˙B¯ΨAα + iKk (λα·A)k +
i
4
ΨAαKAY (ψ¯mσ¯
mη − ψmσmη¯)
− 1
2
√
2
ΨAαKAY
{
(M + ψ¯mσ¯
mnψ¯n) Y − (M + ψmσmnψn) Y
}
. (VI-2.39)
These are the component field expressions which are to be used in the transformation law
of H (VI-2.34). The same expressions will be needed later on in the construction of the
invariant action.
VI-3 General Action Terms
In section IV-5 we have explained in detail the construction of supersymmetric and UK(1)
invariant component field Lagrangians starting from a generic chiral superfield r of UK(1)
weight w(r) = +2 and its complex conjugate r¯ of weight w(r¯) = −2. We will apply this
construction to the case of 3-form superfields coupled to the supergravity/matter/Yang-
Mills system. The generic Lagrangian -cf. (IV-4.22)- is given as
L(r, r¯) = e (f + f¯)+ ie√
2
(
ψmσ
ms¯+ ψ¯mσ¯
ms
)
−e r¯ (M + ψm σmnψn)− e r
(
M + ψ¯m σ¯
mnψ¯n
)
. (VI-3.1)
Particular component field actions are then obtained by choosing r and r¯ appropriately.
The complete action we are going to consider here will consist of three separately super-
symmetric pieces,
L = Lsupergravity+matter + Lsuperpotential + LYang−Mills . (VI-3.2)
In the following we shall discuss one by one the three individual contributions to the
total Lagrangian.
VI-3.1 Supergravity and matter
The starting point is the same as in section IV-5.1, we replace the generic superfield r
with
rsupergravity+matter = −3R. (VI-3.3)
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The difference with section IV-5.1 is that now the component field Lagrangian must be
evaluated in the presence of the 3-form gauge field. As in IV-5.1 we decompose the
supergravity/matter action such that
Lsupergravity+matter = Lsupergravity + eDmatter, (VI-3.4)
where the pure supergravity part is given by the usual expression, i.e.
Lsupergravity = −e
2
R+ e
2
εklmn
(
ψ¯kσ¯lDmψn − ψkσlDmψ¯n
)− e
3
MM +
e
3
baba,
except that the UK(1) covariant derivatives of the Rarita-Schwinger field contain now the
new composite UK(1) connection as defined above. For the matter part, the D-termmatter
component field Dmatter is defined in (IV-0.2) in terms of the UK(1) gaugino superfield
Xα. We therefore have to evaluate the superfield DαXα in the presence of the 3-form
multiplet i.e. apply the spinor derivative to the superfield expression
2iXα (1− Y KY ) = KAA¯ D¯α˙Ψ¯A¯∇αα˙ΨA −
i
4
KAA¯DαΨA D¯2Ψ¯A¯
− i
4
KAB¯C¯ D¯α˙Ψ¯C¯ D¯α˙Ψ¯B¯DαΨA − 2iKk (Wα · φ)k . (VI-3.5)
Remember here, that we are using the space-time covariant derivative ∇αα˙, which by
definition does not depend on the superfield Gαα˙. In full detail
Dαα˙Y = ∇αα˙Y − 3i Gαα˙Y , Dαα˙Y = ∇αα˙Y + 3i Gαα˙Y, (VI-3.6)
Dαα˙Dβ˙Y = ∇αα˙Dβ˙Y −
3i
2
Gαα˙Dβ˙Y , Dαα˙DβY = ∇αα˙DβY +
3i
2
Gαα˙DβY. (VI-3.7)
In deriving the explicit expression for DαXα, we make systematic use of this derivative,
which somewhat simplifies the calculations and is useful when passing to the component
field expression later on. In applying the spinor derivative to (VI-3.5) it is convenient to
make use of the following relations
DαD¯α˙Y = −2i∇αα˙Y , (VI-3.8)
DαD¯2Y = −4i∇αα˙Dα˙Y + 2Gαα˙Dα˙Y − 8XαY , (VI-3.9)
DαD¯2φ¯k¯ = −4i∇αα˙Dα˙φ¯k¯ + 2Gαα˙Dα˙φ¯k¯ + 8
(Wα · φ¯)k¯ . (VI-3.10)
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In order to obtain a compact form for DαXα, we introduce KA¯A as the inverse of KAA¯
and we define
− 4FA = D2ΨA + ΓABCDαΨBDαΨC, (VI-3.11)
−4 F¯ A¯ = D¯2Ψ¯A¯ + Γ¯A¯B¯C¯D¯α˙Ψ¯B¯D¯α˙Ψ¯C¯, (VI-3.12)
with
ΓABC = K
A¯AKA¯BC, Γ¯
A¯
B¯C¯ = K
A¯AKAB¯C¯. (VI-3.13)
Moreover we define the new covariant derivatives
∇ˆαα˙DαΨA = ∇αα˙DαΨA + ΓABC∇αα˙ΨBDαΨC, (VI-3.14)
∇ˆαα˙D¯α˙Ψ¯A¯ = ∇αα˙D¯α˙Ψ¯A¯ + Γ¯A¯B¯C¯∇αα˙Ψ¯B¯ D¯α˙Ψ¯C¯. (VI-3.15)
Then, the superfield expression of DαXα becomes simply
2iDαXα
(
1− Y KY
)
= 4i Y KAY X
αDαΨA + 4i Y KY A¯ X¯α˙Dα˙Ψ¯A¯
−2iKAA¯∇αα˙Ψ¯A¯∇αα˙ΨA − 4iKAA¯ FAF¯ A¯
−KAA¯ D¯α˙Ψ¯A¯ ∇ˆαα˙DαΨA −KAA¯DαΨA ∇ˆαα˙ D¯α˙Ψ¯A¯
− i
4
RABA¯B¯DαΨADαΨB D¯α˙Ψ¯A¯ D¯α˙Ψ¯B¯
−3iKAA¯DαΨA D¯α˙Ψ¯A¯Gαα˙ + 2iKk¯
(DαWα · φ¯)k¯
−4iKkA¯ D¯α˙Ψ¯A¯ (W α˙ · φ)k − 4iKAk¯DαΨA (Wα · φ¯)k¯. (VI-3.16)
This looks indeed very similar to the usual case (IV-2.13). One of the differences however
is that the F-terms and their complex conjugates for the superfields Y and Y have special
forms. So we obtain for the matter part
(1− Y KY )DMatter = −
√
2Xα ΨAα Y KAY −
√
2 X¯α˙ Ψ¯
α˙A¯ Y KY A¯
−gmnKAA¯ ∇mΨA ∇nΨA¯ +KAA¯ FA F¯ A¯
− i
2
KAA¯ Ψ¯
α˙A¯ σmαα˙∇ˆmΨαA −
i
2
KAA¯Ψ
αA σmαα˙∇ˆmΨ¯α˙A¯
+
1
4
RABA¯B¯ ΨαAΨBα Ψ¯A¯α˙ Ψ¯α˙B¯ −
1
2
KAA¯Ψ
αA Ψ¯α˙A¯bαα˙
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− 1√
2
(ψ¯mσ¯
nσmΨ¯A¯) KAA¯ ∇nΨA −
1√
2
(ψmσ
nσ¯mΨA) KAA¯ ∇nΨ¯A¯
−(ψmσmnΨA)KAA¯ (ψ¯nΨ¯A¯)− (ψ¯mσ¯mnΨ¯A¯)KAA¯ (ψnΨA)
−1
2
KAA¯ g
mn (ψmΨ
A)(ψ¯nΨ¯
A¯)− 1
2
D(r)
[
Kk
(
T(r)A
)k
+Kk¯
(
A¯T(r)
)k¯]
+i
√
2KkA¯ Ψ¯
A¯
α˙ (λ¯
α˙ · A)k − i
√
2KAk¯ Ψ
αA (λα · A¯)k¯
−1
2
(ψ¯mσ¯
m)αKk (λα · A)k + 1
2
(ψmσ
m)α˙Kk¯ (λ¯
α˙ · A¯)k¯, (VI-3.17)
with the terms in the first line given as
−
√
2Xα ΨAα Y KAY −
√
2X¯α˙ Ψ¯
α˙A¯ Y KY A¯ = (VI-3.18)
1
1− Y KY
[
+i Y KBY KAA¯Ψ
αB Ψ¯α˙B¯σmαα˙
(
∇mΨA − 1√
2
ψm
ϕΨAϕ
)
+i Y KY B¯KAA¯ Ψ¯
α˙B¯ ΨαAσmαα˙
(
∇mΨ¯A¯ − 1√
2
ψ¯mϕ˙ Ψ¯
α˙A¯
)
−Y KY B¯KAA¯ Ψ¯B¯α˙ Ψ¯α˙A¯FA − Y KBY KAA¯ΨαB ΨAα F¯ A¯
−i
√
2Y KAY Ψ
αAKk (λα · A)k + i
√
2Y KY A¯ Ψ¯
A¯
α˙ Kk¯ (λ¯
α˙ · A¯)k¯
]
.
VI-3.2 Superpotential
In the usual case where we consider only UK(1) inert superfields like φ
k and φ¯k¯, the
Lagrangian is obtained from identifying the generic superfield r with
rsuperpotential = e
K/2W, (VI-3.19)
as in (IV-5.9) of section IV-5.2. In the present case the superfield W is allowed to depend
on the 3-form superfield as well. As we wish to maintain the transformation W (φ) 7→
e−FW (φ) for the more general superpotential W (φ, Y ), we must proceed with care due
to the non zero weight of Y . In order to distinguish this more general situation from the
usual case, we use the symbol P for the chiral superfield of weight w(P) = 2, defined as
P = eK/2 W (φ, Y ) =
∑
eαnK/2Wn(φ)Y
n, (VI-3.20)
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where we have allowed for a parameter αn. What happens under a Ka¨hler transforma-
tions ? Assigning a holomorphic transformation law Wn 7→ e−βnFWn to the coefficient
superfields, we find
P 7→ e−i ImFP
eαnK/2Wn(φ)Y
n 7→ e(αn ReF−βnF−in ImF ) eαnK/2Wn(φ)Y n. (VI-3.21)
Consistency with the transformations of W and Y then requires αn = βn = 1− n, hence
P = eK/2
∑
Wn(φ)
[
e−K/2Y
]n
. (VI-3.22)
This suggest to define the superfields
y = e−K/2 Y, y¯ = e−K/2 Y , (VI-3.23)
as the basic variables in the construction of the superpotential term, i.e.
P = eK/2 W (φ, y), P¯ = eK/2 W (φ¯, y¯). (VI-3.24)
Note that, by construction, y transforms as a holomorphic section. We can now pro-
ceed with the construction of Lsuperpotential, taking P as starting point in the canonical
procedure.
We parametrize the covariant spinor derivatives of P such that
DαP = ΣADαΨA (VI-3.25)
and
D2P = −4ΣA FA + ΣABDαΨADαΨB. (VI-3.26)
The various components of the coefficients ΣA and ΣAB are given as
Σk = e
K/2(Wk +KkW )− YWyKk, (VI-3.27)
ΣY = e
K/2WKY +Wy(1− Y KY ) (VI-3.28)
and
Σkl = (e
K/2W − YWy)(Kkl +KkKl)
142
−Y (WkyKl +WlyKk) + eK/2(Wkl +WkKl +WlKk)
+e−K/2 Y 2KkKlWyy − ΣAΓAkl, (VI-3.29)
ΣkY = (e
K/2W − YWy)(KkY +KkKY )
+Wky (1− Y KY ) + eK/2WkKY
−e−K/2 Y KkWyy (1− Y KY )− ΣAΓAkY , (VI-3.30)
ΣY Y = (e
K/2W − YWy)(KY Y +KYKY )
+e−K/2Wyy (1− Y KY )2 − ΣAΓAY Y . (VI-3.31)
Complex conjugate expressions are obtained from
P¯ = eK/2W (φ¯, y¯), (VI-3.32)
with y¯ = e−K/2Y . Making use of the superpotential superfield and the corresponding
definitions given above one derives easily the component field expression
1
e
Lsuperpotential = ΣAFA − 1
2
ΣABΨ
αAΨBα +
i√
2
ΣA
(
ψ¯mσ¯
mΨA
)
− eK/2W (M¯ + ψ¯mσ¯mnψ¯n) + h.c. . (VI-3.33)
VI-3.3 Yang-Mills
Finally the Yang-Mills action is obtained in replacing the generic superfield r with
rYang−Mills =
1
4
f(r)(s)W(r)αW(s)α , (VI-3.34)
in the same way as in (IV-5.20) of section IV-5.3. Assuming the gauge coupling functions
to be independent of the 3-form superfields, the resulting component field expression has
the same form as in (IV-2.20), which we display here in the form
1
e
LYang−Mills = −1
4
f(r)(s)
[
f (r)mn f (s)mn + 2i λ
(r)σm∇mλ¯(s) + 2i λ¯(s)σ¯m∇mλ(r)
−2D(r)D(s) + i
2
εklmn f
(r)
kl f
(s)
mn − 2 (λ(r)σaλ¯(s)) ba
]
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−1
4
∂f(r)(s)
∂Ai
[√
2 (χiσmnλ(r))f (s)mn −
√
2 (χiλ(r))D(s) + (λ(r)λ(s))F i
]
−1
4
∂f¯(r)(s)
∂A¯ı¯
[√
2 (χ¯ı¯σ¯mnλ¯(r))f (s)mn −
√
2 (χ¯ı¯λ¯(r))D(s) + (λ¯(r)λ¯(s)) F¯ ı¯
]
+
1
8
(
∂2f(r)(s)
∂Ak∂Al
− ∂f(r)(s)
∂Ai
Γikl
)
(χkχl)(λ(r)λ(s))
+
1
8
(
∂2f¯(r)(s)
∂A¯k¯∂A¯l¯
− ∂f¯(r)(s)
∂A¯ı¯
Γ
ı¯
k¯l¯
)
(χ¯k¯χ¯l¯)(λ¯(r)λ¯(s))
plus ψm, ψ¯m dependent terms. (VI-3.35)
In the covariant derivatives of the gauginos
∇mλ(r)α = ∂mλ(r)α − ωmαϕλ(r)ϕ + vmλ(r)α − a (t)m λ(s)α c(s)(t)(r), (VI-3.36)
∇mλ¯(r) α˙ = ∂mλ¯(r) α˙ − ωmα˙ϕ˙λ¯(r) ϕ˙ − vmλ¯(r) α˙ − a (t)m λ¯(s) α˙c(s)(t)(r), (VI-3.37)
defined as in (IV-2.15), (IV-2.16) the composite Ka¨hler connection is now given in terms
of (VI-2.22), displaying the dependence on the 3-form multiplet. The Yang-Mills field
strength tensor is given as usual
f (r)mn = ∂ma
(r)
n − ∂na (r)m + a (s)m a (t)n c(s)(t)(r). (VI-3.38)
VI-3.4 Solving for the auxiliary fields
Although this is standard stuff, we detail the calculations to make clear some subtleties
related to the inclusion of the 3-form. In the different pieces of the whole Lagrangian, we
isolate the contributions containing auxiliary fields and proceed sector by sector as much
as possible.
Diagonalization in ba makes use of the terms
Λb =
1
3
baba − 1
2
MAA¯
(
ΨAσaΨA¯
)
ba +
1
2
f(r)(s)
(
λ(r)σaλ¯(s)
)
ba, (VI-3.39)
with
MAA¯ =
1
1− Y KY KAA¯, (VI-3.40)
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whereas the relevant terms for the Yang-Mills auxiliary sector are
ΛD =
1
2
f(r)(s)D
(r)D(s) +
1
1− Y KY D
(s)Kl¯
(
A¯T(s)
)l¯
+
√
2
4
D(s)
(
∂f(r)(s)
∂Ak
(χkλ(r)) +
∂f¯(r)(s)
∂A¯k¯
(χ¯k¯λ¯(r))
)
. (VI-3.41)
The F-terms of chiral matter and the 3-form appear in the general form
ΛF,F¯ = F
AMAA¯F¯
A¯ + FAPA + P A¯F¯
A¯, (VI-3.42)
with the definitions
Pk = Σk − 1
4
∂f(r)(s)
∂Ak
(λ(r)λ(s))− YMY B¯MkA¯ Ψ¯B¯α˙ Ψ¯α˙A¯, (VI-3.43)
PY = ΣY − YMY B¯MY A¯ Ψ¯B¯α˙ Ψ¯ α˙A¯. (VI-3.44)
We write this expression as
ΛF,F¯ = FkMkk¯ F k¯ − PA¯M A¯A PA + FY
1
MY Y
F Y , (VI-3.45)
where M A¯A is the inverse of MAA¯ and in particular
1
MY Y
= MY Y −MY k¯M k¯kMkY , (VI-3.46)
with M k¯k the inverse of the submatrix Mkk¯, related to the usual Ka¨hler metric. Moreover
Fk = F k + (P k¯ + F YMY k¯)M k¯k, (VI-3.47)
F k¯ = F¯ k¯ +M k¯k
(
Pk +MkY F¯
Y
)
, (VI-3.48)
and
FY = F Y + P A¯M A¯Y , F Y = F¯ Y +MYAPA. (VI-3.49)
We use now the particular structure of the 3-form multiplet to further specify these F-
terms. Using (VI-2.18), (VI-2.19), (VI-3.11) and (VI-3.12) we parametrize
FY = H + i
(
∆+
MY −MY
2i
)
+ fY , (VI-3.50)
F Y = H − i
(
∆+
MY −MY
2i
)
+ f¯ Y , (VI-3.51)
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with
fY = −1
4
ΓY BC DαΨBDαΨC + P A¯M A¯Y , (VI-3.52)
f¯ Y = −1
4
Γ
Y
B¯C¯ Dα˙Ψ¯B¯Dα˙Ψ¯C¯ +MYAPA, (VI-3.53)
as well as
∆ =
4
3
εklmn∂kClmn − 1
2
√
2
(
ψ¯mσ¯
mη − ψmσmη¯
)
+
1
2i
[
(ψ¯mσ¯
mnψ¯n) Y − (ψmσmnψn) Y
]
. (VI-3.54)
In terms of these notations the last term in (VI-3.45) takes then the form
FY 1
MY Y
F Y = 1
MY Y
(
H +
fY + f¯ Y
2
)2
+
1
MY Y
(
∆+
M Y −M Y
2i
+
fY − f¯ Y
2i
)2
. (VI-3.55)
In this equation the last term makes a contribution to the sector M,M and the 3-form
we consider next. Except for this term, the sum of Λb,ΛD,ΛF,F¯ will give rise to the
diagonalized expression
1
e
L(F k, F¯ k¯, ba,D(r), H) = 1
3
bˆabˆ
a +
1
2
D̂(r)f(r)(s)D̂
(s) + FkMkk¯ F k¯
+
1
MY Y
(
H +
fY + f¯ Y
2
)2
− 3
16
BaB
a
− 1
2
D(r)(f
−1)(r)(s)D(s) − PA¯M A¯A PA, (VI-3.56)
where bˆa = ba +Ba with
Ba = −MAA¯
(
ΨAσaΨ¯
A¯
)
+ f(r)(s)
(
λ(r)σaλ¯
(s)
)
, (VI-3.57)
and D̂(r) = D(r) + (f−1)(r)(s)D(s) with
D(r) = − 1
1 − Y KY
(
KkT(r).A
)k
+
√
2
4
(
∂f(r)(s)
∂Ak
(χkλ(s)) +
∂f¯(r)(s)
∂A¯k¯
(χ¯k¯λ¯(s))
)
. (VI-3.58)
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Use of the equations of motion simply sets to zero the first four terms, leaving for the
Lagrangian
1
e
L = − 3
16
BaB
a − 1
2
D(r)(f
−1)(r)(s)D(s) − P Y
1
MY Y
PY
−
(
Pk¯ − PY
MY k¯
MY Y
)
M k¯k
(
Pk − MkY
MY Y
PY
)
, (VI-3.59)
where we have block diagonalized M A¯A.
As to theM,M dependent terms of the full action we observe that they are intricately
entangled with the field strength tensor of the 3-form, a novel structure compared to the
usual supergravity-matter couplings. The relevant terms for this sector are identified to
be
ΛM,M = 3e
K |W |2 − 1
3
|M + 3eK/2W |2
+
1
MY Y
[
∆− 1
2i
(
M Y −M Y )+ 1
2i
(
fY − f¯ Y
)]2
. (VI-3.60)
One recognizes in the first two terms the usual superpotential contributions whereas the
last term is new. This expression contains all the terms of the full action which depend
onM , M or the 3-form Cklm. The question we have to answer is how far theM , M sector
and the 3-form sector can be disentangled, if at all. Clearly, the dynamical consequences
of this structure deserve careful investigation.
The 3-form contribution is not algebraic, so we cannot use the solution of its equation
of motion in the Lagrangian [54]. One way out is to derive the equations of motion and
look for an equivalent Lagrangian giving rise to the same equations of motion. Explicitly
we obtain for the 3-form
∂k
{
1
MY Y
[
∆− 1
2i
(
MY −MY )+ 1
2i
(
fY − f¯ Y
)]}
= 0, (VI-3.61)
solved by setting
1
MY Y
[
∆− 1
2i
(
MY −MY )+ 1
2i
(
fY − f¯ Y
)]
= c , (VI-3.62)
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where c is a real constant. Then the e.o.m.’s for M and M read
M + 3eK/2W = −3icY, M + 3eK/2W = 3icY . (VI-3.63)
At last, we consider the e.o.m. for e.g. Y , in which we denote by L(Y ) the many
contributions of Y to the Lagrangian, except for ΛM,M ,
∂m
δL(Y )
δ∂mY
− δL(Y )
δY
− δΛM,M
δY
= 0. (VI-3.64)
Using (3.42) and (3.43) the last term takes the form
δΛM,M
δY
=
δ
δY
{
3eK |W + icy|2 − c2MY Y − ic(fY − fY )
−ic [(ψ¯mσ¯mnψ¯n) Y − (ψmσmnψn) Y ]
− c√
2
(
ψ¯mσ¯
mη − ψmσmη¯
)}
. (VI-3.65)
This suggests that the equations of motion can be derived from an equivalent Lagrangian
obtained by dropping the 3-form contribution and shifting the superpotential W to
W + icy. This can be seen more clearly by restricting our attention to the scalar degrees
of freedom as in the next section.
VI-3.5 The scalar potential
The analysis presented above allows to obtain the scalar potential of the theory as
V =
(
Σk¯ − (ΣY − ic)
MY k¯
MY Y
)
M k¯k
(
Σk − MkY
MY Y
(ΣY + ic)
)
+ (ΣY − ic)
1
MY Y
(ΣY + ic)− 3eK |W + icy|2
+
1
2
1
1− Y KY Kk¯
(
T(r).A¯
)k¯
(f−1)(r)(s)
1
1− Y KY Kk
(
T(s).A
)k
. (VI-3.66)
We note that the shift W 7→ W + icy induces Σk 7→ Σk and ΣY 7→ ΣY + ic, which are
precisely the combinations which appear in (VI-3.66).
In fact (VI-3.66) is nothing but the scalar potential of some matter fields φk of Ka¨hler
weight 0 plus a field Y = yeK/2 of Ka¨hler weight 2 with a superpotential W + icy in the
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usual formulation of supergravity. In order to show this, let us consider y and y¯ as our
new field variables and define
K(Y, φ, Y , φ¯) = K(y, φ, y¯, φ¯), (VI-3.67)
Taking as an example the Ka¨hler potential in footnote (18) with Z = 1, we find
y = Y (X + Y Y )−1/2, y¯ = Y (X + Y Y )−1/2, (VI-3.68)
and therefore
K(y, y¯) = logX(φ, φ¯)− log(1− yy¯). (VI-3.69)
which is a typical Ka¨hler potential with SU(1, 1) noncompact symmetry.
We can express the matrix MAA¯ and its inverse M
A¯A in terms of the derivatives of
K, namely KAA¯ and of its inverse KA¯A ( A denotes k, y as well as k, Y depending on the
context). Then it appears that the expression of the scalar potential becomes very simple
as we use the relevant relations. Indeed, using the following definitions
Ŵ = W + icy, DAŴ = ŴA +KAŴ , (VI-3.70)
we obtain
V = eK
(
DA¯Ŵ KA¯ADAŴ − 3 |Ŵ |2
)
+
1
2
Kk¯
(
T(r).A¯
)k¯
(f−1)(r)(s)Kk
(
T(s).A
)k
, (VI-3.71)
which is the familiar expression of the scalar potential of the scalar fields φk and y in the
standard formulation of supergravity.
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VII CONCLUSIONS
Since the upsurge of supersymmetry, a number of formalisms have been developed in or-
der to cope with the notorious complexity of this Fermi-Bose symmetry, in particular in
the context of supergravity, for a sample of review articles see for instance [45, 130, 131,
63, 62, 64, 65, 107, 31, 44] . Among these formalisms are tensor calculus, the superconfor-
mal compensator method and the group manifold approach. It would be an interesting
undertaking to establish explicitly the relation among these different approaches and to
superspace geometry, which is however certainly beyond the scope of this report.
Methods of superspace geometry are convenient in the discussion of the conceptual
aspects of supersymmetric theories and useful in the derivation of component field ex-
pressions and have a wide range of applications.
In this report we have focused on the Ka¨hler superspace approach to the construction
of the general couplings of matter and Yang-Mills theory to supergravity. As a solid
understanding of this subject is central for further applications and developments, we have
made an effort to present the conceptual foundations and the technical ramifications in full
detail. In order to demonstrate the way the geometrical formulation works, we included
a detailed description of the couplings of linear and 3-form multiplets to supergravity.
There are other topics, which have been discussed in this geometric context, but which
are not included in this report. Among them are the algebraic description of anomalies in
supersymmetric theories [93] and the construction of the geometric BRS transformations
[11].
We also refrained from a discussion of conformal supergravity and the construction of
curvature-squared terms and supersymmetric topological invariants. Gravitational Chern-
Simons forms, which are closely related to the 3-form geometry presented here, and their
coupling to linear multiplets have a rather transparent formulation in the geometric con-
text.
Let us also mention the systematic description of the alternative incarnations of su-
pergravity, new minimal and non-minimal, in the framework of superspace geometry in
relation with the identification of the reducible multiplet.
Finally, we have restricted ourselves to N = 1, D = 4 supersymmetry. Superspace
geometry has been widely employed in the investigations of extended and higher and
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lower dimensional supersymmetry.
The methods discussed in this report have a potential interest for discussing effective
superstring field theories and have been extensively used in this respect. We discuss in
what follows some of these potential applications.
As stressed in section V-1, the linear multiplet plays a central role in the field theory
limit of superstring theories. Its bosonic component consists of a scalar field associated
with dilatation symmetry, the dilaton, and of a pseudoscalar field which has many prop-
erties in common with an axion field. Its fermionic component, sometimes called the
dilatino, may be a component of the goldstino field whose presence in a supersymmetric
theory is the sign of the spontaneous breakdown of supersymmetry.
The close connections of dilatation symmetry with the vanishing of the cosmological
constant, of axionic couplings with the cancellation of chiral anomalies and of the goldstino
with the super-Higgs mechanism certainly make the dilaton-axion-dilatino set of fields a
system worthy of detailed studies. Supergravity theories provide the natural setting for
such studies, given the intimate connections noted above with gravity and supersymmetry
(the dilaton as a Brans-Dicke scalar, the dilatino associated with the possible breaking of
local supersymmetry).
In the effective 4-dimensional supergravity theory of weakly coupled 10-dimensional
string theories, the axion field does not appear as such in the spectrum. Indeed, the mass-
less string modes include a dilaton and an antisymmetric tensor which, together with a
dilatino spinor field, form a linear multiplet which plays an important role in the effective
field theory. As we have seen in section V-1, a supersymmetric duality transformation
relates this linear supermultiplet to a chiral supermultiplet [111] whose content includes
the original scalar field as well as the pseudoscalar ( with axion-like couplings) dual to the
antisymmetric tensor20. However such a transformation only establishes a relationship
on shell and some relevant properties or some transparence might be lost or hidden in
the chiral supermultiplet formulation. Moreover, in the context of superstring theories it
appears that it is the linear multiplet, L, which plays the role of string loop expansion
parameter. Therefore stringy corrections (perturbative and non-perturbative) are natu-
rally parametrized by L, which then allows to disentangle purely stringy effects from field
20Such a duality transformation may be related to a string duality in the case of some moduli fields.
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theoretical ones. This is very clear in the study of gauge coupling renormalization and
gaugino condensation in superstring effective theories (see below).
A classical example is the way modular invariance is realized at the quantum level
in these theories. This invariance involves transformations of the moduli fields, which
are described by chiral superfields in the case of a weakly coupled string theory. The
corresponding invariance is realized through some Ka¨hler transformation. The simplest
example is the case of a single superfield T with Ka¨hler potential K(T, T¯ ) = −3 ln(T + T¯ ).
The modular transformation is then simply a SL(2, Z) symmetry :
T 7→ aT − ib
icT + d
, ab− cd = 1, a, b, c, d ∈ Z, (VII.1)
which amounts to the Ka¨hler transformation
K 7→ K + F + F¯ , with F = 3 ln (icT + d) (VII.2)
This invariance is violated by radiative corrections generated by quantum loops of massless
particles [112, 29, 48]. These anomalies are cancelled by two types of counterterms. The
first one is model independent and is a 4-dimensional version [29, 48] of the Green-Schwarz
[96] anomaly cancellation mechanism. As is well-known, this mechanism makes use of the
presence of the antisymmetric tensor and thus, in four dimensions, it involves the linear
multiplet L. The other part [52] which is model-dependent involves string threshold
corrections depending on the moduli fields.
These terms play an important role when one discusses issues such as supersymmetry
breaking. For example, in the classical scenario of gaugino condensation, it proves to be
very useful, in order to take into account these important one-loop effects, to make a
supersymmetric description of the dynamics in terms of the dilaton linear multiplet. It
turns out [24, 14] that, in the effective theories below the scale of condensation, a single
vector superfield V incorporates the degrees of freedom of the original linear multiplet L
as well as the gaugino and gauge field condensates. The one-loop terms discussed above,
i.e. Green-Schwarz counterterm and moduli-dependent string threshold corrections, play
an important dynamical role [15, 16, 17] in this mechanism.
As we see, one-loop terms play a crucial role in all these applications. Since supergrav-
ity is not a renormalisable theory, great care must be used in the regularization procedure.
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In a major effort, Gaillard and collaborators [79, 113, 114, 77, 78] have used Pauli-Villars
regulators (carefully chosen not to break supersymmetry nor the symmetries of the the-
ory) to compute the full one-loop corrections to the supergravity effective superstring
theories theory in the Ka¨hler superspace formalism.
Similar to the duality between a rank-2 antisymmetric tensor and a pseudoscalar, a
rank-3 antisymmetric tensor is dual to a constant scalar field. Indeed, such a relation
was considered some time ago in connection with the cosmological constant problem
[104, 36, 58, 54]. As we have seen in section VI, the role of supersymmetry is striking
when one considers the rank-3 antisymmetric tensor. Whereas in the non-supersymmetric
case such a field does not correspond to any physical degree of freedom (through its
equation of motion, its field strength is a constant 4-form), supersymmetry couples it
with propagating fields. Indeed, the 3-form supermultiplet [82] can be described by a
chiral superfield Y and an antichiral field Y subject to a further constraint (VI-2.14)
8i
3
ǫdcbaΣdcba =
(D2 − 24R†)Y − (D¯2 − 24R)Y , (VII.3)
where Σ is the gauge-invariant field strength of the rank-3 gauge potential superfield, Cklm
i.e. Σ = dC. Its superpartners, identified as component fields of the (anti)chiral superfield
Y and Y , are propagating. Supersymmetry couples the rank-3 antisymmetric tensor with
dynamical degrees of freedom, while respecting the gauge invariance associated with the
3-form. Let us emphasize (see appendix F) that Y is not a general chiral superfield since
it must obey the constraint above (VII.3), which is possible only if Y derives from a
pre-potential Ω which is real:
Y = −4(D2 − 8R†)Ω, Y = −4(D¯2 − 8R)Ω. (VII.4)
Rank-3 antisymmetric tensors might play an important role in several problems of
interest, connected with string theories. One of them is the breaking of supersymmetry
through gaugino condensation. Indeed, as we have noted above, the composite degrees of
freedom are described, in the effective theory below the scale of condensation, by a vector
superfield V which incorporates also the components of the fundamental linear multiplet
L. The chiral superfield
U = −(D¯2 − 8R)V, (VII.5)
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has the same quantum numbers (in particular the same Ka¨hler weight) as the superfield
W αWα. Its scalar component, for instance, is interpreted as the gaugino condensate.
Alternatively, the vector superfield is interpreted as a “fossil” Chern-Simons field [14,
13] which includes the fundamental degrees of freedom of the dilaton supermultiplet. It
can be considered as a pre-potential for the chiral superfield U as in (VII.4).
Another interesting appearance of the 3-form supermultiplet occurs in the context
of strong-weak coupling duality. More precisely, the dual formulation of 10-dimensional
supergravity [34, 85, 86, 120, 89] appears as an effective field theory of some dual formu-
lation of string models, such as 5-branes [55, 148, 56, 57, 26, 25, 51]. The Yang-Mills field
strength which is a 7-form in 10 dimensions may precisely yield in 4 dimensions a 4-form
field strength.
Acknowledgments
We would like to stress our debt to Martin Mu¨ller who has been a key member of
our collaborative effort to set up the framework of Ka¨hler superspace. We wish to thank
Mary K. Gaillard for her interest in this approach, and for urging us, especially one of
us, for years to write such a review. And, all the more now that the work is completed,
we are grateful to Jon Bagger who was the one to finally convince us, as editor of Physics
Reports C.
154
A Technicalities
We collect here some definitions, conventions and identities involving quantities which are
frequently used in superspace calculations. We do not aim at any rigorous presentation
but try to provide a compendium of formulae and relations which appear useful when
performing explicit computations. We use essentially the same conventions as [153], except
for ǫ0123 and σ
0 defined with opposite signs.
A-1 Superforms Toolkit
Coordinates of curved superspace are denoted zM = (xm, θµ, θ¯µ˙) and differential elements
dzM = (dxm, dθµ, dθ¯µ˙), with their wedge product ( ∧ is understood)
dzM dzN = −(−)mndzN dzM , (A-1.1)
m,n are the gradings of the indices M,N : 0 for the vector ones, 1 for the spinors. We
define p-superforms with the following ordering convention
Ωp =
1
p!
dzM1 ...dzMp ΩMp...M1. (A-1.2)
The coefficients ΩMp...M1 are superfields and graded antisymmetric tensors in their indices,
i.e.
ΩM1...Mi...Mj...Mp = −(−)mimj (−)(mi+mj)(mj−1+...+mi)ΩM1...Mj...Mi...Mp. (A-1.3)
In agreement with (A-1.2), we define the wedge product of two (super)forms as follows,
Ωp Ωq =
1
p!q!
dzM1 ...dzMpΩMp...M1dz
N1 ...dzNqΩNq...N1
=
1
p!q!
dzM1 ...dzMpdzN1 ...dzNq ΩNq ...N1 ΩMp...M1. (A-1.4)
The exterior derivative, d = dzM∂M such that d
2 = 0, transforms a p-superform into a
(p+ 1)-superform
dΩp =
1
p!
dzM1 ...dzMpdzL∂L ΩMp...M1 (A-1.5)
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and obeys the Leibniz rule
d (ΩpΩq) = Ωp dΩq + (−)q dΩpΩq. (A-1.6)
The interior product, denoted ιξ, transforms a p-superform into a (p − 1)-superform, it
depends on a vector field, e.g. ξ, with which one operates the contraction
ιξ dz
M = ξM ⇒ ιξ Ωp = 1
(p− 1)!dz
M1 ...dzMp−1ξMp ΩMp...M1. (A-1.7)
Using the analogue of Cartan’s local frame we can define quantities in the local flat tangent
superspace (flat indices are traditionally A,B..., H ; A = a, α, α˙)
EA = dzM EM
A(z), dzM = EAEA
M(z). (A-1.8)
EM
A(z) is called the (super)vielbein and EA
M(z) its inverse, they fulfill
EM
A(z)EA
N(z) = δM
N , EA
M(z)EM
B(z) = δA
B. (A-1.9)
The EA’s are the basis 1-forms in the tangent superspace. As we defined superforms on
the dzM basis, we can equally well define them on the EA basis
Ωp =
1
p!
EA1 ...EAp ΩAp...A1 (A-1.10)
and d = EADA. As above
ιξ E
A = ξA ⇒ ιξ Ωp = 1
(p− 1)!E
A1 ...EAp−1ξAp ΩAp...A1. (A-1.11)
Relating the coefficients in one basis to the ones in the other implies the occurrence of
many vielbeins or their inverses, e.g. for a 2-form
B =
1
2
dzMdzNBNM =
1
2
EAEA
M EB EB
N BNM = (−)b(m+a) 1
2
EAEB EA
MEB
NBNM ,
(A-1.12)
so that
BBA = (−)b(m+a)EAMEBNBNM
BNM = (−)n(m+a)EMAENBBBA. (A-1.13)
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A-2 Basic Quantities in SO(1, 3) and SL(2, C).
In our notations, the metric tensor ηab with a, b = 0, 1, 2, 3 is defined as
[ηab] = diag(−1,+1,+1,+1), (A-2.1)
with inverse
ηacη
cb = δa
b. (A-2.2)
The totally antisymmetric symbols ǫabcd is normalized such that
ǫ0123 = +1, ǫ
0123 = −1. (A-2.3)
The product of two ǫ-symbols is the given as
ǫabcdǫefgh = −δabcdefgh, (A-2.4)
where the multi index Kronecker delta is defined as
δabcdefgh ≡ det
[
δij
]
, (A-2.5)
with i = a, b, c, d and j = e, f, g, h. In somewhat more explicit notation this can be
written as
δabcdefgh = δe
aδbcdfgh − δf aδbcdghe + δgaδbcdhef − δhaδbcdefg, (A-2.6)
δbcdfgh = δf
bδcdgh + δg
bδcdhf + δh
bδcdfg, (A-2.7)
δcdgh = δg
cδh
d − δhcδgd. (A-2.8)
Accordingly, the respective contractions of indices yield
ǫabcdǫefgd = −δabcefg, (A-2.9)
ǫabcdǫefcd = −2 δabef , (A-2.10)
ǫabcdǫebcd = −6 δae, (A-2.11)
ǫabcdǫabcd = −24. (A-2.12)
In curved space we use the totally antisymmetric tensor εklmn, defined by
εklmn = ek
ael
bem
cen
d ǫabcd, (A-2.13)
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with ek
a the moving frame. SL(2, C) spinors carry undotted and dotted indices, α = 1, 2
and α˙ = 1˙, 2˙. For the case of undotted indices, the symbol ǫαβ = −ǫβα is defined by
ǫ21 = ǫ
12 = +1. (A-2.14)
As a consequence one has
ǫαβǫγδ = −δαγδβδ + δαδδβγ , (A-2.15)
ǫαβǫβδ = δ
α
δ, (A-2.16)
together with the cyclic identity (indices β, γ, δ)
ǫαβǫγδ + ǫαδǫβγ + ǫαγǫδβ = 0. (A-2.17)
Exactly the same definitions and identities hold if undotted indices are replaced by dotted
ones, i.e. for the symbol ǫα˙β˙ = −ǫβ˙α˙.
The ǫ- symbols serve to lower and raise spinor indices. For a two-component spinor
ψα, we define
ψβ = ǫβαψα, ψβ = ǫβαψ
α. (A-2.18)
The cyclic identity implies
ǫαβψγ + ǫγαψβ + ǫβγψα = 0. (A-2.19)
Again, exactly the same relations hold for dotted indices. The standard convention for
summation over spinor indices is
ψχ = χψ = ψαχα, ψ¯χ¯ = χ¯ψ¯ = ψ¯α˙χ¯
α˙. (A-2.20)
The antisymmetric combination of a product of two Weyl spinors is given in terms of
the ǫ-symbols as
ψαχβ − ψβχα = +ǫαβψϕχϕ, (A-2.21)
ψ¯α˙χ¯β˙ − ψ¯β˙χ¯α˙ = −ǫα˙β˙ψ¯ϕ˙χ¯ϕ˙. (A-2.22)
Tensors Vαα˙ with a pair of undotted and dotted spinor indices are equivalent to vectors
Va. The explicit relation is defined in terms of the σ-matrices, which carry the index
structure σaαα˙, i.e.
Vαα˙ = σ
a
αα˙Va. (A-2.23)
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They are defined as
σ0 =
(
1 0
0 1
)
, σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (A-2.24)
We frequently use also the σ¯-matrices,
σ¯a α˙α = ǫα˙β˙ǫαβσa
ββ˙
= −(ǫσaǫ)αα˙, (A-2.25)
with numerical entries such that
σ¯0 = σ0, σ¯1,2,3 = −σ1,2,3. (A-2.26)
As a consequence of (A-2.25) we have also
(σaǫ)α
α˙ = (σ¯aǫ)α˙α, (ǫσ
a)αα˙ = (ǫσ¯
a)α˙
α. (A-2.27)
These matrices form a Clifford algebra, i.e.(
σaσ¯b + σbσ¯a
)
α
β
= −2ηabδαβ, (A-2.28)(
σ¯aσb + σ¯bσa
)α˙
β˙
= −2ηabδα˙β˙. (A-2.29)
The products of two σ-matrices can be written as
σaσ¯b = −ηab + 2σab, (A-2.30)
σ¯aσb = −ηab + 2σ¯ab. (A-2.31)
The traceless antisymmetric combinations appearing here are defined as
(σab)α
β
=
1
4
(
σaσ¯b − σbσ¯a)
α
β
, (A-2.32)
(σ¯ab)α˙β˙ =
1
4
(
σ¯aσb − σ¯bσa)α˙
β˙
. (A-2.33)
They are self-dual resp. anti-self-dual, i.e.
ǫabcd σ
cd = −2iσab, ǫabcd σ¯cd = +2iσ¯ab, (A-2.34)
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and satisfy (as a consequence of vanishing trace)
(ǫσabǫ)βα = −(σab)α
β
, (ǫσ¯abǫ)β˙
α˙
= −(σ¯ab)α˙β˙, (A-2.35)
(ǫσab)αβ = (ǫσab)βα, (ǫσ¯ab)α˙β˙ = (ǫσ¯
ab)β˙α˙. (A-2.36)
Other useful identities involving two σ-matrices are
tr(σaσ¯b) = −2ηab, (A-2.37)
σaαα˙ σ¯
β˙β
a = −2 δαβ δα˙β˙, (A-2.38)
σaαα˙ σaββ˙ = −2ǫαβ ǫα˙β˙, (A-2.39)
σ¯aα˙ασ¯β˙βa = −2ǫαβ ǫα˙β˙, (A-2.40)
which may be viewed as special cases of the ”Fierz” reshuffling
σaαα˙ σ
b
ββ˙ = −
1
2
ǫαβǫα˙β˙η
ab + ǫα˙β˙(σ
abǫ)αβ + ǫαβ(ǫσ¯
ab)α˙β˙
+(σafǫ)αβ(ǫσ¯
bf )α˙β˙ + (σ
b
fǫ)αβ(ǫσ¯
af )α˙β˙. (A-2.41)
As to the products of three σ-matrices, useful identities are(
σabσc
)
αγ˙
=
1
2
(
ηacηbd − ηbcηad + iǫabcd) σd αγ˙ , (A-2.42)(
σaσ¯bc
)
αγ˙
=
1
2
(
ηacηbd − ηabηcd + iǫabcd) σd αγ˙ , (A-2.43)(
σ¯abσ¯c
)α˙γ
=
1
2
(
ηacηbd − ηbcηad − iǫabcd) σ¯α˙γd , (A-2.44)(
σ¯aσbc
)α˙γ
=
1
2
(
ηacηbd − ηabηcd − iǫabcd) σ¯α˙γd , (A-2.45)
and (
σaσ¯bσc
)
αγ˙
=
(−ηabηcd + ηcaηbd − ηbcηad + iǫabcd)σd αγ˙, (A-2.46)(
σ¯aσbσ¯c
)α˙γ
=
(−ηabηcd + ηcaηbd − ηbcηad − iǫabcd) σ¯α˙γd , (A-2.47)
In explicit computations we also made repeated use of the relations
σbββ˙(σ
ab)α
ϕ
= −δβϕ σaαβ˙ +
1
2
δα
ϕ σa
ββ˙
, (A-2.48)
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σbββ˙(σ¯
ab)ϕ˙α˙ = +δβ˙
ϕ˙ σaβα˙ −
1
2
δϕ˙α˙ σ
a
ββ˙
, (A-2.49)
σ¯β˙βb (σ¯
ab)α˙ϕ˙ = −δβ˙ ϕ˙ σ¯aα˙β +
1
2
δα˙ϕ˙ σ¯
aβ˙β, (A-2.50)
σ¯β˙βb (σ
ab)ϕ
α
= +δβϕ σ¯
aβ˙α − 1
2
δϕ
α σ¯aβ˙β, (A-2.51)
tr
(
σabσcd
)
= −1
2
(
ηacηbd − ηadηbc + iǫabcd) , (A-2.52)
tr
(
σ¯abσ¯cd
)
= −1
2
(
ηacηbd − ηadηbc − iǫabcd) , (A-2.53)[
σab, σcd
]
= ηacσbd − ηadσbc − ηbcσad + ηbdσac, (A-2.54)
{
σab, σcd
}
α
β
= tr
(
σabσcd
)
δα
β, (A-2.55)(
ǫσab
)αβ
(σabǫ)γδ = −δαγδβδ − δαδδβγ, (A-2.56)
− i
4!
ǫabcd
(
σaσ¯bσcσ¯d
)
α
β
= δα
β,
i
4!
ǫabcd
(
σ¯aσbσ¯cσd
)α˙
β˙
= δα˙β˙. (A-2.57)
Finally let us note that ∮
lmn
∮
α˙β˙γ˙
σlαα˙(ǫσ¯
mn)β˙γ˙ = 0, (A-2.58)
with cyclic permutations on vector and spinor indices.
In the Weyl basis the Dirac matrices are given by
γa =
(
0 σa
σ¯a 0
)
. (A-2.59)
A Majorana spinor Ψ is made of a Weyl spinor χα with two components, α = 1, 2 and of
its complex conjugate χ¯α˙ , α˙ = 1˙, 2˙:
ΨM =
(
χα
χ¯α˙
)
, (A-2.60)
Ψ¯M = (χ
α, χ¯α˙) . (A-2.61)
161
A Dirac spinor is made of two different Weyl spinors, χα, ϕ¯
α˙,
ΨD =
(
χα
ϕ¯α˙
)
, Ψ¯D = (ϕ
α, χ¯α˙) . (A-2.62)
In the Lagrangian calculations we need to know conjugation rules,(
ψ1σ
mψ¯2
)†
= − (ψ¯1σ¯mψ2) = + (ψ2σmψ¯1) ,
(ψ1σ
mnψ2)
† = +
(
ψ¯1σ¯
mnψ¯2
)
= − (ψ¯2σ¯mnψ¯1) , (A-2.63)
and some Fierz relations
(ψ1ψ2)(χ1χ2) = −1
2
(ψ1χ1)(ψ2χ2),
(ψ1ψ2)(χ¯1χ¯2) = −1
2
(ψ1σ
mχ¯1)(ψ2σmχ¯2),
ψαχ¯β˙ = −
1
2
σm
αβ˙
(ψσmχ¯). (A-2.64)
A-3 Spinor Notations for Tensors
We can convert vector indices into spinor indices and vice-versa using σ and σ¯ matrices.
Vαα˙ = σ
a
αα˙Va, (A-3.1)
Va = −1
2
σ¯α˙αa Vαα˙. (A-3.2)
So the scalar product of two vectors writes
TaV
a = −1
2
Tαα˙V
αα˙. (A-3.3)
Tensors Tαβ , T¯α˙β˙ with two spinor indices have the standard decompositions
Tαβ = +ǫαβT + Tαβ
⌣
, (A-3.4)
T¯α˙β˙ = −ǫα˙β˙T¯ + T¯α˙β˙
⌣
, (A-3.5)
with
T =
1
2
T αα, T¯ =
1
2
T¯α˙
α˙, (A-3.6)
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and
Tαβ
⌣
=
1
2
(Tαβ + Tβα), (A-3.7)
T¯
α˙β˙
⌣
=
1
2
(T¯α˙β˙ + T¯β˙α˙). (A-3.8)
For an antisymmetric tensor with two indices, like Fba = −Fab, in spinor notations we
have
Fββ˙ αα˙ = σ
a
αα˙σ
b
ββ˙
Fba
=
[
(σbaǫ)βαǫβ˙α˙ + (ǫσ¯
ba)β˙α˙ǫβα
]
Fba. (A-3.9)
Using the standard decomposition
Fββ˙αα˙ ≡ −2ǫβαFβ˙α˙
⌣
+ 2ǫβ˙α˙Fβα
⌣
, (A-3.10)
we obtain
Fβα
⌣
= +
1
2
(σbaǫ)βα Fba, (A-3.11)
F
β˙α˙
⌣
= −1
2
(ǫσ¯ba)β˙α˙ Fba, (A-3.12)
and vice-versa
Fba = (σ¯baǫ)
β˙α˙F
α˙β˙
⌣
− (ǫσba)βαFαβ
⌣
. (A-3.13)
As a consequence, the kinetic term reads
F baFba = 2Fβα
⌣
F
βα
⌣ + 2F
β˙α˙
⌣
F
β˙α˙
⌣ . (A-3.14)
One often uses the dual tensor defined as
∗F dc =
1
2
ǫdcba Fba, (A-3.15)
whose spinor components are
∗F δδ˙ γγ˙ = 2iǫδ˙γ˙F
δγ
⌣ + 2iǫδγF
δ˙γ˙
⌣ . (A-3.16)
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The topological combination ∗F baFba takes the form
∗F baFba = 2iFβ˙α˙
⌣
F
β˙α˙
⌣ − 2iF βα⌣ Fβα
⌣
. (A-3.17)
Along the same lines, for a symmetric tensor with two indices, Sba = Sab, one has the
decomposition
Sββ˙αα˙ ≡ ǫβαǫβ˙α˙S + Sβα
⌣ β˙α˙⌣
= −1
2
ǫβαǫβ˙α˙Sb
b + 2(σbf ǫ)βα(ǫσ¯
af )β˙α˙Sba. (A-3.18)
Finally, for a three index, antisymmetric tensor, say Hcba, the spinor structure is most
easily analyzed using its dual tensor, ∗Hd, defined as
∗Hd =
1
3!
ǫdcbaHcba, Habc = ǫabcd
∗Hd. (A-3.19)
Then thanks to the spinor expression for the ǫ-symbol
ǫδδ˙ γγ˙ ββ˙ αα˙ = 4i
(
ǫδγǫβαǫδ˙β˙ǫγ˙α˙ − ǫδ˙γ˙ǫβ˙α˙ǫδβǫγα
)
, (A-3.20)
one obtains
Hγγ˙ ββ˙ αα˙ = 2i
(
ǫγ˙β˙ǫγα
∗Hβα˙ − ǫγβǫγ˙α˙ ∗Hαβ˙
)
. (A-3.21)
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B Elements of U(1) superspace
As we have seen in the main text, U(1) superspace provides the underlying structure
for the geometric description of the supergravity/matterYang-Mills system. Matter fields
are incorporated through well defined specifications in the U(1) gauge sector, leading to
Ka¨hler superspace geometry. Very often, however, explicit calculations are done to a
large extend without taking into account the special features of Ka¨hler superspace. For
this reason we found it useful to provide a compact account of the properties of U(1)
superspace.
B-1 General Definitions
The basic superfields are the supervielbein EM
A(z), the Lorentz connection φMB
A(z)
and the gauge potential AM (z) for chiral U(1) transformations. These superfields are
coefficients of 1-forms in superspace,
EA = dzMEM
A(z), (B-1.1)
φB
A = dzMφMB
A(z), (B-1.2)
A = dzMAM(z). (B-1.3)
Torsion curvatures and U(1) field strengths are then defined as
TA = dEA + EBφB
A + w(EA)EAA, (B-1.4)
RB
A = dφB
A + φB
CφC
A, (B-1.5)
F = dA. (B-1.6)
The chiral U(1) weights w(EA) are given as
w(Ea) = 0, w(Eα) = 1, w(Eα˙) = −1. (B-1.7)
Torsion, Lorentz curvature and U(1) field strength are 2-forms in superspace,
TA =
1
2
EBECTCB
A, (B-1.8)
RB
A =
1
2
ECEDRDCB
A, (B-1.9)
F =
1
2
ECEDFDC . (B-1.10)
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They satisfy Bianchi identities
DTA −EBRBA − w(EA)EAF = 0. (B-1.11)
A more explicit form of the Bianchi identities is∮
(DCB)
(DDTCBA + TDCFTFBA −RDCBA − w(EA)FDCδAB) = 0, (B-1.12)
with the graded cyclic combination of super-indices D,C,B defined as∮
(DCB)
DCB = DCB + (−)b(d+c)BDC + (−)d(b+c)CBD. (B-1.13)
Covariant derivatives are always understood to be maximally covariant, unless explicitly
otherwise stated. In our present case this means covariance with respect to both, Lorentz
and U(1) transformations. As an example, take the generic 0-form superfield XA of chiral
weight w(XA). Its covariant derivative is defined as
DBXA = EBM∂MXA − φBACXC + w(XA)ABXA, (B-1.14)
with graded commutator
(DC ,DB)XA = −TCBFDFXA −RCBAFXF + w(XA)FCBXA. (B-1.15)
The chiral weights of the various quantities are given as
w(DA) = −w(EA), w(TCBA) = w(EA)− w(EB)− w(EC), (B-1.16)
w(RCBA
F ) = −w(EB)− w(EC). (B-1.17)
B-2 Torsion Tensor Components
For a discussion of the U(1) superspace torsion constraints we refer to the main text and
to the original literature. Here we content ourselves to note that all the coefficients of
torsion, curvature and U(1) field strength are given in terms of the few superfields
R , R† , Ga , Wγβα
⌣
, W
γ˙β˙α˙
⌣
(B-2.1)
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and their superspace derivatives. The chiral weights of these superfields are determined
according to their appearance in the torsion coefficients (see below), i.e.
w(R) = +2, w(R†) = −2, w(Ga) = 0, (B-2.2)
w(Wγβα
⌣
) = +1, w(W
γ˙β˙α˙
⌣
) = −1. (B-2.3)
We present the torsion tensor components in order of increasing canonical dimension
(remember that [x] = −1 and [θ] = −1
2
). We try to be as exhaustive as possible. In
particular, in many places we give the results in vector as well as in spinor notation, with
α ∼ (α, α˙) defined as usual.
• dimension 0
Tγβ
a = 0, T γ˙β˙a = 0, (B-2.4)
Tγ
β˙a = −2i(σaǫ)γ β˙. (B-2.5)
• dimension 1
2
Tγβ
α = 0, Tγb
a = 0 (B-2.6)
• dimension 1
At this level appear the superfields R,R† and Ga, i.e.
Tγb
α =
i
2
(σcσ¯b)γ
αGc ❀ Tγ ββ˙ α = iǫβαGγβ˙, (B-2.7)
T γ˙ bα˙ = − i
2
(σ¯cσb)
γ˙
α˙G
c
❀ Tγ˙ ββ˙ α˙ = iǫβ˙α˙Gβγ˙, (B-2.8)
Tγbα˙ = −iσb γα˙R† ❀ Tγ ββ˙ α˙ = −2iǫγβǫβ˙α˙R†, (B-2.9)
T γ˙ b
α
= −iσ¯γ˙αb R ❀ Tγ˙ ββ˙ α = −2iǫγ˙β˙ǫβαR, (B-2.10)
Tcb
a = 0 ❀ Tγγ˙ ββ˙ αα˙ = 0. (B-2.11)
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• dimension 3
2
Here, the basic objects are Tcb
α, expressed in terms of the Weyl spinor superfields
Wγβα
⌣
, W
γ˙β˙α˙
⌣
and of spinor derivatives of the superfields R, R† and Ga. These properties
are most clearly exhibited using spinor notation, i.e.
Tcb
α
❀ Tγγ˙ ββ˙
α = 2ǫγ˙β˙Tγβ
⌣
α − 2ǫγβTγ˙β˙
⌣
α (B-2.12)
with further tensor decompositions
Tγβ
⌣
α = Wγβα
⌣
+
1
3
(ǫαγSβ + ǫαβSγ), (B-2.13)
T
γ˙β˙
⌣
α˙
= W
γ˙β˙α˙
⌣
+
1
3
(ǫα˙γ˙Sβ˙ + ǫα˙β˙Sγ˙). (B-2.14)
The various tensors appearing here are defined as
Sβ = Tγβ
⌣
γ = +
1
4
Dβ˙Gββ˙ −DβR =
1
2
(Tcb σ
cbǫ)β , (B-2.15)
Sβ˙ = Tγ˙β˙
⌣
γ˙ = −1
4
DβGββ˙ +Dβ˙R† =
1
2
(Tcb σ¯
cb)β˙, (B-2.16)
and
T
γ˙β˙
⌣
α
= −1
4
(Dγ˙Gαβ˙ +Dβ˙Gαγ˙) , (B-2.17)
Tγβ
⌣
α˙ = +
1
4
(DγGβα˙ +DβGγα˙) . (B-2.18)
B-3 Curvature and U(1) Field Strength Components
The curvature 2-form takes its values in the Lie algebra of the Lorentz group. Vector and
spinor components are therefore related by means of the canonical decomposition
RDC b
a
❀ RDC ββ˙ αα˙ = 2ǫβ˙α˙RDC βα
⌣
− 2ǫβαRDC β˙α˙
⌣
, (B-3.1)
as defined in appendix A. The indicesD and C are superspace 2-form indices. As a general
feature of superspace geometry, the components of curvature and U(1) field strengths are
completely determined from the torsion components and their covariant derivatives. We
proceed again in order of increasing canonical dimension.
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• dimension 1
Here, the 2-form indices D and C are spinor indices.
Rδγ ba = 8(σbaǫ)δγR
†, (B-3.2)
Rδ˙γ˙ ba = 8(σ¯baǫ)
δ˙γ˙R. (B-3.3)
Rδ
γ˙
ba = 2iG
c(σdǫ)δ
γ˙
ǫdcba. (B-3.4)
In spinor notation these components become, respectively,
Rδγβα
⌣
= 4(ǫδβǫγα + ǫδαǫγβ)R
†, (B-3.5)
Rδγ β˙α˙
⌣
= 0, (B-3.6)
Rδ˙γ˙ βα
⌣
= 0, (B-3.7)
Rδ˙γ˙ β˙α˙
⌣
= 4(ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)R, (B-3.8)
Rδγ˙ βα
⌣
= −ǫδβGαγ˙ − ǫδαGβγ˙, (B-3.9)
R
δγ˙ β˙α˙
⌣
= −ǫγ˙β˙Gδα˙ − ǫγ˙α˙Gδβ˙ , (B-3.10)
The U(1) field strengths are
Fδγ = 0, F
δ˙γ˙ = 0, Fδ
γ˙ = 3(σaǫ)δ
γ˙Ga. (B-3.11)
• dimension 3
2
Bianchi identities tell us directly that the relevant curvatures are given in terms of
torsion as:
Rδc ba = iσcδδ˙Tba
δ˙ − iσbδδ˙Tacδ˙ − iσaδδ˙Tcbδ˙, (B-3.12)
Rδ˙c ba = iσ¯
δ˙δ
c Tbaδ − iσ¯δ˙δb Tacδ − iσ¯δ˙δa Tcbδ. (B-3.13)
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In spinor notation one obtains, respectively
Rδ γγ˙ βα
⌣
= +i
∑
βα
(
ǫδαTγβ
⌣
γ˙ + ǫδγTβα
⌣
γ˙ − ǫδβǫγαSγ˙
)
, (B-3.14)
Rδ γγ˙ β˙α˙
⌣
= +4iǫδγWγ˙β˙α˙
⌣
+ i
∑
β˙α˙
ǫγ˙β˙
(
Tδγ
⌣
α˙ +
1
3
ǫδγSα˙
)
, (B-3.15)
Rδ˙ γγ˙ βα
⌣
= −4iǫδ˙γ˙Wγβα⌣ − i
∑
βα
ǫγβ
(
T
δ˙γ˙
⌣
α
+
1
3
ǫδ˙γ˙Sα
)
, (B-3.16)
Rδ˙ γγ˙ β˙α˙
⌣
= −i
∑
β˙α˙
(
ǫδ˙α˙Tγ˙β˙
⌣
γ
+ ǫδ˙γ˙Tβ˙α˙
⌣
γ
− ǫδ˙β˙ǫγ˙α˙Sγ
)
. (B-3.17)
Using the explicit form of the torsion coefficients as defined in the previous subsection,
these curvatures may also be written as
Rδ γγ˙ βα
⌣
= i
∑
βα
(
1
2
ǫδγDβGαγ˙ + 1
2
ǫδβDγGαγ˙ − ǫδβǫγαDγ˙R†
)
, (B-3.18)
Rδ γγ˙ β˙α˙
⌣
= 4iǫδγWγ˙β˙α˙
⌣
+ i
∑
β˙α˙
ǫγ˙α˙
(
1
3
ǫδγX¯β˙ +
1
2
DδGγβ˙
)
, (B-3.19)
Rδ˙ γγ˙ βα
⌣
= −4iǫδ˙γ˙Wγβα⌣ + i
∑
βα
ǫγα
(
1
3
ǫδ˙γ˙Xβ +
1
2
Dδ˙Gβγ˙
)
, (B-3.20)
Rδ˙ γγ˙ β˙α˙
⌣
= i
∑
β˙α˙
(
1
2
ǫδ˙γ˙Dβ˙Gγα˙ +
1
2
ǫδ˙β˙Dγ˙Gγα˙ − ǫδ˙β˙ǫγ˙α˙DγR
)
. (B-3.21)
Here symmetric sums over indices α, β resp. α˙, β˙ are understood in an obvious way and
we have used the definitions
Xβ = DβR−Dβ˙Gββ˙, (B-3.22)
X¯β˙ = Dβ˙R† −DβGββ˙. (B-3.23)
These superfields are naturally identified in the U(1) field strengths
Fδc =
3i
2
DδGc + i
2
σcδδ˙X¯
δ˙, (B-3.24)
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F δ˙c =
3i
2
Dδ˙Gc − i
2
σ¯δ˙δc Xδ, (B-3.25)
which, in spinor notation, read
Fδ γγ˙ =
3i
2
DδGγγ˙ + iǫδγX¯γ˙, (B-3.26)
Fδ˙ γγ˙ =
3i
2
Dδ˙Gγγ˙ + iǫδ˙γ˙Xγ. (B-3.27)
• dimension 2
The curvature tensor Rdc b
a has the property
Rdc ba = Rba dc. (B-3.28)
Its decomposition in spinor notations is given as
Rδδ˙ γγ˙ ββ˙ αα˙ = +4ǫδ˙γ˙
(
ǫβ˙α˙χδγ
⌣
βα
⌣
− ǫβαψδγ
⌣ β˙α˙⌣
)
+4ǫδγ
(
ǫβαχδ˙γ˙
⌣
β˙α˙
⌣
− ǫβ˙α˙ψδ˙γ˙
⌣
βα
⌣
)
, (B-3.29)
where
χδγ
⌣
βα
⌣
= χδγβα
⌣
+ (ǫδβǫγα + ǫδαǫγβ)χ, (B-3.30)
χ
δ˙γ˙
⌣
β˙α˙
⌣
= χ
δ˙γ˙β˙α˙
⌣
+ (ǫδ˙β˙ǫγ˙α˙ + ǫδ˙α˙ǫγ˙β˙)χ (B-3.31)
and
χ =
1
24
Rba
ba. (B-3.32)
The tensors appearing in the spinor decomposition of the curvature are, respectively,
Tcb
α, Tcbα˙ the Rarita-Schwinger field strength,
Rdc b
a the Lorentz curvature,
Xα, X¯
α˙ the U(1) superfield.
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Here χδγβα
⌣
and χ
δ˙γ˙β˙α˙
⌣
describe the Weyl tensor in spinor notation, whereas ψ
δ˙γ˙
⌣
βα
⌣
and
χ correspond respectively to the Ricci Rdc = Rda ba tensor and to the curvature scalar
R = Rba ba. These superfields are related to the basic superfields obtained in the preceding
section in the following way
χδγβα
⌣
=
1
4
(DδWγβα
⌣
+DγWβαδ
⌣
+DβWαδγ
⌣
+DαWδγβ
⌣
), (B-3.33)
χ
δ˙γ˙β˙α˙
⌣
=
1
4
(Dδ˙Wγ˙β˙α˙
⌣
+Dγ˙Wβ˙α˙δ˙
⌣
+Dβ˙Wα˙δ˙γ˙
⌣
+Dα˙Wδ˙γ˙β˙
⌣
), (B-3.34)
ψ
δγ
⌣
β˙α˙
⌣
=
1
8
∑
δγ
∑
β˙α˙
(
Gδβ˙Gγα˙ −
1
2
[Dδ,Dβ˙]Gγα˙) , (B-3.35)
and
χ = − 1
12
(DαDαR +Dα˙Dα˙R†)+ 1
48
[Dα,Dα˙]Gαα˙
−1
8
Gαα˙Gαα˙ + 2RR
†. (B-3.36)
The U(1) field strength Fdc with canonical spinor decomposition
Fδδ˙ γγ˙ = 2ǫδ˙γ˙Fδγ
⌣
− 2ǫδγFδ˙γ˙
⌣
, (B-3.37)
can be expressed as
Fδγ
⌣
= +
1
8
∑
δγ
(DδDδ˙Gγδ˙ + 3iDδδ˙Gγδ˙), (B-3.38)
F
δ˙γ˙
⌣
= −1
8
∑
δ˙γ˙
(Dδ˙DδGδγ˙ + 3iDδδ˙Gδγ˙). (B-3.39)
B-4 Derivative Relations
Superspace constraints, via the Bianchi identities, imply covariant restrictions on the basic
superfields encountered in the previous subsections. Most important are the chirality
conditions
DαR† = 0, Dα˙R = 0, (B-4.1)
172
and
DαWγ˙β˙α˙
⌣
= 0, Dα˙Wγβα
⌣
= 0. (B-4.2)
Superfield expansions are defined in terms of covariant derivatives. We have seen that
the geometry of U(1) superspace can be expressed in terms of some basic superfields and
their covariant derivatives. Conversely, this means that tensors like Tcb
α, Tcbα˙, Rdc b
a, Xα,
X¯ α˙ are located in the superfield expansions of these basic superfields. At dimension 3
2
the
relevant equations are
DβR = −1
3
Xβ − 2
3
(Tcbσ
cbǫ)β, (B-4.3)
Dβ˙R† = −1
3
X¯ β˙ − 2
3
(Tcbσ¯
cbǫ)β˙, (B-4.4)
and
DβGa = −1
2
(Tcbσ¯aσ
cbǫ)β +
1
6
(Tcbσ¯
cbσ¯aǫ)β − 1
3
(X¯σ¯aǫ)β , (B-4.5)
Dβ˙Ga = +1
2
(Tcbσaσ¯
cbǫ)β˙ − 1
6
(Tcbσ
cbσaǫ)
β˙ +
1
3
(Xσaǫ)
β˙. (B-4.6)
Note that, in order to compactify the notation, we have suppressed a number of spinor
indices. They are easily (and without ambiguity) restored with reference to the index
structures of σ-matrices explicitly defined in appendix A. In spinor notation, these rela-
tions may equivalently be written as
DβR = −1
3
Xβ − 4
3
Sβ , (B-4.7)
Dβ˙R† = −1
3
X β˙ +
4
3
S β˙, (B-4.8)
and
DβGαα˙ = +2Tβα
⌣
α˙ +
2
3
ǫβαSα˙ − 2
3
ǫβαX¯α˙, (B-4.9)
Dβ˙Gαα˙ = −2Tβ˙α˙
⌣
α
− 2
3
ǫβ˙α˙Sα −
2
3
ǫβ˙α˙Xα. (B-4.10)
In the U(1) gauge sector, at dimension 2, one has
DαX¯α˙ = 0, Dα˙Xα = 0, (B-4.11)
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and
DαXα = Dα˙X¯ α˙. (B-4.12)
Substituting for Xα, X¯
α˙ yields the equivalent equations
DϕDϕGa = 4iDaR†, Dϕ˙Dϕ˙Ga = −4iDaR, (B-4.13)
and
DαDαR−Dα˙Dα˙R† = 4iDaGa. (B-4.14)
The orthogonal combination is given as
D2R + D¯2R† = −2
3
Rba
ba − 2
3
DαXα + 4GaGa + 32RR†. (B-4.15)
As a consequence of the chirality conditions, the mixed second spinor derivatives on R,
R† are
Dα˙DαR = −2iDαα˙R − 6Gαα˙R, (B-4.16)
DαDα˙R† = −2iDαα˙R† + 6Gαα˙R†. (B-4.17)
The relation
[Dβ,Dβ˙]Gαα˙ = −4 ψβα
⌣
β˙α˙
⌣
+ 2Gββ˙Gαα˙ + 4
(
ǫβαFβ˙α˙
⌣
+ ǫβ˙α˙Fβα
⌣
)
+2iǫβαDϕβ˙Gϕα˙ − 2iǫβ˙α˙Dβϕ˙Gαϕ˙
+ǫβαǫβ˙α˙
(
8RR† + 2GcGc − 2
3
DϕXϕ − 4χ
)
, (B-4.18)
may be equivalently written as
[Dα, D¯α˙]Ga = −(σa)αα˙(4RR† +GbGb + 1
6
R)
+(σb)αα˙
(Rba + 2GaGb + εabcdDcGd) . (B-4.19)
As to the Weyl spinor superfields, their nontrivial spinor derivatives are determined to be
DδWγβα
⌣
= χδγβα
⌣
+
1
4
ǫδγDϕWϕβα
⌣
+
1
4
ǫδβDϕWϕαγ⌣ +
1
4
ǫδαDϕWϕγβ
⌣
, (B-4.20)
Dδ˙Wγ˙β˙α˙
⌣
= χ
δ˙γ˙β˙α˙
⌣
+
1
4
ǫδ˙γ˙Dϕ˙Wϕ˙β˙α˙
⌣
+
1
4
ǫδ˙β˙Dϕ˙Wϕ˙α˙γ˙⌣ +
1
4
ǫδ˙α˙Dϕ˙Wϕ˙γ˙β˙
⌣
, (B-4.21)
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with
DϕWϕβα
⌣
= −1
6
∑
βα
(DβDϕ˙Gαϕ˙ + 3iDβϕ˙Gαϕ˙) = −4
3
Fβα
⌣
, (B-4.22)
Dϕ˙W
ϕ˙β˙α˙
⌣
= +
1
6
∑
β˙α˙
(Dβ˙DϕGϕα˙ + 3iDϕβ˙Gϕα˙) = −43Fβ˙α˙⌣ . (B-4.23)
Observe that these relations may also be identified in the more compact identity
DαTcb α +Dα˙Tcbα˙ = 0. (B-4.24)
B-5 Yang-Mills in U(1) Superspace
As in section II-3, the Yang-Mills connection and its curvature are Lie algebra valued
forms in U(1) superspace,
A = EAA(r)A T(r) = A(r)T(r), (B-5.1)
F = 1
2
EAEBF (r)BAT(r) = F (r)T(r), (B-5.2)
with F = dA+AA, or
F (r) = dA(r) + i
2
A(p)A(q)c(p)(q)(r). (B-5.3)
The Bianchi identities are
DF = dF −AF + FA = 0, (B-5.4)
i.e.
DF (r) = dF (r) − iA(p)F (q)c(p)(q)(r) = 0. (B-5.5)
More explicitly, decomposing on the covariant superspace basis this 3-form, we obtain∮
(CBA)
(DCFBA + TCBFFFA) = 0. (B-5.6)
In the discussion of the Yang-Mills Bianchi identities the complete structure of U(1)
superspace as presented in this appendix must be taken into account, derivatives are now
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covariant with respect Lorentz, chiral U(1) and Yang-Mills gauge transformations. The
covariant constraints21
F α˙β˙ = 0, Fβα = 0 Fβα˙ = 0, (B-5.7)
together with the Bianchi identities restrict the form of the remaining components of the
Yang-Mills field strength such that
Fβa = +i(σa)ββ˙W β˙ , (B-5.8)
F β˙a = −i(σ¯a)β˙βWβ, (B-5.9)
Fba = 1
2
(ǫσba)
βαDαWβ + 1
2
(σ¯baǫ)
β˙α˙Dα˙Wβ˙ . (B-5.10)
The Yang-Mills superfields
Wα = W(r)α T(r), W α˙ = W(r)α˙T(r), (B-5.11)
with respective chiral weights, +1 and −1, are subject to the reduced set of Bianchi
identities
DαW α˙ = 0, Dα˙Wα = 0, (B-5.12)
DαWα = Dα˙W α˙. (B-5.13)
We also define the D-term superfield D(r) as
D(r) = −1
2
DαW(r)α , (B-5.14)
with vanishing chiral weight, w(D(r)) = 0. In spinor notation the components of the field
strength are given as
Fβ˙ αα˙ = 2iǫβ˙α˙Wα, (B-5.15)
Fβ αα˙ = 2iǫβαWα˙, (B-5.16)
and
Fββ˙ αα˙ = 2ǫβ˙α˙Fβα
⌣
− 2ǫβαFβ˙α˙
⌣
, (B-5.17)
21The explicit solution of the constraints, as explained in section II-3, in particular the construction of
the chiral and antichiral basis, carries straightforwardly over to U(1) superspace.
176
with
Fβα
⌣
= −1
4
(DβWα +DαWβ), (B-5.18)
F
β˙α˙
⌣
= +
1
4
(Dβ˙Wα˙ +Dα˙Wβ˙). (B-5.19)
Conversely, the nontrivial spinor derivatives of the Yang-Mills superfields are given as
DβW(r)α = −(σbaǫ)βαF (r)ba − ǫβαD(r), (B-5.20)
Dβ˙W(r)α˙ = −(ǫσ¯ba)β˙α˙F (r)ba + ǫβ˙α˙D(r), (B-5.21)
and those of the D-term superfield are
DαD(r) = iσaαα˙DaW(r)α˙, (B-5.22)
Dα˙D(r) = iσ¯aα˙αDaW(r)α . (B-5.23)
The covariant derivative appearing here is defined as
DAD(r) = EAM∂MD(r) − iA(p)A D(q)c(p)(q)(r). (B-5.24)
Recall that the graded commutator of two covariant derivatives is
(DB,DA)D(r) = −TBAFDFD(r) − iF (p)BAD(q)c(p)(q)(r). (B-5.25)
In the case of the Yang-Mills superfields additional terms appear due to their non-trivial
Lorentz and U(1) structures:
(DC ,DB)W(r)α = −TCBFDFW(r)α − iF (p)CBW(q)α c(p)(q)(r)
−RCB αϕW(r)ϕ + FCBW(r)α , (B-5.26)
(DC ,DB)W(r)α˙ = −TCBFDFW(r)α˙ − iF (p)CBW(q)α˙c(p)(q)(r)
−RCBα˙ϕ˙W(r)ϕ˙ − FCBW(r)α˙. (B-5.27)
In the evaluation of (B-5.22), (B-5.23) these relations are used in combination with (B-
5.12), (B-5.13). Further useful relations are
D2W(r)α = 4iσaαα˙DaW(r)α˙ + 12R†W(r)α , (B-5.28)
D¯2W(r)α˙ = 4iσ¯aα˙αDaW(r)α + 12RW(r)α˙. (B-5.29)
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C Gauged Isometries
In the general supergravity/matter/Yang-Mills system the chiral matter superfields para-
metrize a Ka¨hler manifold. These structures are quite well understood in the geometric
framework of Ka¨hler superspace. In general, from the point of view of differential geom-
etry, Ka¨hler manifolds admit non-linear isometry transformations, which can be gauged
using suitable Yang-Mills potentials.
This appendix provides a description of gauged isometries compatible with superspace.
Of course, the relevant language makes use of superfields. In a first subsection we develop
the general formalism on a manifold parametrized by complex superfields, not yet neces-
sarily subject to chirality conditions. The second subsection shows how Ka¨hler superspace
can be modified to take care of gauged isometries. The resulting geometric structure is
called isometric Ka¨hler superspace. In the third subsection we derive the supergravity
transformations in this context and in the fourth and last subsection we establish the
relation with Yang-Mills transformations of the matter superfields, which correspond to
linear isometry transformations.
C-1 Isometries and Superfields
As a starting point we consider a complex manifold spanned by complex superfields φk
and their complex conjugates φ¯k¯. Following [6, 7] we define infinitesimal variations
δφk = −α(r)V(r)φk, δφ¯k¯ = −α(r)V¯(r)φ¯k¯, (C-1.1)
of generators V(r) and V¯(r) which depend holomorphically resp. anti-holomorphically on
the superfield coordinates
V(r) = V(r)
k(φ)
∂
∂φk
, V¯(r) = V¯(r)
k¯(φ¯)
∂
∂φ¯k¯
, (C-1.2)
and which satisfy commutation relations[
V(r), V(s)
]
= c(r)(s)
(t)V(t), (C-1.3)[
V¯(r), V¯(s)
]
= c(r)(s)
(t)V¯(t), (C-1.4)[
V(r), V¯(s)
]
= 0. (C-1.5)
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In addition to holomorphy properties, solution of the Killing equations of the hermitean
metric implies the appearance of Killing potentials, G(r)(φ, φ¯), such that
gkk¯V¯(r)
k¯ = +i
∂G(r)
∂φk
, gkk¯V(r)
k = −i∂G(r)
∂φ¯k¯
. (C-1.6)
In the case of Ka¨hler geometry, i.e.
gkk¯ =
∂2K(φ, φ¯)
∂φk ∂φ¯k¯
, (C-1.7)
these equations in turn are solved in terms of holomorphic resp. anti-holomorphic func-
tions F(r)(φ) resp. F¯(r)(φ¯) - which one might call Killing pre-potentials - such that
G(r) =
i
2
(V(r) − V¯(r))K − i
2
(F(r) − F¯(r)), (C-1.8)
and
(V(r) + V¯(r))K = F(r) + F¯(r). (C-1.9)
As a consequence of the commutation relations for V(r), V¯(r), the pre-potentials F(r) and
F¯(r) satisfy consistency conditions
V(r)F(s) − V(s)F(r) = c(r)(s)(t)F(t) + iC(r)(s), (C-1.10)
V¯(r)F¯(s) − V¯(s)F¯(r) = c(r)(s)(t)F¯(t) − iC(r)(s), (C-1.11)
with antisymmetric separation constants
C(r)(s) = −C(s)(r). (C-1.12)
Moreover, multiplying eqs. (C-1.6), which define the Killing potential G(r), appropriately
with V(r)
k resp. V¯(r)
k¯ one obtains
V(r)G(s) + V¯(s)G(r) = 0. (C-1.13)
Other useful relations in this context are
V(r)G(s) − V(s)G(r) = c(r)(s)(t)G(t) + C(r)(s), (C-1.14)
V¯(r)G(s) − V¯(s)G(r) = c(r)(s)(t)G(t) + C(r)(s), (C-1.15)
(V(r) + V¯(r))G(s) = c(r)(s)
(t)G(t) + C(r)(s). (C-1.16)
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In the following we shall restrict ourselves to cases where it is possible to take
C(r)(s) = 0, (C-1.17)
and discuss gauged isometries, i.e. variations of φk and φ¯k¯ where the parameters α(r) are
unconstrained real superfields. Covariant derivatives are then constructed with the help
of superfield gauge potentials which are 1-forms in superspace
A(r) = EAAA(r), (C-1.18)
subject to gauge variations
δA(r) = α(p)A(q)c(p)(q)(r) − idα(r). (C-1.19)
The covariant exterior derivatives of the matter superfields are defined as
Dφk = (d+ iA(r)V(r)) φk, (C-1.20)
Dφ¯k¯ = (d+ iA(r)V¯(r)) φ¯k¯. (C-1.21)
By construction, they change covariantly under gauged isometries, i.e.
δDφk = −α(r)∂V(r)
k
∂φl
Dφl, (C-1.22)
δDφ¯k¯ = −α(r)∂V¯(r)
k¯
∂φ¯l¯
Dφ¯l¯. (C-1.23)
Of course, the covariant exterior derivative is no longer nilpotent, its square being related
to the field strength
F (r) = dA(r) + i
2
A(p)A(q)c(p)(q)(r), (C-1.24)
such that
DDφk = iF (r)V(r)φk, (C-1.25)
DDφ¯k¯ = iF (r)V¯(r)φ¯k¯. (C-1.26)
In a somewhat more explicit notation, i.e.
Dφk = EADAφk, Dφ¯k¯ = EADAφ¯k¯, (C-1.27)
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and
F (r) = 1
2
EAEBFBA(r), (C-1.28)
this yields the graded commutation relations
(DB,DA)φk = −TBACDCφk + iFBA(r)V(r)φk, (C-1.29)
(DB,DA)φ¯k¯ = −TBACDC φ¯k¯ + iFBA(r)V¯(r)φ¯k¯. (C-1.30)
C-2 Isometric Ka¨hler Superspace
The composite Ka¨hler gauge potential was defined in terms of chiral matter superfields
as a 1-form in superspace such that
A =
1
4
(Kkdφ
k −Kk¯dφ¯k¯) +
i
8
Ea(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯). (C-2.1)
Consider now the spinor derivatives to be covariant with respect to gauged isometries, as
defined above, rendering the last term invariant. However, the term
∆ = Kkdφ
k −Kk¯dφ¯k¯, (C-2.2)
changes under gauged isometry transformations as
δ∆ = −2id Im(α(r)F(r)) + 2i(dα(r))G(r). (C-2.3)
This can be verified using the relations presented so far. Interestingly enough the first
term has the form of a gauge transformation, it closely resembles a Ka¨hler transformation.
As to the second term, it is easy to see that it corresponds to
δ(A(r)G(r)) = −i(dα(r))G(r). (C-2.4)
Therefore the combination
∆˜ = ∆+ 2A(r)G(r), (C-2.5)
transforms as a gauge field, both under gauged isometries and under Ka¨hler transforma-
tions, i.e.
δ∆˜ = 2i d[Im(F − α(r)F(r))]. (C-2.6)
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This is completely in line with our understanding of supergravity/matter couplings,
i.e. gauged isometries can be reconciled with the structure of Ka¨hler superspace provided
we replace ∆ by ∆˜ and require that the frame of superspace changes under a gauged
isometry as well such that
δEA = − i
2
w(EA)EA Im(−α(r)F(r)). (C-2.7)
This leads us to the definition of isometric Ka¨hler superspace, with a modified composite
gauge potential
A =
1
4
Kkdφ
k − 1
4
Kk¯dφ¯
k¯ +
1
2
A(r)G(r)
+
i
8
Ea(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯), (C-2.8)
in the U(1) sector, giving rise to the torsion 2-form
TA = dEA + EBφB
A + w(EA)EAA, (C-2.9)
invariant under Ka¨hler transformations and gauged isometries. Gauged isometries appear
in the structure group of superspace via (C-2.7) in close analogy with Ka¨hler transforma-
tions. Covariance with respect to these transformations is obtained with the help of the
modified gauge potential defined in (C-2.8) and the usual rules of Ka¨hler superspace. Fur-
thermore, following the definitions (C-1.20), (C-1.21), the matter superfields are defined
to be covariantly chiral, i.e.
Dαφ¯k¯ =
(
Eα
M∂M + iA(r)α V¯(r)
)
φ¯k¯ = 0, (C-2.10)
Dα˙φk = (Eα˙M∂M + iA(r)α˙ V(r))φk = 0. (C-2.11)
Likewise, in the definition of A, -cf. (C-2.8), one has
Dαφk =
(
Eα
M∂M + iA(r)α V(r)
)
φk, (C-2.12)
Dα˙φ¯k¯ = (Eα˙M∂M + iA(r)α˙ V¯(r)) φ¯k¯. (C-2.13)
The superspace geometry we have established here describes supergravity and matter and
accounts consistently for Ka¨hler transformations and for gauged isometries of the Ka¨hler
metric (of which Yang-Mills symmetries are a particular case).
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The field strength superfields Xα, X¯
α˙, already discussed in the ungauged case, receive
now additional contributions (hereafter we shall denote them Xα and X¯
α˙), involving the
Yang-Mills field strength, F (r), and the Killing potential, G(r). To see this, apply the
exterior derivative to ∆˜ to obtain
d∆˜ = 2gkk¯DφkDφ¯k¯ + 2F (r)G(r). (C-2.14)
Due to
A =
1
4
∆˜ +
i
8
Ea(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯), (C-2.15)
the relation between d∆˜ and F = dA is obvious. As before, the superfields Xα and X¯
α˙ are
identified in the field strengths Fβ˙a and Fβa as
Xα = − i
2
gkk¯σ
a
αα˙DaφkDα˙φ¯k¯ +
1
2
gkk¯Dαφk F¯ k¯ +W(r)α G(r), (C-2.16)
X¯α˙ = − i
2
gkk¯σ¯
aα˙αDaφ¯k¯Dαφk + 1
2
gkk¯Dα˙φ¯k¯F k +W(r)α˙G(r). (C-2.17)
In distinction to the ungauged case all derivatives are now fully covariant with respect to
gauged isometries. F k and F¯ k¯ are still defined as
F k = −1
4
DαDαφk, F¯ k¯ = −1
4
Dα˙Dα˙φ¯k¯, (C-2.18)
but the covariant derivatives of Dαφk and Dα˙φ¯k¯ appearing in this definition contain now
new terms which take into account the gauged isometries, explicitly
DBDαφk = EBM∂MDαφk − φBαϕDϕφk + iA(r)B
∂V(r)
k
∂φl
Dαφl
−ABDαφk + ΓkijDBφiDαφj, (C-2.19)
DBDα˙φ¯k¯ = EBM∂MDα˙φ¯k¯ − φBα˙ϕ˙Dϕ˙φ¯k¯ + iA(r)B
∂V¯(r)
k¯
∂φ¯l¯
Dα˙φ¯l¯
+ABDα˙φ¯k¯ + Γk¯ ı¯¯DBφ¯ı¯Dα˙φ¯¯. (C-2.20)
The Yang-Mills superfields appearing in (C-2.16), (C-2.17) are identified in the field
strength F (r), i.e.
F (r)β a = iσaββ˙W(r)β˙ , F (r)β˙a = iσ¯β˙βa W(r)β , (C-2.21)
183
and satisfy the relations (B-5.12) - (B-5.13). Since the Yang-Mills gauge potentials are
now defined in the framework of Ka¨hler superspace geometry, all the chiral weights and
therefore the transformation laws under Ka¨hler transformations and gauged isometries are
determined and should be taken into account in the definition of covariant derivatives.
The relevant quantity in the construction of the component field action is the Ka¨hler D-
term, defined as the lowest component of the superfield DαXα. The geometric construction
presented so far has the great advantage that full invariance is automatically insured. The
explicit form of the D-term superfield is
− 1
2
DαXα = −gkk¯ηabDbφkDaφ¯k¯
− i
4
gkk¯σ
a
αα˙
(
DαφkDaDα˙φ¯k¯ +Dα˙φ¯k¯DaDαφk
)
+gkk¯F
kF¯ k¯ +
1
16
Rj¯kk¯DαφkDαφjDα˙φ¯k¯Dα˙φ¯¯
−igkk¯V¯(r)k¯W(r)α Dαφk − igkk¯V(r)kW(r)α˙ Dα˙φ¯k¯
−1
2
(DαW(r)α )G(r). (C-2.22)
The discussion of this section shows that gauged isometries allow for a very suggestive
description in the framework of Ka¨hler superspace geometry. The results presented here
in superfield form are particularly useful to extract component field expressions in a con-
structive and concise way as illustrated in section IV, where we fully develop Lagrangians
in component fields.
So far we have mainly dealt with matter superfields, which play the role of coordinates
of the Ka¨hler manifold, and with their covariant differentials. It will be useful to consider
the more general case of a generic superfield, Uk, of transformation law
δUk = −α(r) δV(r)
k
δφl
Ul. (C-2.23)
For simplicity we assume Uk to be a superfield (0-form) of vanishing chiral weight and
scalar with respect to Lorentz transformations. The exterior covariant derivative is then
defined as
DUk = dUk + iA(r)∂V(r)
k
∂φl
Ul + ΓklmDφmUl, (C-2.24)
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with
DUk = EADAUk. (C-2.25)
Note that, as a consequence of the chirality of the matter superfields, the Levi-Civita term
is absent in Dα˙Uk.
The graded commutator of two such covariant derivatives is obtained in taking the
covariant exterior derivative of the one form DUk, i.e.
DDUk = iF (r)
(
∂V(r)
k
∂φl
Ul + V(r)
mΓklmU
l
)
− gkk¯Rmk¯l¯Dφ¯¯DφmUl. (C-2.26)
Decomposing the left hand term according to
DDUk = EAEB(DBDAUk + 1
2
TBA
CDCUk), (C-2.27)
allows to read off the graded commutator of two covariant derivatives of Uk to be
(DB,DA)Uk = −TBAC DCUk + iFBA(r)
(
∂V(r)
k
∂φl
Ul + V(r)
mΓklmU
l
)
+gkk¯Rmk¯l¯U
l
(DBφ¯¯DAφm − (−)abDAφ¯¯DBφm) . (C-2.28)
We have consideredUk as a superfield inert under Lorentz and Ka¨hler transformations.
The spinor derivative Dαφk of a chiral superfield φk will transform in the same manner as
Uk under gauged isometries but will pick up additional contributions from Lorentz and
Ka¨hler transformations.
C-3 Supergravity Transformations
We have constructed a superspace geometry in terms of the basic geometric objects
• EA = dzMEMA frame of superspace,
• φk, φ¯k¯ chiral matter superfields,
• A(r) = dzMAM (r) Yang-Mills potential.
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The chiral matter superfields take their values in a Ka¨hler manifold and we have seen that
superspace geometry and Ka¨hler geometry are intimately related. In order to describe
gauged isometries of the superfield Ka¨hler metric we have introduced the corresponding
Yang-Mills potential. Infinitesimal variations of parameters
• ξM superspace diffeomorphisms,
• ΛBA Lorentz transformations,
• α(r) Yang-Mills transformations,
change the basic geometric objects such that
EA 7→ EA + δEA, (C-3.1)
φk 7→ φk + δφk, (C-3.2)
φ¯k¯ 7→ φ¯k¯ + δφ¯k¯, (C-3.3)
A(r) 7→ A(r) + δA(r), (C-3.4)
with
δEA = LξE
A + EBΛB
A − i
2
w(EA)EA Im
(
F (φ)− α(r)F(r)(φ)
)
, (C-3.5)
δφk = Lξφ
k − α(r)V(r)k(φ), (C-3.6)
δφ¯k¯ = Lξφ¯
k¯ − α(r)V¯(r)k¯(φ¯), (C-3.7)
δA(r) = LξA(r) − idα(r) + α(p)A(q)c(p)(q)(r). (C-3.8)
Here, the Lie derivative in superspace is defined as
Lξ = ιξd+ dιξ. (C-3.9)
Remarkably enough, Ka¨hler transformations and gauged isometries appear in a well de-
fined way in the structure group of superspace. In the next step we wish to express
these transformation laws as much as possible in terms of covariant objects - torsion, field
strength and covariant derivatives - which were defined earlier as
TA = DEA = dEA + EBφBA + w(EA)EAA, (C-3.10)
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Dφk = dφk + iA(r)V(r)k(φ), (C-3.11)
Dφ¯k¯ = dφ¯k¯ + iA(r)V¯(r)k¯(φ¯), (C-3.12)
F (r) = dA(r) + i
2
A(p)A(q)c(p)(q)(r). (C-3.13)
Straightforward substitution yields
δEA = DξA + ιξTA + EB
(
ΛB
A − ιξφBA
)
−w(EA)EA
[
ιξA+
i
2
Im(F − α(r)F(r))
]
, (C-3.14)
δφk = ιξDφk − (α(r) + iιξA(r))V(r)k(φ), (C-3.15)
δφ¯k¯ = ιξDφ¯k¯ − (α(r) + iιξA(r))V¯(r)k¯(φ¯), (C-3.16)
δA(r) = ιξF (r) + (α(p) + iιξA(p))A(q)c(p)(q)(r) − id(α(r) + iιξA(r)). (C-3.17)
Supergravity transformation δWZ are then defined as certain combinations of superspace
diffeomorphisms and field dependent compensating Lorentz and gauged isometry trans-
formations, namely
ΛB
A = ιξφB
A, (C-3.18)
α(r) = −iιξA(r). (C-3.19)
Taking into account the explicit form of A, -cf. (C-2.8), we obtain
δWZ E
A = DξA + ιξTA − 1
4
w(EA)EA(KkιξDφk −Kk¯ιξDφ¯k¯)
− i
8
w(EA)EAξb
(
12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯
)
, (C-3.20)
δWZ φ
k = ιξDφk, (C-3.21)
δWZ φ¯
k¯ = ιξDφ¯k¯, (C-3.22)
δWZA(r) = ιξF (r). (C-3.23)
Recall that the last term in the transformation law of EA is spurious in that it could be
absorbed in covariant redefinitions of the first two terms. The interior product of ξM with
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torsion and Yang-Mills field strength is defined as
ιξT
A = EBξCTCB
A, (C-3.24)
ιξF (r) = EAξBFBA(r). (C-3.25)
For later convenience we consider also generic superfields Φ and Uk of transformation
laws
δΦ = LξdΦ− i
2
w(Φ)Φ Im
(
F (φ)− α(r)F(r)(φ)
)
, (C-3.26)
δUk = LξU
k − α(r)∂V(r)
k
∂φl
Ul (C-3.27)
and covariant derivatives
DΦ = dΦ+ w(Φ)ΦA, (C-3.28)
DUk = dUk + iA(r)∂V(r)
k
∂φl
Ul + ΓklmDφlUm. (C-3.29)
Straightforward substitution allows to derive the supergravity transformations
δWZ Φ = ιξDΦ− 1
4
w(Φ)Φ(KkιξDφk −Kk¯ιξDφ¯k¯)
− i
8
w(Φ)Φξa(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯), (C-3.30)
δWZU
k = ιξDUk + ΓklmιξDφlUm. (C-3.31)
The supergravity transformations presented so far at the full superfield level will provide
the basic building blocks for the derivation of supersymmetry transformations of the
component fields. We will also use these supergravity transformations in the more explicit
form
δWZ EM
A = DMξA + EMBξCTCBA
−1
4
w(EA)EM
AξB(KkDBφk −Kk¯DBφ¯k¯)
− i
8
w(EA)EM
Aξb(12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯), (C-3.32)
δWZ φ
k = ξADAφk, (C-3.33)
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δWZ φ¯
k¯ = ξADAφ¯k¯, (C-3.34)
δWZ Φ = ξ
ADAΦ− 1
4
w(Φ)Φ ξA(KkDAφk −Kk¯DAφ¯k¯)
− i
8
w(Φ)Φξb(12Gb + σ¯
α˙α
b gkk¯DαφkDα˙φ¯k¯), (C-3.35)
δWZU
k = ξADAUk + ΓklmξADAφlUm. (C-3.36)
Observe the presence of the terms
KkιξDφk −Kk¯ιξDφ¯k¯ = ξA(KkDAφk −Kk¯DAφ¯k¯). (C-3.37)
The corresponding gauge transformations are field dependent Ka¨hler transformations and
isometries, there is no free parameter which could compensate these terms unlike the case
of Lorentz and Yang-Mills transformations.
C-4 The Yang-Mills Case
Let us consider the situation where the gauged isometries reduce to the standard Yang-
Mills transformations. This corresponds to the case where the isometries act linearly on
the fields such that
V(r)
k = V(r)φ
k = +i
(
T(r)φ
)k
(C-4.1)
V¯(r)
k¯ = V¯(r)φ¯
k¯ = −i (φ¯T(r))k¯ . (C-4.2)
where the T(r), are in a suitable matrix representation of the generators of the gauge
group considered, with commutation relations[
T(r),T(s)
]
= ic(r)(s)
(t)T(t), (C-4.3)
implied by those of the V(r)’s. Using the notation A = A(r)T(r), the covariant derivatives
of the matter superfields take the form
Dφk = (dφ−Aφ)k , Dφ¯k¯ = (dφ¯+ φ¯A)k¯ . (C-4.4)
Next we can determine the Killing potential using (C-1.8), (C-1.9). Since the Ka¨hler
potential is invariant under gauge transformations, (C-1.9) tells us
Kk
(
T(r)φ
)k −Kk¯ (φ¯T(r))k¯ = 0 = F(r)(φ) + F¯(r)(φ¯), (C-4.5)
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implying that F(r)(φ) and F¯(r)(φ¯) are just constants, which can safely be set to zero. The
real Killing potential G(r) then becomes
G(r) = +
i
2
(
KkV(r)
k −Kk¯V¯(r)k¯
)
= −1
2
[
Kk
(
T(r)φ
)k
+Kk¯
(
φ¯T(r)
)k¯]
. (C-4.6)
Using this information, together with the vanishing of the Killing pre-potentials, in the
combination ∆˜ = ∆+ 2A(r)G(r), we obtain
∆ + 2A(r)G(r) = Kk
(
dφk + iA(r)V(r)k
)−Kk¯ (dφ¯k¯ + iA(r)V¯(r)k¯) (C-4.7)
= KkDφk −Kk¯Dφ¯k¯.
As a consequence, we recover the Ka¨hler connection A = A of section III-4.2, given as
A =
1
4
KkDφk − 1
4
Kk¯Dφ¯k¯ +
i
8
Ea(12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯), (C-4.8)
with Yang-Mills covariant derivatives everywhere.
Finally, the supergravity transformations are directly read off from the previous dis-
cussions, eqs. (C-3.14) - (C-3.17) and (C-3.32) - (C-3.36).
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D Superfield equations of motion
Given the geometric formulation of supersymmetric theories it is desirable to have a
superfield action principle, in the sense that the variation of suitable superspace densities
gives rise to superfield equations of motion.
On the other hand, the geometric descriptions of supersymmetric theories are charac-
terized by covariant constraints (torsion constraints for supergravity, field strength con-
straints for Yang-Mills, 2-form and 3-form gauge theories and chirality constraints for
matter superfields). As a consequence, the basic building blocks initially used in the geo-
metric construction (frame of superspace, Lorentz, Yang-Mills, 2-form and 3-form gauge
potentials, and chiral superfields) are no longer the fundamental objects - they are given
in terms of unconstrained pre-potentials which arise from the explicit solution of the
superspace constraint equations.
A possible way to formulate a superfield action principle is therefore to write superfield
densities in terms of the unconstrained pre-potentials and to vary them accordingly [80].
This approach is particularly useful in the context of supergraph perturbation theory.
Another possibility [158], more closely related to superspace geometry, and which will
be pursued here, is to solve directly the variational version of the constraint equations. In
this way one determines directly the variations of the basic geometric objects in terms of
unconstrained entities. In this (equivalent) formulation, superspace densities are written
in the usual way and the relation to component field formalism is quite transparent.
In this appendix we derive, as an example, the superfield equations of motion for the
complete supergravity/matter/Yang-Mills system in the presence of gauged isometries.
In the first two subsections, we work in generic U(1) superspace, defining and solving the
variational constraint equations in the first subsection and discussing superspace densities
and integration by parts in the second one. The variational equations pertaining to
isometric superspace are treated in subsection D-4. In subsection D-5 we derive the
superfield equations of motion for the complete supergravity/matter/Yang-Mills system.
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D-1 Integration by Parts in U(1) Superspace
The superfield action principle for supergravity proposed by Wess and Zumino [158], [163]
is a generalization of usual gravity. In general relativity, especially when coupled to spinor
fields, densities are constructed by means of the determinant of the vierbein, or frame.
The corresponding basic superspace object is E, the superdeterminant of the frame EM
A
in superspace. In general, a supersymmetric action will be given as the product of E
with some suitable covariant superfield, integrated over superspace, i.e. over space-time
and the anticommuting spinor coordinates. In the derivation of superfield equations of
motion, integration by parts in superspace will be used systematically. This means that
expressions like ∫
∗
EDαvα,
∫
∗
EDα˙vα˙,
∫
∗
EDava, (D-1.1)
with vA some generic, covariant superfield of chiral weight w(vA), should be related to
pure superspace surface terms. The asterisk indicates that integration is understood over
full superspace, i.e. anticommuting coordinates and space-time.
In order to explain the mechanism of integration by parts in some more detail let us
recall first some definitions. The exterior covariant derivative DvA = dzMDMvA being
given as
DvA = dvA + vBφBA + w(vA)vAA, (D-1.2)
we identify the 1-form coefficients
DMvA = ∂MvA + (−)mbvBφMBA + w(vA)AMvA. (D-1.3)
Another crucial ingredient is the torsion 2-form TA = 1
2
dzMdzNTNM
A defined as
TA = DEA = dEA + EBφBA + w(EA)EAA. (D-1.4)
Its components
TNM
A = DNEMA − (−)mnDMENA, (D-1.5)
are given in terms of the covariant derivatives
DNEMA = ∂NEMA + (−)(m+b)nEMBφNBA + w(EA)ANEMA. (D-1.6)
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It is a matter of straightforward calculation to establish the superspace identity [163]
∂M (Ev
AEA
M)(−)m = E [∂MvA + vN(∂NEMA − (−)mn∂MENA)]EAM(−)m.
Covariantizing the derivatives, this identity takes the form
∂M (Ev
AEA
M)(−)m = EDAvA(−)a + E vBTBAA(−)a
+E
(
w(EA)− w(vA)) vAAA. (D-1.7)
This is the central point in the discussion of integration by parts in superspace. Observe
that so far we did not make any use of torsion constraints. Taking into account the explicit
form of the torsion coefficients in U(1) superspace, one shows that the only non-vanishing
contributions to the torsion term are
Tb α
α = +i Gb, Tb
α˙
α˙ = −i Gb, (D-1.8)
which add to zero in the supertrace. The torsion term is therefore absent. If, in addition,
we require
w(vA) = w(EA), (D-1.9)
we obtain
∂M(E v
AEA
M)(−)m = EDAvA(−)a. (D-1.10)
This establishes the relation alluded to above, identifying expressions like (D-1.1) as
pure superspace surface terms. This relation will be frequently used in the derivation
of superfield equations of motion.
D-2 Variational Equations in U(1) Superspace
We first introduce as basic variables the variations of the vielbein, Lorentz and U(1) con-
nections modulo the effects of superspace diffeomorphisms and structure group transfor-
mations. Subsequently we present a concise and systematic analysis of the consequences
of the constraints of U(1) superspace for these variables.
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• Basic definitions
Consider the infinitesimal variations
δEA = HA, (D-2.1)
δφB
A = ΩB
A, (D-2.2)
δA = ω, (D-2.3)
of the frame, Lorentz and U(1) gauge potential. These superspace 1-forms are pa-
rametrized in such a way that
HA = EBHB
A, HB
A = EB
MδEM
A, (D-2.4)
ΩB
A = ECΩCB
A, ΩCB
A = EC
MδφMB
A, (D-2.5)
ω = EAωA, ωA = EA
MδAM . (D-2.6)
As a consequence of these definitions the variations of torsion, curvature and U(1)
field strength become
δTA = DHA + EBΩBA + w(EA)EAω, (D-2.7)
δRB
A = DΩBA, (D-2.8)
δF = dω. (D-2.9)
Here, D denotes the covariant exterior derivative in U(1) superspace. It is straight-
forward to work out the explicit expressions for the coefficients of these 2-forms in
superspace. The torsion variational equations
δTCB
A = DCHBA − (−)cbDBHCA + TCBFHFA
−HCFTFBA + (−)cbHBFTFCA
+ΩCB
A − (−)cbΩBCA
+w(EA)(δB
AωC − (−)cbδCAωB), (D-2.10)
are of particular importance. The vielbein and gauge potential variations must leave
the torsion constraints invariant. This determines the unconstrained variational
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superfields. The corresponding variations of curvature and U(1) field strength are
δRDCB
A = DDΩCBA − (−)dcDCΩDBA + TDCFΩFBA
−HDFRFCBA + (−)dcHCFRFDBA, (D-2.11)
δFDC = DDωC − (−)dcDCωD + TDCFωF
−HDFFFC + (−)dcHCFFFD. (D-2.12)
Observe that the variational superfields are determined modulo diffeomorphisms
and structure group transformations, i.e. up to redefinitions of the form
δ HA = LξEA + EBχBA + w(EA)EAρ, (D-2.13)
δΩB
A = −DχBA + ιξRBA, (D-2.14)
δ ω = −dρ+ ιξF. (D-2.15)
As a consequence, the variational equations change as
δ δTA = LξTA + TBχBA + w(TA)TAρ, (D-2.16)
δ δRB
A = LξRBA +RBCχCA − χBCRCA, (D-2.17)
δ δF = LξF. (D-2.18)
The covariant Lie derivative appearing here is given as
Lξ = ιξD +Dιξ. (D-2.19)
Using ιξE
A = ξA, the variation of HB
A reads
δ HB
A = ξCTCB
A +DBξA + χBA + w(EA) δAB ρ. (D-2.20)
Similarly,
δΩCB
A = −DCχBA + ξDRDCBA, (D-2.21)
δ ωA = −DAρ+ ξBFBA. (D-2.22)
Clearly, the variational equations of the torsion constraints are invariant under these
redefinitions.
195
• Torsion constraints I.
In a first step we consider the variational equations of the torsions
Tγβ
a = 0, T γ˙β˙a = 0, (D-2.23)
Tγ
β˙a = −2i(σaǫ)γ β˙, (D-2.24)
Tγβα˙ = 0, T
γ˙β˙α = 0. (D-2.25)
From (D-2.10) we read off the explicit equations
δTγβ
a =
∑
γβ
(DγHβa −Hγϕ˙T ϕ˙βa) , (D-2.26)
δTγβα˙ =
∑
γβ
(DγHβα˙ −HγfTfβα˙) . (D-2.27)
The pure gauge solution of (D-2.26), (D-2.27) is
Hβ
a = DβΞ¯a + Ξ¯ϕ˙T ϕ˙βa, (D-2.28)
Hβα˙ = DβΞ¯α˙ + Ξ¯fTfβα˙. (D-2.29)
Likewise, the complex conjugate equations are solved by
H β˙a = Dβ˙Ξa + Ξϕ Tϕβ˙a, (D-2.30)
H β˙α = Dβ˙Ξα + Ξf Tf β˙α. (D-2.31)
Finally, making use of the invariance of the variational equations under redefinitions
of the form (D-2.20) we arrive at
Hβ
a = DβVa, H β˙a = −Dβ˙Va, (D-2.32)
Hβα˙ = −VcTβcα˙ = iR†Vβα˙, H β˙α = VcT β˙cα = −iRVαβ˙ . (D-2.33)
It remains to discuss the variation of (D-2.24),
δTγ
β˙a = DγH β˙a +Dβ˙Hγa + Tγβ˙fHf a
−HγϕTϕβ˙a −H β˙ϕ˙Tγϕ˙a. (D-2.34)
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We eliminate the traceless parts of Hβ
α, H β˙ α˙ by suitably choosing χβ
α, χβ˙ α˙ in (D-
2.20) to arrive at
Hβ
α =
1
2
δβ
αH, (D-2.35)
H β˙ α˙ =
1
2
δβ˙ α˙H¯. (D-2.36)
As a consequence, (D-2.34) becomes
Tγ
β˙fHf
a − 1
2
(H + H¯)Tγ
β˙a −
[
Dγ ,Dβ˙
]
Va = 0, (D-2.37)
showing that Hb
a is completely determined as a function of the unconstrained su-
perfields H + H¯ and Va. In spinor notation this equation reads
Hββ˙ αα˙ = −ǫβαǫβ˙α˙(H + H¯)−
i
2
[Dβ,Dβ˙]Vαα˙. (D-2.38)
The supertrace of HB
A is now given as
HA
A(−)a = H + H¯ + i
4
[Dα,Dα˙]Vαα˙. (D-2.39)
Observe that we did not make use of the redefinitions which correspond to the chiral
U(1) in (D-2.20).
• Torsion constraints II.
The variations of the torsions
Tγb
a = 0, Tγ
β˙
α˙ = 0, Tγβ
α = 0, (D-2.40)
give rise to the equations
DγHba −DbHγa + Ωγba + TγbFHF a −HγϕTϕba +Hbϕ˙T ϕ˙γa = 0, (D-2.41)
DγH β˙ α˙+Dβ˙Hγα˙+Tγ β˙fHfα˙−HγfTf β˙α˙−H β˙fTfγα˙+Ωγ β˙α˙− δβ˙ α˙ ωγ = 0, (D-2.42)
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∑
γβ
(DγHβα −HγfTfβα + Ωγβα + δβα ωγ) = 0. (D-2.43)
These relations serve to express the variations Ωγb
a, Hbα˙ and ωα in terms of the so
far unconstrained superfields H, H¯ and Va. In this context it is convenient to define
χb
a = Hb
a −DbVa, (D-2.44)
χbα˙ = Hbα˙ − VcTcbα˙, (D-2.45)
χβ
α = Hβ
α + VcTβcα, (D-2.46)
χβ˙ α˙ = H
β˙
α˙ + VcT β˙cα˙, (D-2.47)
Πγb
a = Ωγb
a + VdRγdba, (D-2.48)
Σγ = ωγ + VdFγd (D-2.49)
and to write (D-2.41) - (D-2.43) in the form
Πγb
a +Dγχba + χbϕ˙Tγϕ˙a − 2Tγbϕ˙Dϕ˙Va = 0, (D-2.50)
Πγ
β˙
α˙ − δβ˙ α˙Σγ + Tγ β˙d χdα˙ +Dγχβ˙ α˙ − 2(Dβ˙Vd)Tγdα˙ = 0, (D-2.51)
Πγβ
α +Πβγ
α + δβ
αΣγ + δγ
αΣβ +Dγχβα +Dβχγα = 0. (D-2.52)
The first of these equations allows to determine both Πγb
a and χbα˙. This is most
easily seen in spinor notation, where (D-2.50) takes the form
2ǫβ˙α˙Πγβα
⌣
− 2ǫβαΠγ β˙α˙
⌣
− 4iǫγαχββ˙ α˙ +Dγχββ˙ αα˙ + 4iǫγβR†Dβ˙Vαα˙ = 0. (D-2.53)
Taking into account
χββ˙ αα˙ = −ǫβαǫβ˙α˙(H + H¯)− iDβDβ˙Vαα˙ − iGαβ˙Vβα˙ + iGβα˙Vαβ˙ , (D-2.54)
we obtain
Π
γ β˙α˙
⌣
= − i
4
Dγ
∑
β˙α˙
(DϕDβ˙Vϕα˙ −Gϕβ˙Vϕα˙) , (D-2.55)
Πγβα
⌣
=
i
4
Dγ
∑
βα
Gβ
ϕ˙Vαϕ˙
−
∑
βα
ǫγβDα
(
1
2
(H + H¯) +
i
4
DϕDϕ˙Vϕϕ˙
)
, (D-2.56)
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as well as
8i χββ˙ α˙ = −4ǫβ˙α˙Dβ(H + H¯) + 2iDβDϕDα˙Vϕβ˙ − 8iR†Dβ˙Vβα˙. (D-2.57)
This exhausts the information contained in (D-2.50). Substituting these results
reduces (D-2.51) simply to
Σγ = −Dγ
(
H +
1
2
H¯ +
i
4
DϕDϕ˙Vϕϕ˙ − i
2
VaGa
)
(D-2.58)
and (D-2.52) is then identically satisfied.
• Torsion constraints III.
As to the complex conjugate torsions,
T γ˙ b
a = 0, T γ˙β
α = 0, T γ˙β˙ α˙ = 0, (D-2.59)
the variational equations read
Dγ˙Hba −DbH γ˙a + Ωγ˙ ba + T γ˙ bϕHϕa +HbϕTϕγ˙a = 0, (D-2.60)
Dγ˙Hβα+DβH γ˙α+ Tβγ˙fHfα−H γ˙fTfβα−HβfTf γ˙α+Ωγ˙ βα+ δβαωγ˙ = 0, (D-2.61)∑
γ˙β˙
(
Dγ˙H β˙ α˙ −H γ˙fTf β˙α˙ + Ωγ˙β˙ α˙ − δβ˙ α˙ ωγ˙
)
= 0. (D-2.62)
In this sector it is convenient to define
Hba = Hba +DbVa, (D-2.63)
Hbα = Hbα + VcTcbα, (D-2.64)
Hβα = Hβα − VcTβcα, (D-2.65)
Hβ˙ α˙ = H β˙ α˙ − VcT β˙cα˙, (D-2.66)
Π
γ˙
b
a = Ωγ˙ b
a − VdRγ˙dba, (D-2.67)
Σ¯γ˙ = ωγ˙ − VdF γ˙ d. (D-2.68)
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With these notations and after some manipulations involving superspace Bianchi
identities, (D-2.60) - (D-2.62) can be written as
Π
γ˙
b
a +Dγ˙Hb a +Hb ϕTϕγ˙a + 2 T γ˙ bϕDϕ Va = 0, (D-2.69)
Π
γ˙
β
α + δβ
αΣ¯γ˙ + Tβ
γ˙d Hd α +Dγ˙Hβ α + 2 (DβVd)T γ˙dα = 0, (D-2.70)
Π
γ˙ β˙
α˙ +Π
β˙ γ˙
α˙ − δβ˙ α˙Σ¯γ˙ − δγ˙ α˙Σ¯β˙ +Dγ˙Hβ˙ α˙ +Dβ˙Hγ˙ α˙ = 0. (D-2.71)
As before we employ spinor notation. (D-2.69) becomes
2ǫβ˙α˙Πγ˙βα
⌣
− 2ǫβαΠγ˙ β˙α˙
⌣
+ 4iǫγ˙β˙Hββ˙α +Dγ˙Hββ˙ αα˙ + 4iǫγ˙β˙RDβVαα˙ = 0, (D-2.72)
with
Hββ˙ αα˙ = −ǫβαǫβ˙α˙(H + H¯) + i Dβ˙DβVαα˙ + i Gαβ˙Vβα˙ − i Gβα˙Vαβ˙. (D-2.73)
From (D-2.72) we obtain
Πγ˙βα
⌣
= − i
4
Dγ˙
∑
βα
(Dϕ˙DβVαϕ˙ +Gβϕ˙Vαϕ˙) , (D-2.74)
Πγ˙ β˙α˙
⌣
= − i
4
Dγ˙
∑
β˙α˙
Gϕβ˙Vϕα˙
+
∑
β˙α˙
ǫγ˙β˙Dα˙
(
1
2
(H + H¯)− i
4
Dϕ˙DϕVϕϕ˙
)
, (D-2.75)
as well as
8iHββ˙ α = 4ǫβαDβ˙(H + H¯) + 2iDβ˙Dϕ˙DαVβϕ˙ + 8iRDβVαβ˙ . (D-2.76)
Equation (D-2.70) then yields
Σ¯γ˙ = Dγ˙
(
H¯ +
1
2
H − i
4
Dϕ˙DϕVϕϕ˙ − i
2
VaGa
)
(D-2.77)
and (D-2.71) is identically satisfied.
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This concludes our discussion of torsion constraints at dim = 0 and dim =
1
2
in
U(1) superspace. We have found that the vielbein and connection variations are
described in terms of the independent unconstrained superfields H , H¯ and Va. The
torsion coefficients at dim =1 can then be used to determine the variations of the
covariant superfields R,R† and Ga. For our present purpose it is sufficient to work
out δR and δR† (which are most conveniently obtained in using the corresponding
curvature equations)
δR = − (VaDa + H¯ − iVaGa)R
−1
8
Dα˙Dα˙
(
H + H¯ − i
2
Dϕ˙DϕVϕϕ˙
)
, (D-2.78)
δR† = + (VaDa −H + iVaGa)R†
−1
8
DαDα
(
H + H¯ +
i
2
DϕDϕ˙Vϕϕ˙
)
. (D-2.79)
• Chiral U(1) gauge sector
The solutions of the constraints
Fβα = 0, F
β˙α˙ = 0, (D-2.80)
in the ( 1
2
, 1
2
)-basis are parametrized in terms of a pre-potential K (which, later on
will be specialized to the Ka¨hler potential) such that
Aα = +
1
4
Eα
M∂MK, (D-2.81)
Aα˙ = −1
4
Eα˙M∂MK. (D-2.82)
Using δA = ω, the variation of these equations gives
ωα −HαB
(
AB − 1
4
DBK
)
− 1
4
DαδK = 0, (D-2.83)
ωα˙ −H α˙B
(
AB +
1
4
DBK
)
− 1
4
Dα˙δK = 0. (D-2.84)
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Taking into account our solution for HA
B leads to
Σα = +Dα
(
1
4
δK + VbAb − 1
4
VbDbK
)
, (D-2.85)
Σ¯α˙ = −Dα˙
(
1
4
δK + VbAb + 1
4
VbDbK
)
. (D-2.86)
Finally, comparing with (D-2.58) and (D-2.77), we arrive at the chirality conditions
Dα
(
H +
1
2
H¯ +
1
4
δK +
i
4
DϕDϕ˙Vϕϕ˙ + Va(Aa − i
2
Ga)− 1
4
VaDaK
)
= 0,
(D-2.87)
Dα˙
(
H¯ +
1
2
H +
1
4
δK − i
4
Dϕ˙DϕVϕϕ˙ + Va(Aa − i
2
Ga) +
1
4
VaDaK
)
= 0.
(D-2.88)
These chirality constraints in turn are solved with the help of chiral projection
operators acting on unconstrained superfields U, U¯ and we obtain
H + H¯ = −1
3
δK − i
6
[Dα,Dα˙]Vαα˙ − 4
3
Va(Aa − i
2
Ga)
−2
3
(DαDα − 8R†)U¯ − 2
3
(Dα˙Dα˙ − 8R)U, (D-2.89)
H − H¯ = 2DaVa + VaDaK
−2(DαDα − 8R†)U¯ + 2(Dα˙Dα˙ − 8R)U. (D-2.90)
In conclusion, the combinations H− H¯ and H + H¯+ 1
3
δK of variational superfields
are given in terms of unconstrained superfields U, U¯ and Va.
• Yang-Mills sector
We parametrize the variation of the Yang-Mills gauge potential in U(1) superspace
such that
δA(r) = Γ(r) = EAΓA
(r). (D-2.91)
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The Yang-Mills field strength, F (r) = 1
2
EAEBFBA(r), defined as
F (r) = dA(r) + i
2
A(p)A(q)f(p)(q)
(r), (D-2.92)
changes under these variations as
δF (r) = dΓ(r) + iΓ(p)A(q)f(p)(q)(r) = DΓ(r). (D-2.93)
The variational equations of its coefficients are
δFBA(r) = DBΓA(r) − (−)abDAΓB(r) + TBAFΓF (r)
−HBFFFA(r) + (−)abHAFFFB(r). (D-2.94)
As in the gravitational case, we are only interested in infinitesimal variations modulo
ordinary gauge variations ǫ(r), given as
δ Γ(r) = dǫ(r) + iǫ(p)A(q)f(p)(q)
(r) = Dǫ(r), (D-2.95)
δ δF (r) = iǫ(p)F (q)f(p)(q)(r). (D-2.96)
The solution of the variational equations of the constraints
δFβα(r) = 0, δF β˙α˙(r) = 0, (D-2.97)
is expressed in terms of an unconstrained superfield Σ(r) such that
Γα
(r) = +DαΣ(r) + VfFfα(r), (D-2.98)
Γα˙(r) = −Dα˙Σ(r) − VfFf α˙(r). (D-2.99)
The constraint
δFβα˙(r) = 0, (D-2.100)
serves to express the vector component Γa
(r) in terms of Σ(r) as well. It is convenient
to define
Λa
(r) = Γa
(r) − VbFba(r) −DaΣ(r), (D-2.101)
Λ¯a
(r) = Γa
(r) + VbFba(r) +DaΣ(r). (D-2.102)
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Accordingly, the solution of (D-2.100) can be written in two ways,
Λαα˙
(r) = iDαΓα˙(r) + i(Dα˙Vb)Fbα(r), (D-2.103)
Λ¯αα˙
(r) = iDα˙Γα(r) − i(DαVb)Fbα˙(r). (D-2.104)
The variations of the covariant Yang-Mills superfields Wα(r), W α˙(r) are obtained
from δF β˙a(r), δFβa(r) to be
δWα(r) = −VbDbWα(r) − (H¯ + 1
2
H)Wα(r) + iΣ(s)Wα(t)f(t)(s)(r)
+
i
2
(Dϕ˙DαVϕϕ˙)Wϕ(r) − i
2
Vαϕ˙Gϕϕ˙Wϕ(r)
−1
4
(Dϕ˙Dϕ˙ − 8R)Γα(r), (D-2.105)
δWα˙(r) = +VbDbWα˙(r) − (H + 1
2
H¯)Wα˙(r) − iΣ(s)W(t)α˙ f(t)(s)(r)
− i
2
(DϕDα˙Vϕϕ˙)W ϕ˙(r) − i
2
Vϕα˙Gϕϕ˙Wϕ˙(r)
+
1
4
(DϕDϕ − 8R†)Γα˙(r). (D-2.106)
D-3 Superspace Densities
As a first application of the previous discussion, we consider the superfield action∫
∗
E. (D-3.1)
Recalling that the asterisk denotes integration over space-time and anticommuting coor-
dinates, this superspace integral might be called the volume of superspace. It serves to
generalize the D-term construction of invariant actions to local supersymmetry. Taking
into account (D-2.39), the variation of the superdeterminant
δE = EHA
A(−)a, (D-3.2)
gives rise to
δ
∫
∗
E =
∫
∗
E(H + H¯), (D-3.3)
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with superspace surface terms neglected after integration by parts. Observe that in generic
U(1) superspace, the superfield H+ H¯ , as given in (D-2.89), contains δK, the variation of
the U(1) pre-potential as an independent unconstrained variable. As a consequence, the
superfield equations of motion would imply the volume of superspace to vanish. Therefore,
the action (D-3.1) is not very useful in U(1) superspace. However, when specified to pure
Wess-Zumino superspace (resp. Ka¨hler superspace), δK will be subject to constraints and
the same action will provide the pure supergravity (resp. supergravity/matter) action.
Another useful concept in constructing superfield actions is the chiral density. It serves
to generalize the F-term construction of invariant actions to the case of local supersym-
metry. As a starting point consider the superspace action∫
∗
E
R
S, (D-3.4)
with S some generic chiral superfield of weight w(S) = 2 to ensure invariance under U(1)
transformations. Using the relation
S = (Dα˙Dα˙ − 8R) Σ(S), (D-3.5)
expressing the chiral superfield in terms of the unconstrained superfield Σ(S), together
with integration by parts yields ∫
∗
E
R
S = −8
∫
∗
E Σ(S). (D-3.6)
This shows that integrating the chiral superfield S using the chiral density is the same as
integrating its pre-potential Σ(S) using the complete volume density. Note that adding
a linear superfield to Σ(S) does not change S. This is coherent with relation (D-3.6),
because the superspace integral of a linear superfield vanishes (this, in turn, is due to the
fact that a linear superfield can be expressed in terms of spinor derivatives of unconstrained
pre-potentials).
In spite of the equivalence established in (D-3.6), it is very often quite useful to work
with the chiral density expression (D-3.4), and its complex conjugate∫
∗
E
R†
S¯, (D-3.7)
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with chiral weight w(S¯) = −2 assigned to S¯. Taking into account (D-2.39), as well as
(D-2.78) and (D-2.79) we find
δ
∫
∗
E
R
S =
∫
∗
E
R
(
(δS + VaDaS) + (H + 2H¯ − iVaGa)S
)
, (D-3.8)
δ
∫
∗
E
R†
S¯ =
∫
∗
E
R†
(
(δS¯ − VaDaS¯) + (H¯ + 2H − iVaGa) S¯
)
, (D-3.9)
with H and H¯ determined in (D-2.89), (D-2.90).
D-4 Variational Equations in Ka¨hler Superspace
So far, in this appendix, we worked in the framework of U(1) superspace. Supergrav-
ity/matter coupling is obtained in suitably specializing the U(1) sector. We will present
here the general case, where chiral superfields parametrize a Ka¨hler manifold with gauged
isometries. The relevant geometric framework is isometric Ka¨hler superspace as defined
in appendix C-2.
After a discussion of the variational equations for chiral superfields and a summary
of the properties of covariant isometric superspace derivatives, we will solve the vari-
ational equations pertaining to isometric superspace, thus identifying the fundamental
variables relevant for the derivation of superfield equations of motions for the complete
supergravity/matter/Yang-Mills system.
• Chirality conditions
The variational equations corresponding to the chirality conditions can be treated
along the same lines as the constraint equations discussed earlier. We will first
describe in some detail the procedure for the superfield φk and give the results for
φ¯ k¯ afterwards.
In (C-1.20), the covariant derivative Dφk = EADAφk has been defined as
Dφk = (d+ iA(r)V(r))φk. (D-4.1)
Its variation in terms of δφk and δA(r) = Γ(r) is given as
δDφk = D δφk + iΓ(r)V(r)k(φ), (D-4.2)
206
with the definition
D δφk = d δφk + iA(r)∂V(r)
k
∂φl
δφl. (D-4.3)
Using
δDφk = EAδDAφk + EAHABDBφk, (D-4.4)
the variational equation for DAφk becomes
δDAφk = DA δφk + iΓA(r)V(r)k(φ)−HABDBφk. (D-4.5)
We are now in a position to study the consequences of the chirality conditionDα˙φk =
0, i.e. to determine the variations δφk of chirally constrained matter superfields in
terms of unconstrained variational superfields. This is achieved in taking the α˙
component of the previous equation,
δDα˙φk = 0 = Dα˙ δφk + iΓα˙(r)V(r)k(φ)−H α˙BDBφk, (D-4.6)
and making use of (D-2.99), i.e.
Γα˙(r) = −Dα˙Σ(r) − VbFbα˙(r), (D-4.7)
in the second term. Taking into account (D-2.32) and (D-2.33) allows to write the
third term in the form
−H α˙BDBφk = −Dα˙
(VbDbφk)+ Vb [Dα˙,Db]φk + Vb T α˙bϕDϕφk. (D-4.8)
Finally, substituting (C-1.29) for the commutator, gives rise to the chirality condi-
tion
Dα˙ηk = 0, (D-4.9)
with
ηk = δφk + VbDbφk − iΣ(r)V(r)k. (D-4.10)
The corresponding expressions for δφ¯k¯ are obtained in complete analogy. There, the
chirality condition
Dαη¯k¯ = 0, (D-4.11)
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is obtained for the combination
η¯k¯ = δφ¯k¯ − VbDbφ¯k¯ + iΣ(r)V¯(r)k¯. (D-4.12)
The chirality conditions are solved in terms of unconstrained superfields ϕ¯k¯ and ϕk,
i.e.
η¯k¯ = (DαDα − 8R†)ϕ¯k¯, (D-4.13)
ηk = (Dα˙Dα˙ − 8R)ϕk. (D-4.14)
• Covariant superspace derivatives and gauged isometries
LetUk be some generic p-form in superspace, undergoing non-linear transformations
δUk = −α(r)∂V(r)
k
∂φl
Ul. (D-4.15)
For simplicity, we suppose that Uk is inert under Lorentz and Ka¨hler transforma-
tions. The exterior covariant derivative of this p-form is
DUk = dUk + (−)piA(r)∂V(r)
k
∂φl
Ul + (−)pΓklmDφmUl, (D-4.16)
with Γklm defined as in (II-4.3). In verifying the covariant transformation law of
(D-4.16) it is convenient to use identities such as
(V(r) + V¯(r))gkk¯ +
∂V(r)
m
∂φk
gmk¯ +
∂V¯(r)
l¯
∂φ¯k¯
gkl¯ = 0, (D-4.17)
(V(r) + V¯(r))g
ll¯ +
∂V(r)
l
∂φk
gkl¯ − ∂V¯(r)
l¯
∂φ¯k¯
glk¯ = 0, (D-4.18)
and
(V(r) + V¯(r))Γ
l
mn =
∂V(r)
l
∂φk
Γkmn −
∂V(r)
k
∂φm
Γlkn −
∂V(r)
k
∂φn
Γlmk −
∂2V(r)
l
∂φm∂φn
. (D-4.19)
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In the case p = 0, Uk is a superfield and its covariant derivative is given as
DUk = EADAUk. (D-4.20)
The graded commutator of two such covariant derivatives is obtained by taking the
covariant exterior derivative of (D-4.20), using (D-4.16) for p = 1. The result is
DDUk = iF (r)
(
∂V(r)
k
∂φl
Ul + V(r)
mΓklmU
l
)
− gkl¯Rml¯lk¯Dφ¯k¯DφmUl. (D-4.21)
Decomposing
DDUk = EAEB
(
DBDAUk + 1
2
TBA
CDCUk
)
, (D-4.22)
we find
(DB,DA)Uk = −TBAC DCUk + iFBA(r)
(
∂V(r)
k
∂φl
Ul + V(r)
mΓklmU
l
)
+gkl¯Rml¯lk¯ U
l
(
DBφ¯k¯DAφm − (−)abDA φ¯k¯ DBφm
)
. (D-4.23)
The spinor derivative Dαφk of a chiral superfield φk transforms in the same manner
as Uk under gauged isometries but picks up additional contributions from Lorentz
and Ka¨hler transformations. Taking into account these modifications, we have
F k = −1
4
DαDαφk, (D-4.24)
and
DαF k = −2R†Dαφk. (D-4.25)
• Variations in isometric Ka¨hler superspace
As we have shown in appendix C-2, gauged isometries can be included in the geomet-
ric description in replacing the generic U(1) connection by the composite connection
A =
1
4
∆˜ +
i
8
Ea
(
12Ga + σ¯
α˙α
a gkk¯DαφkDα˙φ¯k¯
)
, (D-4.26)
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with
∆˜ = Kkdφ
k −Kk¯dφ¯k¯ + 2A(r)G(r). (D-4.27)
The resulting geometric structure in superspace is called isometric Ka¨hler super-
space. As a consequence of the particular form of the composite connection, the
variational equations in the U(1) sector will furnish additional information.
Recall that the field strength F = dA satisfies the same constraints as that of the
generic U(1) connection. For this reason the generic U(1) pre-potential K will
be replaced by a field dependent quantity. In standard Ka¨hler superspace, this
is just the superfield Ka¨hler potential. In the presence of gauged isometries, the
dependence on the matter sector and the Yang-Mills sector involved in the gauging
of isometries will be quite intricate.
Fortunately enough, in the investigation of the variational equations, the know-
ledge of the explicit form of the composite pre-potential can be circumvented in
considering directly the variations in terms of A.
The relevant object in this analysis is the variation of ∆˜, which may be written as
δ∆˜ = d
(
Kkδφ
k −Kk¯δφ¯k¯
)
+ 2 gkk¯Dφkδφ¯k¯ − 2 gkk¯Dφ¯k¯δφk + 2Γ(r)G(r). (D-4.28)
We parametrize
δ∆˜ = EABA, (D-4.29)
and consider the spinor coefficient
Bα = Eα
M∂M
(
Kkδφ
k −Kk¯δφ¯k¯
)
+ 2 gkk¯Dαφkδφ¯k¯ + 2Γ(r)α G(r). (D-4.30)
Taking into account the explicit expression for Γ
(r)
α , -cf. (D-2.98), we obtain
Bα = Eα
M∂M
(
Kkδφ
k −Kk¯δφ¯k¯ + 2Σ(r)G(r)
)
+2 gkk¯Dαφkη¯k¯ + 2Vb
(
Fbα(r)G(r) + gkk¯Dbφ¯k¯Dαφk
)
. (D-4.31)
Remember that our aim is to determine δA = ω, -cf. (D-2.3), with the definition
Σα = ωα − VbFbα, -cf. (D-2.49). To this end we have to add the variation of the
210
second term in (D-4.26) to arrive at
Σα =
1
4
Eα
M∂M
(
Kkδφ
k −Kk¯δφ¯k¯ + 2Σ(r)G(r)
+6iVbGb + i
2
Vbσ¯ α˙αb gkk¯DαφkDα˙φ¯k¯
)
+
1
2
gkk¯Dαφkη¯k¯. (D-4.32)
An explicit calculation shows that the last term in this equation can be written as
a total spinor derivative as well, namely
1
2
gkk¯Dαφkη¯k¯ = EαM∂M
(
2ϕ¯k¯gkk¯F
k − gkk¯DϕφkDϕϕ¯k¯
)
. (D-4.33)
This leads then to
Σα =
1
4
Eα
M∂M
(
Kkδφ
k −Kk¯δφ¯k¯ + 2Σ(r)G(r)
+6iVbGb + i
2
Vbσ¯ α˙αb gkk¯DαφkDα˙φ¯k¯
+8ϕ¯k¯gkk¯F
k − gkk¯DϕφkDϕϕ¯k¯
)
. (D-4.34)
This relation summarizes the consequences of the variational equations in the U(1)
sector which arise from the fact that A is a composite connection, dependent on the
Ka¨hler and Yang-Mills sector. On the other hand, in the analysis of the consequences
of the torsion constraints, -cf. (D-2.58), the superfield Σα had been given in terms
of the, up to this point, unconstrained superfields H and H¯, i.e.
Σα = −EαM∂M
(
H +
1
2
H¯ +
i
4
DϕDϕ˙Vϕϕ˙ − i
2
VaGa
)
(D-4.35)
Comparing the expressions in (D-4.35) and (D-4.34) leads to a chirality condition
which is solved in terms of an unconstrained variational superfield Z such that
H +
1
2
H¯ = − i
4
DϕDϕ˙Vϕϕ˙ − 1
4
(
Kkδφ
k −Kk¯δφ¯k¯ + 2Σ(r)G(r)
)
−iVbGb − i
8
Vbσ¯ α˙αb gkk¯DαφkDα˙φ¯k¯
−2 ϕ¯k¯gkk¯F k + gkk¯DϕφkDϕϕ¯k¯ + (DϕDϕ − 8R†)Z. (D-4.36)
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Performing the corresponding analysis for the complex conjugate sector leads to
H¯ +
1
2
H = +
i
4
Dϕ˙DϕVϕϕ˙ + 1
4
(
Kkδφ
k −Kk¯δφ¯k¯ − 2Σ(r)G(r)
)
−iVbGb − i
8
Vbσ¯ α˙αb gkk¯DαφkDα˙φ¯k¯
+2ϕkgkk¯F¯
k¯ − gkk¯Dϕ˙φ¯k¯Dϕ˙ϕk + (Dϕ˙Dϕ˙ − 8R)Z†. (D-4.37)
This completes our discussion of the variational equations of superspace constraints.
The basic variational superfields are Va and Z,Z† for supergravity, ϕk and ϕ¯k¯ for
chiral matter superfields and Σ(r) for the Yang-Mills sector. Recall that the vari-
ations δφk, δφ¯k¯ are expressed in terms of Va, ϕk and ϕ¯k¯ according to (D-4.10),
(D-4.12) and (D-4.13), (D-4.14). Observe that in the standard Yang-Mills case,
i.e. no gauged isometries, the results (D-4.36), (D-4.37) should reproduce those
derived from (D-2.89), (D-2.90) with δK evaluated directly as a function of chiral
superfields.
D-5 Variation of the Action Functionals
We are now in a position to derive the superspace equations of motion for the complete
supergravity/matter/Yang-Mills system. The full action
A = Asupergravity+matter +AYang−Mills +Asuperpotential, (D-5.1)
consists of three separately supersymmetric and Ka¨hler invariant pieces. It remains to
perform the superfield variations and write down the equations of motion.
• Variation of Asupergravity+matter
The kinetic action for the supergravity+matter system is given as
Asupergravity+matter = −3
∫
∗
E. (D-5.2)
This is the form of the prototype action (D-3.1) discussed earlier. In its variation,
cf. (D-3.3),
δAsupergravity+matter = −3
∫
∗
E(H + H¯), (D-5.3)
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H + H¯ is given as the sum of (D-4.36) and (D-4.37), i.e.
3
2
(H + H¯) =
i
4
[Dϕ˙,Dϕ]Vϕϕ˙ − Σ(r)G(r) − 2iVbGb − i
4
σ¯ α˙αb gkk¯DαφkDα˙φ¯k¯
−2ϕ¯k¯gkk¯F k + gkk¯DϕφkDϕϕ¯k¯ + 2ϕkgkk¯F¯ k¯ − gkk¯Dϕ˙φ¯k¯Dϕ˙ϕk
+(DϕDϕ − 8R†)Z + (Dϕ˙Dϕ˙ − 8R)Z†. (D-5.4)
Substituting, integrating by parts and neglecting superspace surface terms gives rise
to
δAsupergravity+matter = 4i
∫
∗
E Vb(Gb + 1
8
σ¯ α˙αb gkk¯DαφkDα˙φ¯k¯)
+16
∫
∗
E ZR† + 16
∫
∗
E Z†R
+4
∫
∗
E F kgkk¯ϕ¯
k¯ − 4
∫
∗
E ϕkgkk¯F¯
k¯
+2
∫
∗
E Σ(r)G(r). (D-5.5)
• Variation of AYang−Mills
The Yang-Mills action of (III-4.54) is obtained from the prototype action (D-3.4) in
identifying S with
SYang−Mills = 1
8
f(r)(s)(φ)W(r)αW(s)α , (D-5.6)
and accordingly for S¯. The function f(r)(s)(φ) of the chiral matter superfields is
required to satisfy
V(p)f(r)(s)(φ) = f(p)(r)
(q)f(q)(s)(φ) + f(p)(s)
(q)f(r)(q)(φ), (D-5.7)
assuring that SYang−Mills is indeed a chiral superfield of weight w(SYang−Mills) = 2.
Then, taking into account the variations of W(r)α and φk as determined in this
appendix, working out δSYang−Mills, substituting in the general variation given in
(D-3.8) and neglecting superspace surface terms yields, as an intermediate result
δ
∫
∗
E
R
SYang−Mills = 1
8
∫
∗
E
R
ηk
∂f(r)(s)
∂φk
W(r)αW(s)α +
1
2
∫
∗
E f(r)(s)W(r)α Γ(s)α . (D-5.8)
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Using furthermore the explicit form of ηk and Γα
(r) gives rise to
δ
∫
∗
E
R
SYang−Mills = −1
2
∫
∗
E Σ(r)
(
f(r)(s)DαW(s)α +
∂f(r)(s)
∂φk
DαφkW(s)α
)
− i
2
∫
∗
E VbW(r)α σbαα˙W(s)α˙ f(r)(s)(φ)
−
∫
∗
E ϕk
∂f(r)(s)
∂φk
W(r)αW(s)α . (D-5.9)
Observe that in the variation of the full Yang-Mills action
AYang−Mills = Re
∫
∗
E
R
SYang−Mills, (D-5.10)
we have to take into account the complex conjugate term as well.
• Variation of Asuperpotential
The action for the superpotential, -cf. (III-4.55), is a special case of prototype action
as well, in this case we identify S with
Ssuperpotential = 1
2
eK(φ,φ¯)/2W (φ). (D-5.11)
In the presence of gauged isometries the condition
V(r)W + F(r)W = 0, (D-5.12)
ensures that Ssuperpotential is indeed a chiral superfield of weight w(SSuperpotential) = 2.
An explicit calculation shows that the variation of the superpotential term is given
as
δ
(
1
2
∫
∗
E
R
eK/2W
)
= −8
∫
∗
E Z† eK/2W − 4
∫
∗
E ϕk eK/2 (Wk +KkW ) . (D-5.13)
For the complete superpotential action
Asuperpotential = Re
∫
∗
E
R
Ssuperpotential, (D-5.14)
we have to take into account the complex conjugate term as well.
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• The superfield equations of motion
In order to find the superfield equations of motion of the complete action
A = Asupergravity+matter +AYang−Mills +Asuperpotential, (D-5.15)
we simply identify the factors of the various variational superfields. From the coef-
ficient of Z† we obtain
R− 1
2
eK/2W = 0. (D-5.16)
The superfield equation corresponding to Vb reads
Gb +
1
8
σ¯ α˙αb gkk¯DαφkDα˙φ¯k¯ −
1
8
σ¯ α˙αb (f + f¯)(r)(s)W(r)α W(s)α˙ = 0. (D-5.17)
Matter and Yang-Mills variations, respectively, give rise to the equations of motion
4 gkk¯F¯
k¯ +
∂f(r)(s)
∂φk
W(r)αW(s)α + 4 eK/2 (Wk +KkW ) = 0, (D-5.18)
and
1
2
f(r)(s)DαW(s)α −
1
2
∂f(r)(s)
∂φk
DαφkW(s)α −G(r) + h.c. = 0. (D-5.19)
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E Linear multiplet component field formalism
The discussion of the linear superfield formalism in section V was mainly in terms of
superfields. As component field expressions are notoriously heavy in notations and size we
have deferred their presentation to the present appendix. We display here the complete
component field action for the particular kinetic potential K = K0(φ, φ¯) + α logL of
(V-5.15) and discuss shortly the effective anomaly cancellation mechanism in terms of
component fields. This appendix is designed as a complement to section V.
E-1 List of Component Fields
Component fields have been defined in various places in the main text. For the sake
of clarity we give here a complete list of the component fields which will appear in the
Lagrangian below.
• In the supergravity sector we have
em
a, ψm
α, ψ¯mα˙, M, M, ba,
the vierbein and the Rarita-Schwinger fields as dynamical variables and a complex
scalar and a real vector as auxiliary fields.
• The matter sector is described in terms of
Ak, A¯k¯, χkα, χ¯
k¯α˙, F k, F¯ k¯,
a set of complex scalars and of Majorana spinors as physical fields, together with
another set of complex scalars as auxiliary fields, indices k and k¯ referring to the
Ka¨hler variety.
• TheYang-Mills sector contains
am, λ
α, λ¯α˙, D,
the gauge potential, the gaugino Majorana spinor and a real scalar auxiliary field,
all Lie algebra valued with matricial generators T(r) in a suitable representation.
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• The linear multiplet consists of
bmn, L, Λα, Λ¯
α˙,
an antisymmetric tensor gauge field, a real scalar and a Majorana spinor; it does
not contain auxiliary fields. We should stress that in the actual component field
Lagrangian given below the Majorana spinor always appears in the combination
ϕα = L
−1Λα and ϕ¯
α˙ = L−1Λ¯α˙.
When derived from superspace, the component field Lagrangian contains a number of
compact building blocks, which arise in a natural manner and gather complicated com-
ponent field expressions in a concise way. The same structures appear in the derivation
of supergravity transformations. Examples of this mechanism are the spin connection, as
defined in (IV-1.15) and (IV-1.9), super-covariant field strength or curvature tensors like
the curvature scalar in (IV-1.35), the projection Rab
ab in (IV-1.37), or the field strength
Tcb
α, Tcbα˙ in (IV-1.31), (IV-1.32). Other important building blocks which arise naturally
are the super-covariant component field derivatives and the composite Ka¨hler connection.
This has already been described in section IV, for the general supergravity/matter/Yang-
Mills system, but is even more dramatic in the presence of linear multiplets. For the sake
of illustration we will discuss two examples of super-covariant component field derivatives
and the construction of the explicit form of the composite of the Ka¨hler connection in the
presence of a linear multiplet (coupled to Chern-Simons forms).
E-2 Construction of Supercovariant Derivatives
It might be instructive and useful to review shortly how the super-covariant component
field derivatives are derived from superspace. To be definite we shall discuss here as
representative examples the super-covariant derivatives of Ak and χkα.
Let us begin with Ak. The starting point is the superspace covariant exterior derivative
Dφk = dφk −A(r) (T(r)φ)k . (E-2.1)
Using the double bar projection as introduced in section IV one finds
Dφk = dxm
(
∂mA
k − ia (r)m
(
T(r)φ
)k)
, (E-2.2)
217
suggesting the definition
DmAk = ∂mAk − ia (r)m
(
T(r)φ
)k
, (E-2.3)
for the component field covariant space-time derivative. On the other hand, double bar
projection in terms of covariant differentials gives
Dφk = dxm
(
em
aDaφk + 1√
2
ψm
αχkα +
1√
2
ψ¯mα˙χ¯
kα˙
)
. (E-2.4)
The object Daφk is called the super-covariant space-time derivative of Ak, explicitly given
as
em
aDaφk = DmAk − 1√
2
ψm
αχkα −
1√
2
ψ¯mα˙χ¯
kα˙. (E-2.5)
The analogous construction for χkα is slightly more involved. Here the starting point
is the exterior covariant derivative
DDαφk = dDαφk − φαβDβφk − ADαφk −A(r)
(
T(r)Dαφ
)k
+ ΓkljDφ
jDαφl, (E-2.6)
which upon double bar projection gives rise to
DDαφk =
√
2dxm
(
∂mχ
k
α − ωmαβχkβ − Amχkα − ia (r)m
(
T(r)χα
)k
+ ΓkljDmAjχlα
)
,
with DmAj defined above. This suggests to define
Dmχkα = ∂mχkα − ωmαβχkβ − Amχkα − ia (r)m
(
T(r)χα
)k
+ ΓkljDmAjχlα. (E-2.7)
The double bar projection on covariant differentials yields now
DDαφk = dxm
(
em
aDaDαφk + 1
2
ψm
βDβDαφk + 1
2
ψ¯mβ˙Dβ˙Dαφk
)
. (E-2.8)
Here, the quantity DaDαφk is called the super-covariant component field derivative of
χkα. However, the two remaining terms still need some workout. Whereas the second term
involves the auxiliary field F k, the third term gives rise to the super-covariant component
field derivative Daφk , just derived above. As a result one recovers the same form as in
(IV-2.11), i.e.
DaDαφi = eam
(√
2Dmχαi − ψmαF i + i(ψ¯mσ¯n)α(DnAi − 1√
2
ψn
ϕχiϕ)
)
. (E-2.9)
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Observe however that this expression is different from (IV-2.10), because now the com-
posite Ka¨hler connection Am contains additional terms due to the linear superfield de-
pendence of the kinetic potential.
E-3 The Composite UK(1) Connection
Let us first recall the identification of the spinor and vector components of the UK(1) gauge
potential in terms of the kinetic potential K, adapted to the present situation, where K
depends on a linear superfield as well. The relevant equations are generalizations of
(III-4.20), which read now
Aα =
1
4
Eα
M∂MK(φ, φ¯, L), A
α˙ = −1
4
Eα˙M∂MK(φ, φ¯, L), (E-3.1)
Aαα˙ − 3i
2
Gαα˙ =
i
2
(DαAα˙ +Dα˙Aα) . (E-3.2)
The important point to notice here is that the entities which are known a priori are the
covariant components Aα, A
α˙ and Aa. As a consequence, the space-time component Am
identified in (IV-1.16), i.e. A = dxmAm(x), must be evaluated from the expression
Am(x) = em
aAa +
1
2
ψm
αAα +
1
2
ψ¯mα˙A
α˙ . (E-3.3)
Taking into account the linear multiplet couplings, section V, we obtain
Am +
i
2
em
aba =
1
4
KkDmAk − 1
4
Kk¯DmA¯k¯ +
i
4
gkk¯ χ
kσmχ¯
k¯
+
iα
6
em
aba +
iα
4
k
L
∗hm − iα
4
k
L
tr(λσmλ¯)− iα
8
ϕσmϕ¯
−α
8
(
ψnσmσ¯
nϕ− ψ¯nσ¯mσnϕ¯
)− α
8
εmnpq ψ
nσpψ¯q. (E-3.4)
Compared to the pure Ka¨hler superspace construction, (IV-1.24), i.e. without linear
multiplets, a number of new terms appear. In particular, the dual field strength of the
antisymmetric tensor gauge field,
∗hk =
1
3!
εklmnhlmn, (E-3.5)
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with hlmn identified in (V-3.5), is given as
∗hk =
1
3!
εklmn
(
3 ∂nbml + k(a l∂man − 2i
3
a laman)
)
. (E-3.6)
Instead of keeping all these terms encoded in the component field definitions of the co-
variant derivatives, we only retain the combination
vm =
1
4
KkDmAk − 1
4
Kk¯DmA¯k¯ +
i
4
gkk¯ χ
kσmχ¯
k¯, (E-3.7)
in these definitions. This renders the component field action more complicated, but
shows explicitly the various couplings related to the linear multiplet. The corresponding
covariant derivatives will be denoted ∇m, they coincide with those defined in section IV.
E-4 Genesis of the factor LKL − 3
The chiral supergravity superfield R and its spinor derivatives are essential building blocks
in the construction of supersymmetric actions and the derivation of supersymmetry trans-
formations. A detailed knowledge of DαR and DαDαR is crucial for the construction of
supersymmetric component field actions. In section V-4 we have pointed out modifications
to the normalization of the Einstein term in the linear superfield formalism.
We will explain here in some detail the superspace mechanism which underlies these
modifications. To be definite we shall consider the superfield R. Its spinor derivative is
given as
− 3DαR = Xα + 4Sα, (E-4.8)
as a consequence of the Bianchi identities, see (B-4.7). The superfield Sα, as defined in
(B-2.16), is related to the torsion Tcb
α, while Xα is given in (V-4.3),
Xα = −1
8
(D¯2 − 8R)DαK(φ, φ¯, L). (E-4.9)
Although straightforward, it will be instructive to illustrate in detail the appearance of
the term LKLDαR in Xα, in successively applying the spinor derivatives. In a first step,
we write
−8Xα = D¯2
(
KkDαφk
)
+ D¯2 (KLDαL) .
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It is clear that the linearity condition will arise from the second term, evaluation of the
spinor derivatives yields
D¯2 (KLDαL) = Dα˙
(Dα˙KLDαL)+ (Dα˙KL)Dα˙DαL+KL [D¯2,Dα]L+KLDαD¯2L.
At this point the modified linearity condition (V-2.18)
(D¯2 − 8R)L = 2k tr (WϕWϕ) ,
must be used to arrive at
KLDαD¯2L = 8LKLDαR + 8RKLDαL+ 2kDα tr (WϕWϕ) .
In this way we recover (V-4.5) in the form
Xα = −LKLDαR + Yα, (E-4.10)
with Yα determined from the string of equations above. Combining this with (E-4.8) gives
rise to
(LKL − 3)DαR = Yα + 4Sα, (E-4.11)
identifying DαR in terms of other, already known, superfields. When projected to lowest
superfield components, Sα will contain the super-covariant field strength of the gravitino.
As to Yα , one has to go through the various terms and identify properly the component
field expressions. This is straightforward, but rather lengthy, and will not be done here.
E-5 Supersymmetry Transformations
One of the advantages of superspace geometry is that supersymmetry transformations are
defined geometrically. We have outlined in detail how this mechanism works in the case of
supergravity/matter coupled to Yang-Mills in section IV-3, based on the general formalism
developed in appendix C-3. Deriving supersymmetry transformations for component fields
amounts to a bookkeeping activity in the sense that one has to apply a set of well-defined
rules to extract component field properties from superspace.
The emphasis will be rather on the method of derivation of the component field trans-
formations than their explicit gestalt (which is often quite lengthy and not very illumi-
nating).
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Here we will discuss supersymmetry transformations for component fields in the linear
superfield formalism, based on the general notion of supergravity transformations ex-
tended to 2-form geometry. This will allow to derive the component field transformations
for the linear multiplet, coupled to the supergravity/matter/Yang-Mills system.
At the same time, the presence of the linear superfield L in the kinetic potential
K(φ, φ¯, L), which replaces the Ka¨hler potential, will modify the supersymmetry transfor-
mations in the supergravity, matter and Yang-Mills sectors.
We will discuss here, sector by sector, how these modifications are induced from super-
space geometry, before turning to the derivation of the supersymmetry transformations
of the linear multiplet component fields.
• Matter and Yang-Mills multiplets
The supersymmetry transformations of component fields in the case of the general
supergravity/matter/Yang-Mills system have been derived in section IV. The trans-
formations of Ak, χkα, F
k are given in (IV-3.25) - (IV-3.27), those of A¯k, χ¯k, F¯ k in
(IV-3.32) - (IV-3.34), whereas those of the Yang-Mills multiplet am, λ
α, λ¯α˙, D are
given in (IV-3.36) - (IV-3.39).
In the linear superfield formalism, the general structure of these transformation laws
remains unchanged. The modifications caused by the linear field dependence of the
kinetic potential K(φ, φ¯, L) occur in two ways. First of all, whenever a covariant
space-time derivative acts on a component of non vanishing chiral weight, it should
be written in terms of the new composite U(1) connection (E-3.4) instead of (IV-
1.24).
The second source of modifications is the term ιξA = ξ
AAA, see (IV-3.2), in the
generic case of a component with non vanishing chiral weight. As Aα and A
α˙ are now
given in terms of the kinetic potential rather then the Ka¨hler potential, new terms
appear. This amounts in replacing everywhere the combination Kkξχ
k −Kk¯ξ¯χ¯k¯ by
Kkξχ
k −Kk¯ξ¯χ¯k¯ +
α√
2
KL(ξϕ− ξ¯ϕ¯). (E-5.1)
In this way the supergravity transformations of matter and Yang-Mills fields are
adapted to the linear superfield formalism.
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• Supergravity multiplet
The mechanism just pointed out will occur for the gravitino supergravity transfor-
mations and the scalar auxiliary fields as well. Geometrically, the starting point for
deriving supersymmetry transformations of the vierbein em
a and the gravitino ψm
α,
ψ¯mα˙ is the general superspace equation (IV-3.1)
δEM
A = DMξA + EMBξCTCBA − w(EA)EMA ξCAC , (E-5.2)
derived in section IV-3. This relation is still valid in the linear superfield formalism.
What kind of modifications arise for the component fields? Consider first the case
of the vierbein em
a. ChoosingM = m and A = a in (E-5.2) and projecting to lowest
components reproduces the supersymmetry transformation (IV-3.7). No dependence
on the linear multiplet appears, the supersymmetry transformation for em
a remains
unchanged.
What happens in the case of the gravitino? Taking M = m and A = α gives rise to
1
2
δψm
α = Dmξα + embξγTγbα + embξγ˙T γ˙ bα − ψmα
(
ξγAγ + ξ¯γ˙A
γ˙
)
. (E-5.3)
Clearly, the torsion terms are expressed in terms of the supergravity auxiliary fields
as before, no modification. However, in the covariant derivative of ξα -cf. (IV-3.10)-
the composite Ka¨hler connection Am is now given by (E-3.4) instead of (IV-1.24).
Moreover, in the last term, the linear superfield dependence must be taken into
account, giving rise to the second type of modification pointed out before. It is
then an easy exercise to write down explicitly all the terms in the supersymmetry
transformation of the gravitino in the linear superfield formalism, the result should
be compared to (IV-3.8) and (IV-3.9).
Let us next turn to the auxiliary fields M , M and ba. As we point out now, the
situation is more intricate in this case. To be definite we concentrate onM = −6R .
Its generic supersymmetry transformation -cf. (IV-3.16)- reads
δM = −6 ξαDαR − 1√
2
M
(
Kkξχ
k −Kk¯ξ¯χ¯k¯ +
α√
2
KL(ξϕ− ξ¯ϕ¯)
)
. (E-5.4)
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As to the lowest component of DαR we should take into account the discussion in
the previous subsection, in particular (E-4.11). As a result, we find
δM =
1
(α− 3)
(
2 ξα(σcbǫ)αϕTcb
ϕ + ξαYα
)
− 1√
2
M
(
Kkξχ
k −Kk¯ξ¯χ¯k¯ +
α√
2
KL(ξϕ− ξ¯ϕ¯)
)
. (E-5.5)
This is a very compact form of a quite complicated expression. First of all the
super-covariant field strength Tcb
ϕ of the gravitino is given in (IV-1.31). Here, the
covariant derivative (IV-1.28) must now be written in terms of the composite Ka¨hler
connection constructed in (E-3.4). As to Yα , its superfield form is to be determined
from the string of equations of the preceding subsection and then projected to lowest
components with carefully paying attention to U(1) covariant space-time derivatives.
The procedure is straightforward, but a bit lengthy and so is the result, which will
not be presented here. Note, however, that the same quantity Yα appears in the
variation of ba as well.
• Linear multiplet
The linear multiplet and its couplings to the supergravity/matter/Yang-Mills sys-
tem, including Chern-Simons forms, is described in the framework of 2-form ge-
ometry in superspace. In order to extract the supergravity transformations of the
antisymmetric tensor we have to extend the notion of supergravity transformations
to this geometric structure as well.
Recall that invariance of the 3-form field strength H = dB + kQ under Yang-Mills
gauge transformations of the Chern-Simons formQ = tr(AF−1/3AAA) is achieved
in assigning a compensating Yang-Mills transformation to the 2-form gauge poten-
tial, in addition to superspace diffeomorphisms and 1-form gauge transformations
β = dzMβM , such that
δtotB = LξB + dβ + ik tr (α dA) , (E-5.6)
with α = α(r)T(r). In the first term, we explicit the Lie-derivative, and use ιξdB =
ιξH − ιξQ with
ιξQ = tr (A ιξF) + tr ((ιξA) dA) , (E-5.7)
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to arrive at
δ B = ιξH − k tr (A ιξF) + d(β + ιξB) + ik tr ((α+ ιξA) dA) . (E-5.8)
Supergravity transformations, along the same lines of reasoning as in appendix C-3
are then defined as
δWZ B = ιξH − k tr (A ιξF) , (E-5.9)
i.e. a combination of superspace diffeomorphisms and field dependent compensating
Yang-Mills and 1-form gauge transformations of parameters
α = −ιξA, β = −ιξB. (E-5.10)
The supergravity transformation of the antisymmetric tensor gauge field bmn(x) is
then obtained from (E-5.9) in applying systematically the double bar projection,
which yields
dxmdxn
1
2
δWZ bnm = dx
mdxn
[
ξσnmΛ+ ξ¯σ¯nmΛ¯− iLψnσmξ¯ − iL ψ¯nσ¯mξ
+ik tr
(
am(ξσnλ¯+ ξ¯σ¯nλ)
)]
. (E-5.11)
Supergravity transformations of L(x) and Λα, Λ¯
α˙ are obtained in the usual way,
applying spinor derivatives to the superfields L and DαL, Dα˙L. As to L(x) it is
immediate to find δL = ξΛ + ξ¯Λ¯. The case of Λα is slightly more interesting, let
us outline the general procedure to obtain its supergravity transformation. The
starting point is the superfield equation, δDαL = ξβDβDαL+ ξβ˙Dβ˙DαL written in
the form
δDαL = −1
2
ξαD2L+ 1
2
ξβ˙
{
Dα,Dβ˙
}
L− 1
2
ξβ˙
[
Dα,Dβ˙
]
L. (E-5.12)
Using the modified linearity condition (V-2.18) and substituting for the commutator
(V-2.20) gives rise to
δDαL = iξ¯α˙(σ¯aǫ)α˙αDaL− 1
6
ξ¯α˙(σ¯dǫ)
α˙
αǫ
dcbaHcba
−4ξαR†L+ 2ξ¯α˙(σ¯aǫ)α˙αGaL
−k ξα tr
(Wα˙W α˙)+ 2k ξ¯α˙ tr (WαW α˙) . (E-5.13)
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The supergravity transformation of Λα is then obtained after projecting to lowest
superfield components with special care to the super-covariant component derivative
DaL and field strength Hcba .
E-6 Component Field Lagrangian - I
We display here the complete component field Lagrangian for the example of section V,
i.e. a special kinetic function of the form
K(φ, φ¯, L) = K0(φ, φ¯) + α logL. (E-6.1)
Requiring a canonical normalization function N = 1 gives rise to a subsidiary function
F (φ, φ¯, L) = 1− α
3
+ LV (φ, φ¯), (E-6.2)
with arbitrary linear potential V (φ, φ¯). The component field action is then derived from
the generic procedure of section IV-4, for the chiral superfield (V-6.1) in section V-6, i.e.
r = −1
8
(D¯2 − 8R)F (φ, φ¯, L), r¯ = −1
8
(D2 − 8R†)F (φ, φ¯, L), (E-6.3)
with F given by (E-6.2). Working through all the necessary steps leads then to the
Lagrangian
1
e
L = −1
2
R+ 1
2
εmnpq
(
ψ¯mσ¯n∇pψq − ψmσn∇pψ¯q
)
− (Kkk¯ − 3LVkk¯)∇mAk∇mA¯k¯ −
i
2
(Kkk¯ − 3LVkk¯)
(
χkσm∇mχ¯k¯ + χ¯k¯σ¯m∇mχk
)
+
α
4L2
∗hm ∗hm − α
4L2
∂mL∂mL− iα
4
(ϕσm∇mϕ¯+ ϕ¯σ¯m∇mϕ)
+
k
4
(α
L
− 3V
)
f (r)mn f
mn
(r) +
ik
2
(α
L
− 3V
) (
λ(r)σm∇mλ¯(r) + λ¯(r)σ¯m∇mλ(r)
)
−3i
2
(Vk∇mAk − Vk¯∇mA¯k¯) ∗hm +
α(α− 4)
8L
∗hm(ϕσmϕ¯)
+
1
9
(α− 3)MM¯ − 1
9
(α− 3)baba + (Kkk¯ − 3LVkk¯)F kF¯ k¯ −
k
2
(α
L
− 3V
)
D(r)D(r)
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+
1
6
(α− 3)
[
(Kkk¯ − 3LVkk¯) (χkσaχ¯k¯) +
α
2
(ϕσaϕ¯) + k
(α
L
− 3V
)
(λ(r)σaλ¯(r))
]
ba
−1
2
[
(Kk − 3LVk)(T(r)A)k + (A¯T(r))k¯(Kk¯ − 3LVk¯)
−3i
√
2k(Vk χ
kλ(r) − Vk¯ χ¯k¯λ¯(r)) + iα
k
L
(λ¯(r)ϕ¯− λ(r)ϕ)
]
D(r)
+
3L
2
[√
2Vkk¯ ϕ¯χ¯
k¯ + Vkl¯k¯ χ¯l¯χ¯k¯ −
k
L
Vk λ
(r)λ(r)
]
F k
+
3L
2
[√
2Vkk¯ ϕχ
k + Vk¯lk χlχk −
k
L
Vk¯ λ¯
(r)λ¯(r)
]
F¯ k¯
+
[
α
4L
(Kkk¯ − 3LVkk¯) +
3
2
Vkk¯
]
∗hm(χkσmχ¯
k¯) +
αk
4L
[
α− 2
L
− 3V
]
∗hm
(
λ(r)σmλ¯(r)
)
−i3L
2
(√
2Vkk¯ ϕσ
mχ¯k¯ + Vkk¯ l χlσmχ¯k¯
)
∇mAk
−i3L
2
(√
2Vkk¯ ϕ¯σ¯
mχk + Vk¯ kl¯ χ¯l¯σ¯mχk
)
∇mA¯k¯
+
[
i
√
2 (Kkk¯ − 3LVkk¯) (χ¯k¯λ¯(r))− 3iLVk(ϕ¯λ¯(r))
]
(T(r)A)
k
−
[
i
√
2 (Kkk¯ − 3LVkk¯) (χkλ(r))− 3iLVk¯(ϕλ(r))
]
(A¯T(r))
k¯
+
1
4
(Rkk¯ll¯ − 3LVkk¯ll¯) (χkχl)(χ¯k¯χ¯l¯) +
α
8
(α− 3)(ϕϕ)(ϕ¯ϕ¯)
−α
8
(Kkk¯ − 3LVkk¯)
(
χkσmχ¯k¯
)
(ϕσmϕ¯)
+
αk
8
[
3V − 2
L
(α− 2)
]
(λ(r)σmλ¯(r))(ϕσmϕ¯)
−αk
2
4L
(
α
L
− 3V − 1
L
)
(λ(r)σmλ¯(r))(λ
(s)σmλ¯(s))
−k
4
[α
L
(Kkk¯ − 3LVkk¯) + 6Vkk¯
]
(λ(r)σmλ¯(r))(χ
kσmχ¯
k¯)
+
i3k
2
(Vk∇mAk − Vk¯∇mA¯k¯)(λ(r)σmλ¯(r))
− 3L
2
√
2
[
Vkl¯k¯(χ¯l¯χ¯k¯)(χkϕ) + Vk¯lk(χlχk)(χ¯k¯ϕ¯)
]
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+
3k
4
Vkl(χkχl)(λ(r)λ(r)) + 3
4
k Vk¯l¯(χ¯k¯χ¯l¯)(λ¯(r)λ¯(r))
−αk
4L
[
(λ¯(r)λ¯(r))(ϕ¯ϕ¯) + (λ
(r)λ(r))(ϕϕ)
]− αk2
4L2
(λ(r)λ(r))(λ¯
(s)λ¯(s))
−
[
αk
2L
(
ϕσmnλ(r) + ϕ¯σ¯
mnλ¯(r)
)
+
3k√
2
(
Vk χ
kσmnλ(r) + Vk¯ χ¯
k¯σ¯mnλ¯(r)
)]
f (r)mn
−ik
2
(α
L
− 3V
)(
f (r)mn + i ∗f (r)mn
)
(ψmσnλ¯(r))
−ik
2
(α
L
− 3V
)(
f (r)mn − i ∗f (r)mn
)
(ψ¯mσ¯nλ(r))
−1
2
(Kk − 3LVk) (T(r)A)k(ψ¯mσ¯mλ(r)) + 1
2
(Kk¯ − 3LVk¯) (A¯T(r))k¯(ψmσmλ¯(r))
− 1√
2
(Kkk¯ − 3LVkk¯)
[
(ψnσ
mσ¯nχk)∇mA¯k¯ + (ψ¯nσ¯mσnχ¯k¯)∇mAk
]
− α
4L
(ψnσ
mσ¯nϕ+ ψ¯nσ¯
mσnϕ¯) ∂mL+
iα
4L
(ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯) ∗hm
+
iαk
8L
[
(ψ¯mσ¯
mϕ)(λ(r)λ(r)) + (ψmσ
mϕ¯)(λ¯(r)λ¯(r))
]
− iα
16
(α− 4) [(ψmσmϕ¯)(ϕϕ) + (ψ¯mσ¯mϕ)(ϕ¯ϕ¯)]
− i3k
4
√
2
Vk (3ψ
mχk + 2ψnσ
nmχk) (λ(r)σmλ¯(r))
+
i3k
4
√
2
Vk¯ (3ψ¯
mχ¯k¯ + 2ψ¯nσ¯
nmχ¯k¯) (λ(r)σmλ¯(r))
+
i3k
4
√
2
[
Vk(ψ¯mσ¯
mχk)(λ(r)λ(r)) + Vk¯(ψmσ
mχ¯k¯)(λ¯(r)λ¯(r))
]
−iαk
4L
(
ψmϕ− ψ¯mϕ¯) (λ(r)σmλ¯(r))
+
iαk
8
(
α
L
− 3V − 1
L
)(
ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯
)
(λ(r)σmλ¯(r))
+
1
4
(Kkk¯ − 3LVkk¯)
(
ψnσ
mψ¯n − i
2
(α− 4)εmnpqψmσnψ¯p
)
(χkσqχ¯
k¯)
+
1
16
(α
L
− 3V
) [
(3ψnψ
n + 2ψnσ
nmψm)(λ
(r)λ(r))
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+(3ψ¯nψ¯
n + 2ψ¯nσ¯
nmψ¯m)(λ¯
(r)λ¯(r))
]
+
k
8
(α
L
− 3V
)(∮
npq
gmngpq − i(α− 1)εmnpq
)
(ψmσnψ¯p)(λ
(r)σqλ¯(r))
+
3ikV
4
εmnpq(ψmσnψ¯p)(λ
(r)σqλ¯(r))− iα
4L
εmnpq (ψmσnψ¯p)
∗hq
+
α
8
(
gmngpq + gmqgnp − i
2
(α− 4)εmnpq
)
(ψmσnψ¯p)(ϕσqϕ¯)
+
[
iα
8
(Kkk¯ − 3LVkk¯) +
3i
4
LVkk¯
]
(ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯)(χkσmχ¯k¯)
+
α
8
[
(ψmψ
m)(ϕϕ) + (ψ¯mψ¯
m)(ϕ¯ϕ¯)
]
+
α
8
εmnpq(ψmσnψ¯p)(ψsσqσ¯
sϕ− ψ¯sσ¯qσsϕ¯)
− α
16
εmnpqεmrst(ψnσpψ¯q)(ψ
rσsψ¯t). (E-6.4)
Recall that the first term in this expression, the curvature scalar R, is defined in (IV-
1.35). As mentioned above, the covariant derivatives ∇m coincide with those defined in
section IV. For the sake of completeness, we recall here the explicit expressions. The
nabla derivatives of the Rarita-Schwinger field are given in (IV-1.28), (IV-1.29),
∇nψmα = ∂nψmα + ψmβωnβα + ψmαvn, (E-6.5)
∇nψ¯mα˙ = ∂nψ¯mα˙ + ψ¯mβ˙ωnβ˙α˙ − ψ¯mα˙vn, (E-6.6)
whereas (IV-1.23), (IV-1.23) define those of the matter complex scalars:
∇mAi = ∂mAi − ia (r)m
(
T(r)A
)i
, ∇mA¯¯ = ∂mA¯¯ + ia (r)m
(
A¯T(r)
)¯
. (E-6.7)
The derivatives for the spinors in the matter sector are, (IV-2.15), (IV-2.16),
∇mχiα = ∂mχiα − ωmαϕχiϕ − ia (r)m
(
T(r)χα
)i − vmχiα + χjα Γijk∇mAk, (E-6.8)
∇mχ¯α˙¯ = ∂mχ¯α˙¯ − ωmα˙ϕ˙χ¯ϕ˙¯ + ia (r)m
(
χ¯α˙T(r)
)¯
+ vmχ¯
α˙¯ + χ¯α˙ı¯ Γ¯ ı¯k¯∇mA¯k¯, (E-6.9)
whereas those of the Majorana spinor of the linear multiplet are given as
∇mϕiα = ∂mϕiα− ωmαϕϕiϕ− vmϕiα, ∇mϕ¯α˙¯ = ∂mϕ¯α˙¯− ωmα˙ϕ˙ϕ¯ϕ˙¯+ vmϕ¯α˙¯. (E-6.10)
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Finally, the gaugino covariant derivatives, (IV-5.27), (IV-5.28), are
∇mλ(r)α = ∂mλ(r)α − ωmαϕλ(r)ϕ − a (t)m λ(s)α c(s)(t)(r) + vmλ(r)α , (E-6.11)
∇mλ¯(r)α˙ = ∂mλ¯(r)α˙ − ωmα˙ϕ˙λ¯(r)ϕ˙ − a (t)m λ¯(s)α˙c(s)(t)(r) − vmλ¯(r)α˙. (E-6.12)
As to the field strength tensors, ∗hk =
1
3!
εklmnhlmn is given above in (E-3.6). The Yang-
Mills field strength, defined in (IV-2.20), reads
f (r)mn = ∂ma
(r)
n − ∂na (r)m + a (s)m a (t)n c(s)(t)(r), (E-6.13)
with dual 2 ∗f (r) kl = εklmnf (r)mn.
As to the manifold of the matter scalar fields, the basic objects are the kinetic potential
K and the linear potential V . Subscripts attached to these objects denote derivatives with
respect to the complex scalars. In particular, the Ka¨hler metric gkk¯ = Kkk¯ is defined in
(II-4.8), and its inverse shows up in the Levi-Civita symbols
Γkij = g
kl¯gil¯,j , Γ
k¯
ı¯¯ = g
lk¯glı¯,¯ . (E-6.14)
The curvature tensor is given as (II-4.4)
Rkk¯j¯ = gkk¯,j¯ − gll¯gkl¯,j glk¯,¯ . (E-6.15)
As to the derivatives of the linear potential we have introduced the covariant objects
Vij = Vij − Γikj Vk, Vı¯¯ = Vı¯¯ − Γı¯k¯ ¯ Vk¯, (E-6.16)
Vik¯ j = Vik¯ j − Γikj Vkk¯, Vı¯ k¯ = Vı¯ k¯ − Γı¯k¯ ¯ Vkk¯, (E-6.17)
as well as
Vi¯ıj¯ = Vi¯ıj¯ + Γikj Γı¯k¯ ¯ Vkk¯ − Γikj Vı¯k¯ − Γı¯ k¯ ¯ Vik¯j. (E-6.18)
Before turning to a discussion of the auxiliary field sector we shortly discuss the
effective transformations V 7→ V + H + H¯. Observe that any term containing either V
itself or derivatives Vk, Vk¯ or Vkl, Vk¯l¯ changes under such transformations. Of particular
interest is the term
(Vk∇mAk − Vk¯∇mA¯k¯) ∗hm,
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which transforms into
(H − H¯) f (r)mn ∗f mn(r) ,
after integration by parts. On the other hand, the Yang-Mills kinetic term gives rise to
(H + H¯) f (r)mn f
mn
(r) .
Finally, we have to comment on the structure of the auxiliary field sector. Collecting
in Laux all the terms containing auxiliary fields, that is componentsM , M , ba, F k, F¯ k¯ and
D(r), we diagonalize in terms of new, hatted auxiliary fields which have trivial equations
of motion. As a result, the auxiliary sector of the Lagrangian takes the form
e−1Laux = +1
9
(α− 3)MM¯ − 1
9
(α− 3)̂ba b̂a
+ (Kkk¯ − 3LVkk¯) F̂ k ̂¯F k¯ − k2 (αL − 3V ) D̂(r) D̂(r)
−
[
9L2
4
V¯ kl¯(Kkk¯ − 3LVkk¯)−1Vjk¯l +
α− 3
8
(Kj¯ − 3LVj¯) (Kll¯ − 3LVll¯)
] (
χjχl
) (
χ¯¯χ¯l¯
)
−9k
2
4
Vk(Kkk¯ − 3LVkk¯)−1Vk¯ (λ(r)λ(r))(λ¯(s)λ¯(s))
−9L
2
2
Vk¯ (Kkk¯ − 3LVkk¯)−1 Vjk¯ (ϕχj) (ϕ¯χ¯¯)
+
9kL
4
Vk¯(Kkk¯ − 3LVkk¯)−1
[
V¯ kl¯(χ¯¯χ¯l¯) +
√
2Vk¯(ϕ¯χ¯
¯)
]
(λ¯(s)λ¯(s))
+
9kL
4
Vk(Kkk¯ − 3LVkk¯)−1
[
Vj k¯l (χjχl) +
√
2Vk¯j (ϕχ
j)
]
(λ(s)λ(s))
−9
√
2L2
4
V¯ kl¯(Kkk¯ − 3LVkk¯)−1Vjk¯ (χ¯¯χ¯l¯) (χjϕ)
−9
√
2L2
4
Vjk¯l(Kkk¯ − 3LVkk¯)−1Vk¯(χjχl) (χ¯¯ϕ¯)
+
(α− 3)k2
16
(α
L
− 3V
)2
(λ(r)σmλ¯(r))(λ
(s)σmλ¯(s))− α
2(α− 3)
32
(ϕϕ)(ϕ¯ϕ¯)
+
(α− 3)
16
(Kkk¯ − 3LVkk¯)
(
χkσmχ¯
k¯
) [
2k
(α
L
− 3V
)
(λ(r)σmλ¯(r)) + α(ϕσ
mϕ¯)
]
+
α(α− 3)k
16
(α
L
− 3V
)
(ϕσmϕ¯)(λ(r)σmλ¯(r))
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+
1
8k
(α
L
− 3V
)−1 [
(Kk − 3LVk)(T(r)A)k + (A¯T(r))k¯(Kk¯ − 3LVk¯)
]2
+
9k
8
(α
L
− 3V
)−1 [
Vk Vj(χ
kχj)(λ(r)λ(r)) + Vk¯ V¯(χ¯
k¯χ¯¯)(λ¯(r)λ¯(r))
−2Vk Vk¯(χkσmχ¯k¯)(λ(r)σmλ¯(r))
]
+
α2k
16L2
(α
L
− 3V
)−1 [
(λ¯(r)λ¯(r))(ϕ¯ϕ¯) + (λ
(r)λ(r))(ϕϕ)− 2(λ(r)σmλ¯(r))(ϕσmϕ¯)
]
− 3i
2
√
2
(α
L
− 3V
)−1 [
(Kk − 3LVk)(T(r)A)k + (A¯T(r))k¯(Kk¯ − 3LVk¯)
]
× [Vj χjλ(r) − V¯ χ¯¯λ¯(r)]
+
iα
4L
(α
L
− 3V
)−1 [
(Kk − 3LVk)(T(r)A)k + (A¯T(r))k¯(Kk¯ − 3LVk¯)
]
× [λ¯(r)ϕ¯− λ(r)ϕ]
+
3kα
4
√
2L
(α
L
− 3V
)−1 [
Vk (χ
kϕ)(λ(r)λ(r)) + Vk¯ (χ¯
k¯ϕ¯)(λ¯(r)λ¯(r))
]
− 3kα
4
√
2L
(α
L
− 3V
)−1 (
Vk χ
kσmϕ¯− Vk¯ χ¯k¯σ¯mϕ
)
(λ(r)σmλ¯(r)). (E-6.19)
Clearly, the role of effective transformations after elimination of the auxiliary fields de-
serves further study.
E-7 Component Field Lagrangian - II
We can merge these new contributions into the Lagrangian and eliminate trivially the
auxiliary fields; this will yield a huge expression which we simplify somehow by making
the following changes
• Change the Ka¨hler metric in the Lagrangian:
Consider the Ka¨hler potential
K̂(φ, φ¯, L) = K(φ, φ¯, L)− 3LV (φ, φ¯)
= K0(φ, φ¯) + α logL− 3LV (φ, φ¯), (E-7.1)
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we promote K̂kk¯ = Kkk¯ − 3LVkk¯ to a metric denoted Gkk¯ and define symbols and tensors
in this new scheme. For instance:
K̂j¯k = gl¯ Γj
l
k − 3LVj¯ k, (E-7.2)
so that we can define new Christoffel symbols
Γ̂j
l
k ≡ Gl¯ K̂j¯ k = Γj lk − 3LGl¯ Vj¯ k, (E-7.3)
Γ̂¯
l¯
k¯ ≡ Gjl¯ K̂¯ jk¯ = Γ¯ l¯ k¯ − 3LGjl¯ V¯ k¯ (E-7.4)
and a curvature tensor
R̂j¯ kk¯ ≡ K̂j¯ kk¯ −Gll¯ Γ̂j lk Γ̂¯l¯ k¯
= Rj¯ kk¯ − 3LVj¯ kk¯ − 9L2 Vjl¯ kGll¯ V¯ lk¯. (E-7.5)
We can then define the corresponding ”hat” covariant derivatives like V̂ij, V̂ik¯j, etc.
Finally let us note that
α
L
− 3V ≡ K̂L, (E-7.6)
and that Yang-Mills invariance of K̂ tells us
K̂k(T(r)A)
k = (A¯T(r))
k¯K̂k¯, (E-7.7)
which again simplifies the expression of the Lagrangian. With the new metric in the
Ka¨hler connection we define new covariant derivatives
∇̂mAi ≡ DmAi = ∂mAi − ia (r)m
(
T(r)A
)i
,
∇̂mA¯¯ ≡ DmA¯¯ = ∂mA¯¯ + ia (r)m
(
A¯T(r)
)¯
,
∇̂mχiα = ∂mχiα − ωmαϕχiϕ − ia (r)m
(
T(r)χα
)i
+ χjα Γ̂
i
j kDmAk
−1
4
(K̂jDmAj − K̂¯DmA¯¯)χiα −
i
4
Gjk¯(χ
jσmχ¯
k¯) χiα, (E-7.8)
∇̂mχ¯¯α˙ = ∂mχ¯¯α˙ − ωmα˙ϕ˙χ¯¯ϕ˙ + ia (r)m
(
χ¯α˙T(r)
)¯
+ χ¯α˙ı¯ Γ̂¯
ı¯k¯
DmA¯k¯
+
1
4
(K̂kDmAk − K̂k¯DmA¯k¯)χ¯¯α˙ +
i
4
Gjk¯(χ
jσmχ¯
k¯) χ¯¯α˙, (E-7.9)
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∇̂nψαm = ∂nψαm + ψβmωnβα
+ψm
α
(
1
4
K̂iDnAi − 1
4
K̂¯DnA¯ + i
4
Gi¯χ
iσnχ¯
¯
)
, (E-7.10)
∇̂nψ¯mα˙ = ∂nψ¯mα˙ + ψ¯mβ˙ωnβ˙α˙
−ψ¯mα˙
(
1
4
K̂iDnAi − 1
4
K̂¯DnA¯ + i
4
Gi¯χ
iσmχ¯
¯
)
(E-7.11)
∇̂mλ(r)α = ∂mλ(r)α − ωmαϕλ(r)ϕ − a (t)m c(s)(t)(r)λ(s)α
+
1
4
(K̂jDmAj − K̂¯DmA¯¯)λ(r)α +
i
4
Gjk¯(χ
jσmχ¯
k¯) λ(r)α ,
∇̂mλ¯(r)α˙ = ∂mλ¯(r)α˙ − ωmα˙ϕ˙λ¯(r)ϕ˙ − a (t)m c(s)(t)(r)λ¯(s)α˙
−1
4
(K̂k∂mA
k − K̂k¯∂mA¯k¯)λ¯(r)α˙ −
i
4
Gjk¯(χ
jσmχ¯
k¯) λ¯(r)α˙. (E-7.12)
• Make a shift on ∗hm
∗hm 7→ ∗hm + iL
2
[
εmnpq(ψnσpψ¯q)− i Gkk¯(χkσmχ¯k¯)
−iα
2
(ϕσmϕ¯) + ik
(
2
L
− K̂L
)
(λ(r)σmλ¯(r))
]
. (E-7.13)
Putting everything together this gives rise the new Lagrangian
1
e
L = −1
2
R+ 1
2
εmnpq
(
ψ¯mσ¯n∇ˆpψq − ψmσn∇ˆpψ¯q
)
−Gkk¯∇ˆmAk∇ˆmA¯k¯ −
i
2
Gkk¯
(
χkσm∇ˆmχ¯k¯ + χ¯k¯σ¯m∇ˆmχk
)
+
α
4L2
∗hm ∗hm − α
4L2
∂mL∂mL− iα
4
(
ϕσm∇ˆmϕ¯+ ϕ¯σ¯m∇ˆmϕ
)
+
k
4
K̂L f
(r)
mn f
mn
(r) +
ik
2
K̂L
(
λ(r)σm∇ˆmλ¯(r) + λ¯(r)σ¯m∇ˆmλ(r)
)
+
1
8k
(
K̂L
)−1 [
K̂k(T(r)A)
k + (A¯T(r))
k¯K̂k¯
]2
−3
2
i ∗hm(Vk∇ˆmAk − Vk¯∇ˆmA¯k¯)−
α
2L
∗hm (ϕσmϕ¯) +
3
2
Vkk¯
∗hm (χkσmχ¯
k¯)
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−
[
3k√
2
(
Vk χ
kσmnλ(r) + Vk¯ χ¯
k¯σ¯mnλ¯(r)
)
+
αk
2L
(
ϕσmnλ(r) + ϕ¯σ¯
mnλ¯(r)
)]
f (r)mn
+i(T(r)A)
k
[(√
2Gkk¯ +
3√
2
K̂k
K̂L
Vk¯
)
(χ¯k¯λ¯(r))−
(
3LVk − α
2L
K̂k
K̂L
)
(ϕ¯λ¯(r))
]
−i(A¯T(r))k¯
[(√
2Gkk¯ +
3√
2
K̂k¯
K̂L
Vk
)
(χkλ(r))−
(
3LVk¯ −
α
2L
K̂k¯
K̂L
)
(ϕλ(r))
]
+
i3L√
2
[
Vkk¯ (χ¯
k¯σ¯mϕ)∇ˆmAk + Vkk¯ (χkσmϕ¯) ∇ˆmA¯k¯
]
+
1
4
(
R̂kk¯ll¯ +
3
2
Gkk¯Gll¯
)
(χkχl)(χ¯k¯χ¯l¯)− α(α+ 12)
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(ϕϕ)(ϕ¯ϕ¯)
−k
2
4
( α
L2
+ 9VkG
kk¯ Vk¯
)
(λ(r)λ(r))(λ¯
(s)λ¯(s))
−3k
2
16
K̂2L (λ
(r)σmλ¯(r)) (λ
(s)σmλ¯(s))
+
3k
4
(
V̂kl + 3
2
K̂−1L VkVl
)
(χkχl)(λ(r)λ(r))
+
3k
4
(
V̂k¯l¯ +
3
2
K̂−1L Vk¯ Vl¯
)
(χ¯k¯χ¯l¯)(λ¯(r)λ¯(r))
−αk
4L
(
1− α
4LK̂L
)[
(λ¯(r)λ¯(r))(ϕ¯ϕ¯) + (λ
(r)λ(r))(ϕϕ)
]
− αk
16L
K̂L
(
1 +
2α
K̂2LL
2
)
(λ(r)σmλ¯(r))(ϕσmϕ¯)
+
[
− α
16
Gkk¯ +
9L2
4
Vjk¯G
j¯ Vk¯
] (
χkσmχ¯k¯
)
(ϕσmϕ¯)
−3k
8
(
K̂LGkk¯ + 6K̂
−1
L Vk Vk¯
)
(χkσmχ¯k¯)(λ(r)σmλ¯(r))
+
3k
4
√
2L
(
6L2Vk¯G
kk¯ Vk¯ + αK̂
−1
L V¯
)
(χ¯¯ϕ¯)(λ¯(s)λ¯(s))
+
3k
4
√
2L
(
6L2VkG
kk¯ Vk¯j + αK̂
−1
L Vj
)
(χjϕ)(λ(s)λ(s))
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− 3kα
4
√
2L
(
K̂L
)−1 [
Vk (χ
kσmϕ¯)− Vk¯ (χ¯k¯σ¯mϕ)
]
(λ(r)σmλ¯(r))
− 3L
2
√
2
[
V̂k¯ j l¯ (χ¯l¯χ¯k¯) (χjϕ) + V̂k¯ l (χlχk) (χ¯¯ϕ¯)
]
−1
2
K̂k (T(r)A)
k (ψ¯mσ¯
mλ(r)) +
1
2
K̂k¯ (A¯T(r))
k¯ (ψmσ
mλ¯(r))
− 1√
2
Gkk¯
[
(ψnσ
mσ¯nχk)∇ˆmA¯k¯ + (ψ¯nσ¯mσnχ¯k¯)∇ˆmAk
]
− α
4L
(ψnσ
mσ¯nϕ+ ψ¯nσ¯
mσnϕ¯)∂mL+
iα
4L
(ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯) ∗hm
+
iαk
8L
[
(ψ¯mσ¯
mϕ)(λ(r)λ(r)) + (ψmσ
mϕ¯)(λ¯(r)λ¯(r))
]
− iα
16
(α− 4)(ϕσmϕ¯) (ψmϕ + ψ¯mϕ¯ )
− i3k
4
√
2
Vk(3χ
kψm + 2χkσmnψn)(λ
(r)σmλ¯(r))
+
i3k
4
√
2
Vk¯(3χ¯
k¯ψ¯m + 2χ¯k¯σ¯mnψ¯n)(λ
(r)σmλ¯(r))
− i3k
4
√
2
[
Vk(χ
kσmψ¯m)(λ
(r)λ(r)) + Vk¯(χ¯
k¯σ¯mψm)(λ¯
(r)λ¯(r))
]
−iαk
4L
(
ψmϕ− ψ¯mϕ¯) (λ(r)σmλ¯(r))
+
iαk
8L
(
ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯
)
(λ(r)σmλ¯(r))
+
3i
4
LVkk¯(χ
kσmχ¯
k¯)(ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯)
−iα(α + 4)
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(ψnσ
mσ¯nϕ− ψ¯nσ¯mσnϕ¯)(ϕσmϕ¯)
+
1
4
Gkk¯(χ
kσmχ¯
k¯)
(
ψnσ
mψ¯n − i
2
εmnpqψnσpψ¯q
)
−ik
2
K̂L
[(
f (r)mn + i ∗f (r)mn
)
(ψmσnλ¯(r)) +
(
f (r)mn − i ∗f (r)mn
)
(ψ¯mσ¯nλ(r))
]
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+
1
16L
K̂L
[
(3ψnψ
n + 2ψnσ
nmψm)(λ
(r)λ(r)) + (3ψ¯nψ¯
n + 2ψ¯nσ¯
nmψ¯m)(λ¯
(r)λ¯(r))
]
+
k
8
K̂L
(∮
npq
gmngpq − iεmnpq
)
(ψmσnψ¯p)(λ
(r)σqλ¯(r))
+
α
8
[
(ψmψ
m)(ϕϕ) + (ψ¯mψ¯
m)(ϕ¯ϕ¯)
]
+
α
8
(gmngpq + gmqgnp) (ψmσnψ¯p)(ϕσqϕ¯). (E-7.14)
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F 3-form gauge potential and Chern-Simons forms
The analogy between Chern-Simons forms and 3-form gauge potentials will be employed
to determine the Chern-Simons superfield (V-2.21). To this end we present first the
explicit solution of the 4-form constraints in terms of an unconstrained superfield. Already
important by itself, in the description of constrained chiral multiplets -cf. section VI- this
analysis underlies the explicit construction of the Chern-Simons superfield. After some
general remarks and definitions concerning Chern-Simons forms in superspace, the Chern-
Simons superfield is determined as the counterpart of the pre-potential of the 3-form.
F-1 Explicit Solution of the Constraints
As shown in the main text, the constraints
Σδ γ β A = 0, (F-1.1)
allow to express all the coefficients of the 4-form field strength in terms of the constrained
chiral fields Y, Y . The Bianchi identities in the presence of the constraints are summarized
in the chirality conditions together with the additional constraint (VI-1.2). Alternatively,
as we will explain now, the explicit solution of the superspace constraints allows us to
determine the unconstrained pre-potential of the constrained superfield. An important
ingredient in this procedure will be the use of the gauge freedom of the 3-form potential,
C, parametrized by a 2-form Λ,
ΛCCBA = CCBA +
∮
CBA
(DCΛBA + TCBFΛFA) . (F-1.2)
As usual
∮
CBA
denotes the graded sum CBA+ (−)c(b+a)BAC + (−)a(b+c)ACB. In a first
step consider
Σδ γ β A = 0, (F-1.3)
which we satisfy with
CγβA = DAUγβ +
∮
γβ
(DγUβA + TAγFUFβ) , (F-1.4)
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and the complex conjugate
Σδ˙ γ˙ β˙A = 0, (F-1.5)
by
C γ˙β˙A = DAV γ˙β˙ +
∮ γ˙β˙ (
Dγ˙V β˙A + TAγ˙ FVF β˙
)
. (F-1.6)
Since the pre-potentials UβA and V
β˙
A should reproduce the gauge transformations of
the gauge potentials CγβA and C
γ˙β˙
A we assign
UβA 7→ ΛUβA = UβA + ΛβA, (F-1.7)
and
V β˙A 7→ ΛV β˙A = V β˙A + Λβ˙A, (F-1.8)
as gauge transformation laws for the pre-potentials. On the other hand, the so-called pre-
gauge transformations are defined as the zero-modes of the gauge potentials themselves,
that is transformations which leave CγβA and C
γ˙β˙
A invariant. They are given as
UβA 7→ UβA +DβχA − (−)aDAχβ + TβAFχF , (F-1.9)
and
V β˙A 7→ V β˙A +Dβ˙ψA − (−)aDAψβ˙ + T β˙AFψF . (F-1.10)
We parametrize the pre-potentials now as follows:
Uβ
α˙ = Wβ
α˙ + Tβ
α˙ fKf , (F-1.11)
V β˙α = Wα
β˙ − Tαβ˙ fKf , (F-1.12)
and
Uβ a = Wβ a −DβKa, (F-1.13)
V β˙a = W
β˙
a +Dβ˙Ka. (F-1.14)
Explicit substitution shows that the Ka terms drop out in CγβA and C
γ˙β˙
A. Denoting
furthermore
Uβα = Wβα, and V
β˙α˙ = W β˙α˙, (F-1.15)
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we arrive at
CγβA = DAWγβ +
∮
γβ
(DγWβA + TAγFWFβ) , (F-1.16)
C γ˙β˙A = DAW γ˙β˙ +
∮ γ˙β˙ (
Dγ˙W β˙A + TAγ˙ FWF β˙
)
, (F-1.17)
i.e. a pure gauge form for the coefficients CγβA and C
γ˙β˙
A with the 2-form gauge parameter
Λ replaced by the pre-potential 2-form
W =
1
2
EAEBWBA, with Wba = 0. (F-1.18)
We take advantage of this fact to perform a redefinition of the 3-form gauge potentials,
which has the form of a gauge transformation,
Cˆ := −WC = C − dW. (F-1.19)
This leaves the field strength invariant and leads in particular to
CˆγβA = 0, and Cˆ
γ˙β˙
A = 0, (F-1.20)
whereas the coefficient Cγ
β˙
a is replaced by
Cˆγ
β˙
a = Cγ
β˙
a −DγW β˙a −Dβ˙Wγa −DaWγβ˙ . (F-1.21)
We define the tensor decomposition
Cˆγ
β˙
a = Tγ
β˙f
(
ηfa Ω+ Wˆ[fa] + Ω˜(fa)
)
, (F-1.22)
where Wˆ[fa] is antisymmetric and Ω˜(fa) symmetric and traceless, and perform another
redefinition which has again the form of a gauge transformation, this time of parameter
Wˆ =
1
2
EaEbWˆ[ba], (F-1.23)
such that
Ω := −Wˆ Cˆ = Cˆ − dWˆ . (F-1.24)
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Note that this reparametrization leaves CˆγβA and Cˆ
γ˙β˙
A untouched, they remain zero.
Let us summarize the preceding discussion: we started out with the 3-form gauge
potential C. The constraints on its field strength led us to introduce pre-potentials.
By means of pre-potential dependent redefinitions of C, which have the form of gauge
transformations (and which, therefore, leave the field strength invariant), we arrived at
the representation of the 3-form gauge potential in terms of Ω, with the particularly nice
properties
ΩγβA = 0, Ω
γ˙β˙
A = 0, (F-1.25)
and
Ωγ
β˙
a = Tγ
β˙f
(
ηfa Ω+ Ω˜(fa)
)
, (F-1.26)
Clearly, in this representation, calculations simplify considerably. We shall therefore, from
now on, pursue the solution of the constraints in terms of Ω and turn to the equation
Σδγ
β˙α˙ = 0 =
∮ β˙α˙
δγ
Tδ
γ˙ fΩf
β˙
α, (F-1.27)
which tells us simply that Ω˜(ba) is zero. Hence,
Ωγ
β˙
a = Tγ
β˙
a Ω. (F-1.28)
We turn next to the constraints
Σδ
γ˙β˙
a = 0 =
∮ γ˙β˙ (
Dγ˙Ωδβ˙a + Tδγ˙ fΩf β˙a
)
, (F-1.29)
and
Σδ˙γβa = 0 =
∮
γβ
(
DγΩδ˙βa + Tγδ˙ fΩfβa
)
, (F-1.30)
which, after some straightforward spinor index gymnastics give rise to
Ωγ ba = 2(σba)γ
ϕDϕΩ, (F-1.31)
Ωγ˙ ba = 2(σ¯ba)
γ˙
ϕ˙Dϕ˙Ω. (F-1.32)
This completes the discussion of the solution of the constraints, we discuss next the
consequences of this solution for the remaining components in Σ i.e. Σδ γ ba, Σδ cba and
241
Σdcba. As a first step we consider
Σδ γ ba =
∮
δγ
(DδΩγ ba − Tδbϕ˙Ωγϕ˙a + Tδaϕ˙Ωγϕ˙b) , (F-1.33)
and
Σδ˙γ˙ ba =
∮ δ˙γ˙ (
Dδ˙Ωγ˙ ba − T δ˙bϕΩϕγ˙a + T δ˙aϕΩϕγ˙b
)
. (F-1.34)
Substituting for the 3-form gauge potentials as determined so far, and making appro-
priate use of the supergravity Bianchi identities yields
Σδ γ ba = −2(σbaǫ)δγ (D2 − 8R†)Ω, (F-1.35)
and
Σδ˙γ˙ ba = −2(σ¯baǫ)δ˙γ˙ (D¯2 − 8R)Ω. (F-1.36)
The appearance of the chiral projection operators suggests to define
Y = −4(D2 − 8R†)Ω, (F-1.37)
Y = −4(D¯2 − 8R)Ω. (F-1.38)
The gauge invariant superfields Y and Y have chirality properties
DαY = 0, Dα˙Y = 0, (F-1.39)
and we obtain
Σδγ ba =
1
2
(σbaǫ)δγ Y , (F-1.40)
Σδ˙γ˙ ba =
1
2
(σ¯baǫ)
δ˙γ˙ Y. (F-1.41)
In the next step we observe that, due to the information extracted so far from the
solution of the constraints, the field strength
Σδ
γ˙
ba = Tδ
γ˙ c Σcba, (F-1.42)
is determined such that Σcba is totally antisymmetric in its three vector indices. As, in
its explicit definition a linear term appears (due to the constant torsion term), i.e.
Σδ
γ˙
ba = Tδ
γ˙ cΩcba + derivative and other torsion terms, (F-1.43)
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we can absorb Σcba in a modified 3-form gauge potential
Ωcba = Ωcba − Σcba, (F-1.44)
such that the corresponding modified field strength vanishes, i.e.
Σδ
γ˙
ba = 0. (F-1.45)
The outcome of this discussion is then the relation
([Dα,Dα˙]− 4Gαα˙) Ω = −1
3
σdαα˙ ǫ
dcbaΩcba, (F-1.46)
which identifies Ωcba in the superfield expansion of the unconstrained pre-potential Ω.
Working, from now on, in terms of the modified quantities, the remaining coefficients,
at canonical dimensions 3/2 and 2, i.e. Σ δ cba and Σ dcba, respectively, are quite straight-
forwardly obtained in terms of spinor derivatives of the basic gauge invariant superfields
Y and Y . To be more precise, at dimension 3/2 one obtains
Σ δ cba = −
1
16
σd
δδ˙
ǫdcbaDδ˙ Y , (F-1.47)
Σ δ˙cba = +
1
16
σ¯d δ˙δ ǫdcbaDδ Y, (F-1.48)
and the Bianchi identity at dimension 2 takes the simple form(D2 − 24R†)Y − (D¯2 − 24R)Y = 8i
3
ǫdcbaΣ dcba. (F-1.49)
As to the gauge structure of the 3-form gauge potential we note that in the transition
from C to Ω, the original 2-form gauge transformations have disappeared, Ω is invariant
under those. In exchange, however, as already mentioned earlier, Ω transforms under
so-called pre-gauge transformations which, in turn, leave C unchanged. As a result, the
residual pre-gauge transformations of the unconstrained pre-potential superfield,
Ω 7→ Ω′ = Ω+ λ, (F-1.50)
are parametrized in terms of a linear superfield λ which satisfies
(D2 − 8R†) λ = 0, (D¯2 − 8R)λ = 0. (F-1.51)
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In turn, λ can be expressed in terms of an unconstrained superfield, as we know from
the explicit solution of the superspace constraints of the 2-form gauge potential, actually
defining the linear superfield geometrically. In other words, the pre-gauge transformations
should respect the particular form of the coefficients of the 3-form Ω.
F-2 Chern-Simons Forms in Superspace
Under gauge transformations the Chern-Simons 3-forms change by the exterior derivative
of a 2-form, which depends on the gauge parameter and the gauge potential. Due to this
property one may view the Chern-Simons form as a special case of a generic 3-form gauge
potential -cf. the preceding subsection. This point of view is particularly useful for the
supersymmetric case. To be as clear as possible we first recall some general properties of
Chern-Simons forms in superspace.
To begin with we consider two gauge potentials A0 and A1 in superspace. Their field
strength squared invariants are related through
tr (F0F0)− tr (F1F1) = dQ (A0,A1) . (F-2.1)
This is the superspace version of the Chern-Simons formula, where
F0 = dA0 +A0A0, F1 = dA1 +A1A1. (F-2.2)
On the right appears the superspace Chern-Simons form,
Q (A0,A1) = 2
∫ 1
0
dt tr {(A0 −A1)Ft} , (F-2.3)
where
Ft = dAt +AtAt, (F-2.4)
is the field strength for the interpolating gauge potential
At = (1− t)A0 + tA1. (F-2.5)
The Chern-Simons form is antisymmetric in its arguments, i.e.
Q (A0,A1) = −Q (A1,A0) . (F-2.6)
244
In the particular case A0 = A, A1 = 0, one obtains
Q (A) := Q (A, 0) = tr
(
AF − 1
3
AAA
)
. (F-2.7)
We shall also make use of the identity
Q (A0,A1) +Q (A1,A2) +Q (A2,A0) = dχ (A0,A1,A2) , (F-2.8)
with
χ (A0,A1,A2) = tr (A0A1 +A1A2 +A2A0) . (F-2.9)
This last relation (the so-called triangular equation) is particularly useful for the deter-
mination of the gauge transformation of the Chern-Simons form. The argument goes as
follows: first of all, using the definition given above, one observes that
Q (gA, 0) = Q (A, dg g−1) . (F-2.10)
Combining this with the triangular equation for the special choices
A0 = 0, A1 = A, A2 = dg g−1, (F-2.11)
one obtains
Q (0,A) +Q (gA, 0)+Q (dg g−1, 0) = d tr (A dg g−1) , (F-2.12)
or, using the antisymmetry property
Q (gA)−Q (A) = d tr (A dg g−1)−Q (dg g−1) . (F-2.13)
The last term in this equation is an exact differential form in superspace as well, it can
be written as
Q (dg g−1) = dσ, (F-2.14)
where the 2-form σ is defined as
σ =
∫ 1
0
dt tr
(
∂tg tg
−1
t dg tg
−1
t dg tg
−1
t
)
, (F-2.15)
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with the interpolating group element g t parametrized such that for t ∈ [ 0, 1]
g0 = 1, g1 = g . (F-2.16)
This shows that the gauge transformation of the Chern-Simons form, which is a 3-form
in superspace, is given as the exterior derivative of a 2-form,
Q (gA)−Q (A) = d∆(g ,A), (F-2.17)
with ∆ = χ− σ.
The discussion so far was quite general and valid for some generic gauge potential. It
does not only apply to the Yang-Mills case but to gravitational Chern-Simons forms as
well.
F-3 The Chern-Simons Superfield
We specialize here to the Yang-Mills case, i.e. we shall now take into account the covariant
constraints on the field strength, which define supersymmetric Yang-Mills theory. It is
the purpose of the present subsection to elucidate the relation between the unconstrained
pre-potential, which arises in the constrained 3-form geometry, and the Chern-Simons su-
perfield. Moreover, based on this observation and on the preceding subsections we present
a geometric construction of the explicit form of the Yang-Mills Chern-Simons superfield
in terms of the unconstrained pre-potential of supersymmetric Yang-Mills theory.
In this construction of the Chern-Simons superfield we will combine the knowledge
acquired in the discussion of the 3-form gauge potential with the special features of Yang-
Mills theory in superspace. Recall that the Chern-Simons superfield ΩYM is identified in
the relations
tr
(Wα˙W α˙) = 1
2
(D2 − 8R†)ΩYM, (F-3.1)
tr (WαWα) = 1
2
(D¯2 − 8R)ΩYM. (F-3.2)
The appearance of one and the same superfield under the projectors reflects the fact that
the gaugino superfields Wα are not only subject to the chirality constraints (II-3.33) but
satisfy the additional condition (II-3.34). It is for this reason that the Chern-Simons form
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can be so neatly embedded in the geometry of the 3-form. As explained in section V-2
the terms on the left hand side are located in the superspace 4-form
ΣYM = tr(FF). (F-3.3)
Of course, the constraints on the Yang-Mills field strength induce special properties on
the 4-form coefficients, in particular
ΣYMδ γ β A = 0, (F-3.4)
which is just the same tensor structure as the constraints on the field strength of the 3-
form gauge potential. Therefore the Chern-Simons geometry can be regarded as a special
case of that of the 3-form gauge potential. Keeping in mind this fact we obtain
ΣYMδγ ba =
1
2
(σbaǫ)δγY
YM
, (F-3.5)
ΣYM δ˙γ˙ ba =
1
2
(σ¯baǫ)
δ˙γ˙Y YM, (F-3.6)
with
Y YM = −8 tr(WαWα), (F-3.7)
Y
YM
= −8 tr(Wα˙W α˙). (F-3.8)
These facts imply the existence and provide a method for the explicit construction of
the Chern-Simons superfield: comparison of these equations with those obtained earlier
in the 3-form geometry clearly suggests that the Chern-Simons superfield ΩYM will be
the analogue of the unconstrained pre-potential superfield Ω of the 3-form. In order to
establish this correspondence in full detail we translate the procedure developed in the
case of the 3-form geometry to the Chern-Simons form (in the following we shall omit
the YM superscript). The starting point for the explicit construction of the Chern-Simons
superfield is the relation
tr(FF) = dQ(A). (F-3.9)
In the 3-form geometry we know unambiguously the exact location of the pre-potential
in superspace geometry. Since we have identified Chern-Simons as a special case of the
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3-form, it is now rather straightforward to identify the Chern-Simons superfield following
the same strategy. To this end we recall that the pre-potential was identified after certain
field dependent redefinitions which had the form of a gauge transformation, simplifying
considerably the form of the potentials. For instance, the new potentials had the property
ΩγβA = 0, Ω
γ˙β˙
A = 0. (F-3.10)
Note, en passant, that these redefinitions are not compulsory for the identification of
the unconstrained pre-potential. They make, however, the derivation a good deal more
transparent. Can these features be reproduced in the Chern-Simons framework? To
answer this question we exploit a particularity of Yang-Mills in superspace, namely the
existence of different types of gauge potentials corresponding to the different possible types
of gauge transformations as described in subsection II-2.2. These gauge potentials are
superspace 1-forms denoted by A, A(0) = a and A(1) = a¯, with gauge transformations
parametrized in terms of real, chiral and antichiral superfields, respectively. Moreover,
the chiral and antichiral bases are related by a redefinition which has the form of a gauge
transformation involving the pre-potential superfield W
a = W−1a¯ W −W−1dW = Wa¯. (F-3.11)
Writing the superspace Chern-Simons form in terms of a shows immediately that
Qγ˙β˙A(a) = 0, (F-3.12)
due to aα˙ = 0, but
QγβA(a) 6= 0. (F-3.13)
Of course, in the antichiral basis, things are just the other way round, there we have
QγβA(a¯) = 0. (F-3.14)
On the other hand, due to the relation between a and a¯ and the transformation law of
the Chern-Simons form (F-2.17) we have
Q(a)−Q(a¯) = d∆(W, a¯), (F-3.15)
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where now the group element, g , is replaced by the pre-potential superfield W. In some
more detail, in ∆ = χ− σ, we have
χ = χ(0, a¯,Υ) = tr(a¯Υ), (F-3.16)
where
Υ = dWW−1 = EAΥA, (F-3.17)
has zero field strength
dΥ+ΥΥ = 0. (F-3.18)
The coefficients of the 2-form, χ, are given as
χBA = tr
(
ΥB a¯A − (−)abΥA a¯B
)
. (F-3.19)
For σ, we define the interpolating pre-potential Wt
Υt = dWtW−1t , (F-3.20)
such that
σBA =
∫ 1
0
dt tr
(
∂tWtW−1t (ΥtB,ΥtA)
)
. (F-3.21)
Consider now
QγβA(a) = DA∆γβ +
∮
γβ
(Dγ∆βA − (−)aTγAF∆Fβ) , (F-3.22)
following from (F-3.15), and (F-3.14) and perform a redefinition
Qˆ := Q(a)− dΛ, (F-3.23)
which leaves tr(FF) invariant. We then determine the 2-form Λ in terms of the coefficients
of the 2-form ∆ such that
QˆγβA = 0, (F-3.24)
and maintain, at the same time,
Qˆγ˙β˙A = 0. (F-3.25)
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This is achieved with the identification
ΛβA = ∆βA, Λ
β˙
a = − i
2
Dβ˙∆a, Λβ˙α˙ = 0. (F-3.26)
For later convenience, we put also
Λba =
i
2
(Db∆a −Da∆b) . (F-3.27)
Here ∆a is identified using spinor notation such that
∆γ
β˙ = − i
2
Tγ
β˙ a∆a. (F-3.28)
We have, of course, to perform this redefinition on all the other coefficients, in particular
Qˆγ β˙a = Qγ β˙a(a)−Dβ˙Ξγa. (F-3.29)
In the derivation of this equation one uses the anticommutation relation of spinor deriva-
tives and suitable supergravity Bianchi identities together with the definition
Ξγa = ∆γa +
i
2
Dγ∆a. (F-3.30)
We parametrize
Qˆγβ˙a = Tγβ˙aΩYM + Tγ β˙ bQˆYM[ba] , (F-3.31)
where we can now identify the explicit form of the Chern-Simons superfield
ΩYM = Q(a)− i
16
Dα˙Ξααα˙. (F-3.32)
The first term is obtained from the spinor contraction of
Qγ β˙a(a) = tr
(
aγF β˙a(a)
)
= −i(σ¯aǫ)β˙β tr
(
aγWβ(a)
)
, (F-3.33)
i.e.
Q(a) = i
16
Qαα˙αα˙(a) = −1
4
tr (aαWα(a)) . (F-3.34)
It remains to read off the explicit form of the second term from the definitions above.
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In closing we note that a more symmetrical form of the Chern-Simons superfield may
be obtained in exploiting the relation
Qγ β˙a(a)−Qγ β˙a(a¯) = DγΞβ˙a +Dβ˙Ξγa + Tγ β˙ b
(
∆ba +
i
2
(Db∆a −Da∆b)
)
, (F-3.35)
with
Ξβ˙a = ∆
β˙
a +
i
2
Dβ˙∆a. (F-3.36)
Observe that different appearances of the Chern-Simons superfields should be equiv-
alent modulo linear superfields. To establish the explicit relation of the Chern-Simons
superfield presented here and that given in [33] is left as an exercise. So far, we have dealt
with the superspace Chern-Simons form alone; when coupled to the linear multiplet the
modified field strength is
HYM = H + kQYM, (F-3.37)
with H = dB. In the preceding discussion we have split QYM
QYM = QˆYM + dΛYM, (F-3.38)
such that QˆYM has the same vanishing components as H . Defining HYM = HYM − QˆYM
and BYM = B + ΛYM leads to
HYM = dBYM. (F-3.39)
Although HYM is no longer invariant under Yang-Mills gauge transformations, it has the
same constraints as H . Therefore the solution of the modified linearity conditions can be
obtained by the same procedure as employed in the case without Chern-Simons forms.
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